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Abstract— Optimal receiver design is studied for a communica-
tions system in which both detector randomization and stochastic
signaling can be performed. First, it is proven that stochastic sig-
naling without detector randomization cannot achieve a smaller
average probability of error than detector randomization with
deterministic signaling for the same average power constraint
and noise statistics. Then, it is shown that the optimal receiver
design results in a randomization between at most two maximum
a-posteriori probability (MAP) detectors corresponding to two
deterministic signal vectors. Numerical examples are provided to
explain the results.

Index Terms— Probability of error, detector randomization,
stochastic signaling.

I. INTRODUCTION

Over non-Gaussian communications channels [1], trans-
mitting a stochastic signal for each symbol instead of a
deterministic signal can provide performance improvements
in terms of the average probability of error [2], [3]. It is
shown in [2] that, for a given detector, an optimal stochastic
signal can be represented by a randomization of no more than
three different signal values under second and fourth moment
constraints. In addition, the joint optimal design of stochastic
signals and a detector is studied in [3] under an average power
constraint, and it is proven that the optimal solution results in
stochastic signals with at most two distinct signal values and
the corresponding maximum a-posteriori probability (MAP)
detector.

Another approach to improve performance of communi-
cations systems over non-Gaussian channels is to perform
randomization among multiple detectors [4], [5]. In that case,
different detectors are employed at the receiver with certain
probabilities. In [5], an average power constrained binary
communications system is studied, and randomization between
two deterministic signal pairs and the corresponding MAP
detectors is investigated. It is shown that detector random-
ization can provide significant performance improvements. In
a related work, optimal additive noise components are studied
for variable detectors in the context of stochastic resonance,
and the optimal randomization between detector and additive
noise pairs is investigated [6].

Although the optimal design of stochastic signals and the
corresponding MAP detector is analyzed in [3], and the
optimal detector randomization and the corresponding MAP
detectors are investigated in [5], no studies have considered
the joint optimal design of detectors, stochastic signals, and
detector randomization. Specifically, the study in [3] did
not consider any detector randomization, and that in [5]
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assumed deterministic signals (no stochastic signaling). In this
study, both detector randomization and stochastic signaling are
considered, and the problem of jointly optimizing detectors,
stochastic signals, and detector randomization is investigated.
First, it is proven that stochastic signaling without detector
randomization can never achieve a lower average probability of
error than detector randomization with deterministic signaling
for the same average power constraint and channel statistics.
Then, based on this result and some additional analysis, the
solution to the most generic optimization problem is obtained
as a randomization between at most two MAP detectors
corresponding to two deterministic signal vectors. Two detec-
tion examples are provided to compare various optimal and
suboptimal signaling schemes.

II. DETECTOR RANDOMIZATION AND STOCHASTIC
SIGNALING

Consider an M-ary communications system, in which the
receiver acquires N-dimensional observations over an additive
noise channel. The receiver is allowed to randomize or time-
share among at most K different detectors (decision rules) to
improve the detection performance, as shown in Fig. 1. At any
given time, only one of those K detectors can be employed at
the receiver for the recognition of the transmitted symbol. The
transmitter and the receiver are assumed to be synchronized in
the sense that the transmitter knows which detector is currently
in use at the receiver.! Furthermore, a stochastic signaling
approach is adopted by treating the transmitted signals for each
detector as random vectors. As investigated in [2] and [3] in
the absence of detector randomization, employing stochastic
signaling; that is, modeling signals for different symbols
as random variables instead of deterministic quantities, can
provide performance improvements in some scenarios.

