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Abstract

In time hopping impulse radio, /Ny pulses of duration 7T, are transmitted for each information symbol. This
gives rise to two types of processing gain: (i) pulse combining gain, which is a factor Ny, and (ii) pulse spreading
gain, which is N, = Ty /T,, where T is the mean interval between two subsequent pulses. This paper investigates
the trade-off between these two types of processing gain in the presence of timing jitter. First, an additive white
Gaussian noise (AWGN) channel is considered and approximate closed form expressions for bit error probability are
derived for impulse radio systems with and without pulse-based polarity randomization. Both symbol-synchronous
and chip-synchronous scenarios are considered. The effects of multiple-access interference and timing jitter on the
selection of optimal system parameters are explained through theoretical analysis. Finally, a multipath scenario is
considered and the trade-off between processing gains of a synchronous impulse radio system with pulse-based
polarity randomization is analyzed. The effects of the timing jitter, multiple-access interference and inter-frame
interference are investigated. Simulation studies support the theoretical results.
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I. INTRODUCTION

Recently, communication systems that employ ultra-wideband (UWB) signals have drawn considerable
attention. UWB systems occupy a bandwidth larger than 500 MHz, and they can coexist with incumbent
systems in the same frequency range due to large spreading factors and low power spectral densities.
Recent Federal Communications Commission (FCC) rulings [1], [2] specify the regulations for UWB
systems in the US.

Commonly, impulse radio (IR) systems, which transmit very short pulses with a low duty cycle, are
employed to implement UWB systems [3]-[5]. Although the short duration of UWB pulses is advantageous
for precise positioning applications [6], it also presents practical difficulties such as synchronization, which
requires efficient search strategies [7]. In an IR system, a train of pulses is sent and information is usually
conveyed by the positions or the amplitudes of the pulses, which correspond to pulse position modula-
tion (PPM) and pulse amplitude modulation (PAM), respectively. Also, in order to prevent catastrophic
collisions among different users and thus provide robustness against multiple access interference, each
information symbol is represented not by one pulse but by a sequence of pulses and the locations of the
pulses within the sequence are determined by a pseudo-random time-hopping (TH) sequence [3].

The number of pulses that are sent for each information symbol is denoted by ;. This first type of
processing gain is called the pulse combining gain. The second type of processing gain /N, is the pulse
spreading gain, and is defined as the ratio of average time between the two consecutive transmissions
(Ty) and the actual transmission time (77); that is, N. = 7;/T,. The total processing gain is defined as
N = N.N; and assumed to be fixed and large [8]. The aim of this paper is to investigate the trade-off
between the two types of processing gain, /N, and Ny, and to calculate the optimal N, (/Vy) value such
that bit error probability (