Considering both detector randomization and stochastic
signaling, the noisy observation vector Y received by the ¢th
detector can be modeled as follows:

Y=8" 4N, je{01,...,M~1}, ie{l,... K}
(1)
(i)

where S’ represents the transmitted signal vector for symbol
7 that is intended for depector 2, and N is the noise component
that is independent of Sy). It should be emphasized that ng) is
modeled as a random vector to facilitate stochastic signaling.
Also, the prior probabilities of the symbols, represented by
Mo, M1, .-, Ta—1, are assumed to be known. In addition,

'In practice, this can be achieved by employing a communications protocol
that allocates the first Vg 1 symbols in the payload for detector 1, ..., the last
N, i symbols for detector K. The information on the numbers of symbols
for different detectors can be included in the header of a communications
packet.
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Fig. 1. System model for joint stochastic signaling and detector randomiza-

tion.

although the signal model in (1) is in the form of a simple
additive noise channel, it holds for flat-fading channels as well
assuming perfect channel estimation [2].

At the receiver, K generic detectors are utilized to estimate
the symbol specified in (1). That is, for a given observation
vector Y =y, the ith detector ¢()(y) is described as

o (y)=j, ifyery )
for i € {1,...,K} and j € {0,1,...,M — 1}, where
{10 ... ;T{)_| are the decision regions for the ith

detector [7]. The receiver can randomize among these K
detectors in any manner in order to optimize its probability
of error performance. Let v; denote the randomization (or
time-sharing) factor for detector qb(i), where Zfil v; = 1 and
v; > 0 for ¢ =1,..., K. Then, out of Ny symbols, v; Ny of
them are processed by detector ¢ for i =1,..., K.

The aim of this study is to jointly optimize the random-
ization factors, decision regions, and stochastic signals in
order to achieve the minimum average probability of error,
or equivalently, the maximum average probability of correct
decision. The average probability of correct demsron can be
expressed as P, = Zfil le(z) , where P represents the
probability of correct decision for the ¢th detector under M-
ary signaling; i.e.,

M-1
PO = m /F Ly dy 3)
=0 j

for i = 1,2,...,K, with py) (y) denoting the conditional
probability density function (PDF) of the observation when the
jth symbol that is to be received by the ith detector is transmit-
ted. Recalling that the signals and the noise are independent,
the conditional PDF of the observation can be calculated as

P (¥) = fun g0 (O p(y = x)dx = E {pn(y — 8" .

where the expectation is over the PDF of Sy . Then, the
average probability of correct decision can be expressed as

SmE{Ny -8y @

21t is assumed that v; N is an integer for ¢ = 1 ., K. If not, the
randomization factors can be achieved approximately. The approximation
accuracy improves for larger Ns.

In practical systems, there is a constraint on the average
power emitted from the transmitter. Under the framework
of stochastic signaling and detector randomization (or time-
sharing), this constraint on the average power can be expressed

)2
in the following form [7]: Zl L Z {HS§0 ||2} <
A, where A denotes the average power limit

The probability of correct decision in (4) should be max-
imized over all possible decision rules (decision regions),
randomization factors, and detector-specific signal PDFs that
satisfy the average power constraint. For a given detector
1 and the corresponding signal PDFs, the optimal decision
rule is specified by the MAP rule. The MAP decision rule

selects symbol k if k = ()(y), and it

arg max T D,

jef0,1,...,M—1}
maximizes the average probability of correct decision [7].
Therefore, it is not necessary to search over all decision rules;
only the MAP decision rule should be determined for each
detector and its corresponding average probability of correct
decision should be considered [3]. The average probability
of correct decision for a generic decision rule is given in
(3). Using the decision region for the MAP detector; i.e.,
I =y e RN | m;p(y) = mp{"(y), VI # j}, the
average probability of correct decision for detector ¢ becomes

PS)MAPZ/NJE{OP M {ij(z) )}dy

_ , )
7/RNj€{O,{I,1.E.1j},(M71} {WJ E{pn(y S; )}} dy. )

Then, the optimal detector randomization and stochastic signal
design problem can be stated as

K
mgs D v /RN je{ogm_l}{w B {on(y -5} Jay
subject to Z v; Z T {HS;Z)HE} <A

7;(1
Z =0 (6)

defined as B £
and v > 0 means that v; >

where the optimization space is
{Uwps( )aps( i)y e apsgu)_l }7;:
0, Vi € {1 2,...,K}. Note that there are also implicit
constraints in the optimization problem in (6), since each

pg(*) in B represents a PDF. Namely, ps()( x) > 0,
J
vx € RY, and [ Py (x)dx = 1 should also be satisfied

Vje{0,1,...,M—1} and Vi € {1,..., K} by the optimal
solution.

The formulation in (6) generalizes the previous studies in
the literature and covers them as special cases. For example,
for K =1 (i.e., no detector randomization), it reduces to the
problem in [3] (hence, K > 2 is considered in this study).
On the other hand, when deterministic signals are considered,;
that is, pg» (x) = d(x sy)), Vi, j, and when M = 2 (binary
modulatioil), the problem in (6) reduces to that in [5].

The optimization problem in (6) provides a generic formu-
lation that is valid for any noise PDF, and it is difficult to solve
in general as the optimization needs to be performed over a
space of signal PDFs. Let P/ denote the maximum average



probability of correct decision obtained as the solution of the
optimization problem in (6). To provide a simpler formulation
of this problem, an upper bound on P{ will be derived first,
and then the achievability of that bound will be investigated.
To that aim, the following proposition is presented first.

Proposition 1 (Stochastic Signaling vs. Detector Random-
ization): Considering the same average power constraint and
the same statistics for the additive noise, stochastic signaling
(without detector randomization) can never achieve a larger
average probability of correct decision than detector ran-
domization (without stochastic signaling) when optimal MAP
detectors are employed in both cases.

Proof: Consider an M-ary communications system in which
the transmitter employs stochastic signaling and the receiver
uses the corresponding MAP rule for detection (no detec-
tor randomization is performed). Suppose that the transmit-
ted signal for each symbol is characterized with the PDF
px,;(-), Vj € {0,1,...,M — 1}. From (5), the average
probability of correct decision for this system is given by

P. = max m; E — X dy
,MAP /Nje{o,l,%,M 1}{ J {pN(y J)}}
@)

where the expectations are taken with respect to the PDFs
of X;’s. The transmitted signals for all the M symbols
can be expressed as the elements of a random vector X as
follows: X £ [Xg X;---Xp 1] € RMYN | where X;’s are
N dimensional row vectors Vj € {0,1,...,M — 1}. Then,
the following inequality follows directly from the definitions
of the ‘max’ and ‘expectation’ operations.

max {m; E{pn(y — X;)}} <

je{0,1,...,M—1}

E X 8
{omw, mmG-X0)  ®
where the expectation on the right-hand-side is taken with
respect to the PDF of X. From (7) and (8), it is observed
that

 E —X;)}}dy <
/RNJ‘G{O,{??(MA}{WJ {rn(y = X))t dy <

IEI{ /]RN TS s TR {mipn(y - Xj)}dy} 2 E{F(X)}.
©)

Looking more closely at (9), it is observed that F'(x) rep-
resents the average probability of correct decision when the
deterministic signal vector x is used for the transmission of
M symbols over the additive noise channel and the corre-
sponding MAP detector is employed at the receiver. Then,
E{F(X)} can be interpreted as a randomization (or time-
sharing) among MAP detectors. The exact number of MAP
detectors is determined by the number of distinct values that
the random vector X can take.> Hence, assuming the same
average power constraint (see (6)), the average probability of

3In fact, a randomization among two MAP detectors is always sufficient in
practice since optimal stochastic signals can be represented by a randomization
of at most two different signal values under an average power constraint
[3]. In other words, for any stochastic signal PDF, a corresponding discrete
probability distribution with at most two mass points can be obtained, and
the corresponding MAP detector randomization can be performed according
to that distribution.

correct decision obtained by stochastic signaling with PDF
px(+) is always smaller than or equal to that of deterministic
signaling and detector randomization according to the same
PDF. B

Similarly to the proof of Proposition 1, we can express
the transmitted signals for all the M symbols that are to be
received by detector ¢ as the elements of a random vector:
S £ [Sg‘) s .. sl L € RMN | where ngt)’s are N
dimensional row vectors. Then, the result in Proposition 1
can be employed to obtain a new optimization problem that
provides an upper bound on the problem in (6). Specifically,
instead of stochastic signals, consider detector randomization
among deterministic signal values according to the joint signal
PDF. Then, the inequality in (9) can be applied to the objective
function in (6), and the following optimization problem can
be obtained.

S

{vups(>} _y i=l

Loty (o)}
K M-1 ]
subject to Y viE{ S Hsgl)Hz} <A,

i=1 §j=0

K
E ’UZ':].,
i=1

where the expectations are taken with respect to the PDFs
of S(®)’s. Proposition 1 implies that the solution to this
optimization problem provides an upper bound on P{, which
denotes the solution to the optimization problem in (6).

In order to achieve further simplification of the prob-
lem in (10), define pg(s) = ZlKl vtps<1)(~), where § =
[»E’O S1 - Sy 1] € RMN | Since Z v, =1, v; >0Vi
and ps(,>( )’s are valid PDFs on RM&' 5(8) satisﬁes the
conditions to be a PDF. Then, the opt1m1zat1on problem in
(10) can be written in the following equivalent form.

max E{G(S)} subjectto E{H(S)} <A

v>=0 (10)

(1)

with G(S £ fon S, 1 M 5 {ﬂ'j Ny — Sj)} dy and
H(S) 2 ZMol j HSjH2 , where the expectations are taken
with respect to pg(-), which denotes the joint PDF of trans-
mitted signals for symbols {0,1,...,M —1}. In (11), G(8)
represents the average probability of correct decision when
the deterministic signal vector s is used for the transmis-
sion of M symbols over the additive noise channel and the
corresponding MAP detector is employed at the receiver.
Therefore, E{G(S)} can be interpreted as a randomization (or
time-sharing) among possibly infinitely many MAP detectors.*
Let P? denote the maximum average probability of correct
decision obtained as the solution to the optimization problem
in (11). From Proposition 1, P% > P{ is always satisfied.
Optimization problems similar to (11) have been studied
before, for example in [2], [3], [5], [8]. Assuming that G(s)
in (11) is a continuous function and the components of s reside

“In the sequel, it will be shown that the optimal solution requires a
randomization among at most two MAP detectors.



in finite closed intervals, the optimal solution of (11) can be
represented by a randomization of at most two signal levels
as a result of Carathéodory’s theorem [9]; that is, pgpt(é) =
A6(8§ —s1)+ (1 —X) 6(8 —s2). Therefore, the problem in (11)
can be solved over such signal PDFs, resulting in the following
optimization problem:

max
{A\;s1,82}

subject to AH(s1)+ (1 —X) H(s2) <A, Ae€]0,1] (12)

AG(s1)+ (1 —X)G(s2)

where

G(sk) = /RNje{o,ffl.?‘.’fM_l} {m; pn(y —sky)}dy

M-1 ,
H(st) = Y 7 llskslly »
j=0
and sy = [Sk.o Sk.1, - Skar—1) € RMY with si,; being an

N dimensional row vector V5 € {0,1,..., M —1}. Therefore,
it is observed that the solution of (11) can be obtained by
optimizing over a significantly reduced optimization space via
(12). Optimization problems in the form of (12) have been
investigated in various studies in the literature, such as [3],
[51, [8], [10]. The main approaches in solving (12) include the
analytical techniques as in [5] and [8], the convex relaxation
technique to obtain an approximate solution in polynomial
time as employed in [10], and the global optimization algo-
rithms such as differential evolution (DE) and particle swarm
optimization (PSO) [10]. In this study, a global optimization
technique based on multistart and patternsearch algorithms
from MATLAB’s Global Optimization Toolbox are used to
obtain the solution of (12).

It should be emphasized that detector randomization be-
comes useful in the presence of the average power constraint
(2], [11], [12]. Without the constraint in (11), an optimal
solution corresponding to the value of S that maximizes
G(S) can be obtained, meaning that a single detector can
be employed to achieve the maximum probability of correct
decision.’

Finally, the following proposition states that the maximum
average probabilities of correct decision achieved by the
solutions of the optimization problems in (6) and (12) are
equal.

Proposition 2: The optimization problems in (6) and (12)
result in the same maximum value.

Proof: First consider the optimization problem in (6) when
K = 2 detectors are used and deterministic signaling is
employed for each detector, that is, pga) (sM) = 5(s(V) —s,)
and pge (s?)) = 6(s? — ;). In that case, (6) reduces to
the optimization problem in (12); hence, (6) covers (12) as a
special case. Therefore, the maximum value of the objective
function in (6) should be larger than or equal to that of (12);
namely, Pi > PZ. On the other hand, Proposition 1 implies
that (11) (equivalently (12)) provides an upper bound on (6);
that is, P < P%. Therefore, it is concluded that P{ = P%. B

SIn fact, without any power constraints, transmitting at increasingly higher
deterministic power levels for each symbol and using a single MAP detector
at the receiver would be sufficient to bring the average error probability down
to zero.

Proposition 2 implies that the solution of the original
optimization problem in (6), which considers the joint op-
timization of stochastic signals and detector randomization,
can be obtained as the solution of the much simpler op-
timization problem specified in (12). This also means that
when multiple detectors are available for randomization (i.e.,
K > 2), it is sufficient to employ detector randomization
for two deterministic signal vectors; i.e., there is no need to
employ stochastic signaling to achieve the optimal solution.
On the other hand, when there is only one detector (i.e.,
K = 1), the optimal solution may involve stochastic signaling,
as investigated in [3]. All in all, the optimal solution to the
most generic optimization problem in (6) results in either
detector randomization for two deterministic signal values (for
K > 2) or stochastic signaling without detector randomization
(for K =1).

III. NUMERICAL RESULTS AND CONCLUSIONS

In this section, numerical examples are presented to com-
pare the optimal solution obtained in the previous section
against various signaling techniques investigated in [3] in
terms of probability of error performance. A communica-
tions system specified as in (1) is considered with scalar
observations and equal priors. It is assumed that the re-
ceiver is able to implement multiple detectors (K > 2)
and to randomize among them. Also, a Gaussian mixture
model with equal weights and variances is assumed for the
noise, the PDF of which can be expressed as py(n) =
Yy exp{—(n — 11:)%/(20%)}/(v27 o L) [1]. Note that the
average power of the noise can be calculated from E{N?} =
o?+(1/L) Zle 2 . In addition, the average power constraint
is denoted as A. Similar to those introduced in [3], three
different signaling schemes can be considered:

Gaussian Solution: Lacking any information about
the noise PDF, the transmitter employs antipodal sig-
nals, {—v/A,v/A}, for the binary case (Fig. 2), and

—3VA —vA VA 3VA

In addition, the MAP decision rule is used at the receiver.

Optimal—Stochastic: In this scheme, no detector random-
ization is employed, and the optimal stochastic signals and the
corresponding MAP detector are designed jointly [3]. In this
case, the optimal signal for each symbol can be characterized
by a discrete random variable with at most two mass points,
and the solution can be obtained from an optimization problem
similar to (9) of [3].

Optimal —Deterministic: This scheme does not employ any
detector randomization or stochastic signaling, and obtains the
optimal deterministic signal levels and the corresponding MAP
detector [3].

In addition to the approaches described above, the following
scheme investigated in the previous section is considered as
the overall optimal solution:

Optimal Detector Randomization with Deterministic
Signaling: This case refers to the solution of the most generic
optimization problem in (6), which can be obtained from (12)
as studied in the previous section.

In Fig. 2, the average error probabilities of the schemes
described above are plotted versus A/ o2 for A = 1, where
the parameters of the Gaussian mixture noise are given by
L=6and p =[-1.08 —0.81 —0.27 0.27 0.81 1.08] as

for the quaternary case (Fig. 3).
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Fig. 2. Average probability of error versus A /o2 for various approaches.

in [3]. However, unlike [3], symmetric signaling assumption
is not employed. From the figure, it is observed that the
Gaussian solution has the worst performance as expected since
it is optimized for zero-mean Gaussian noise. Optimizing
deterministic signal levels improves over the performance
of the Gaussian solution, as observed from the Optimal-
Deterministic curve. Further performance improvements are
obtained when optimal stochastic signals are considered in-
stead of deterministic signals (see Optimal-Stochastic). How-
ever, the best probability of error performance is achieved
by the optimal solution of the most generic optimization
problem investigated in the previous section, which performs
optimal detector randomization among two MAP detectors
corresponding to two deterministic signal pairs (see Optimal—
Detector Randomization). In accordance with Proposition 1,
stochastic signaling without detector randomization cannot
perform better than detector randomization with deterministic
signaling.

In Table I, some optimal signals are presented for
the Optimal-Deterministic, Optimal-Stochastic and Optimal-
Detector Randomization schemes in Fig. 2. For optimal deter-
ministic signaling, sy and s; denote the optimal deterministic
signal levels for symbol 0 and symbol 1, respectively. On the
other hand, the optimal signal for symbol ¢ € {0,1} has the
PDF in the form of pg(s) = 8(s—81,;)+(1—03) §(s—82,;) for
optimal stochastic signaling. Finally, the optimal solution ob-
tained in the previous section (Optimal-Detector Randomiza-
tion) employs the signal pair [s1,0 s1,1] and the corresponding
MAP detector with probability A, and the signal pair [s2 o S2.1]
and the corresponding MAP detector with probability 1 — .
It is observed that all optimal signaling schemes get close to
deterministic signaling for small A /o2, which is also verified
from Fig. 2. However, the signaling schemes behave differently
as A/ o2 increases from 10 dB, which results in differences in
probability of error performance.

Another example is provided to investigate the benefits
that can be obtained via detector randomization in M-ary
communication systems when M > 2. For this purpose, a
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Fig. 3. Average probability of error versus A /o2 for various approaches.

quaternary communications system (M = 4) with symmetric
signaling is considered, that is, ss = —s( and s3 = —s;. The
parameters of the Gaussian mixture noise are given by L = 6
and p = [-0.432 —0.324 — 0.108 0.108 0.324 0.432]. In
Fig. 3, the average error probabilities of the schemes described
previously are plotted versus A /o2 for A = 1. An important
observation is that optimal stochastic signaling approach does
not improve upon optimal deterministic signaling in this
specific example. This is possibly due to the fact that signal
space is overcrowded with the PDFs of four distinct symbols
(each with six Gaussian mixture components) and there is no
room left for any performance improvement via signal ran-
domization after the optimal allocation of deterministic signal
values. It is also evident from the figure that optimal detector
randomization with deterministic signals achieves the best
probability of error performance. Performance improvements
among different signaling schemes deteriorate as A /o drops
below 20dB. The corresponding optimal signals are given in
Table II. Note that the results only for symbols 0 and 1 are
listed in the table, and the results for symbols 2 and 3 are
the negatives of them respectively since symmetric signaling
is considered.

The results in this study can also be applied to coded
communications systems that employ hard-decision decoding
at the receiver [13]. As the average error probability of the
hard symbol detection is reduced via detector randomization
or stochastic signaling, the overall error performance can be
improved. On the other hand, when a soft-decision decoding
unit is used at the receiver, the results of this study cannot be
directly employed, and an updated formulation of the problem,
which considers the average probability of error at the output
of the decoding unit, may be required.
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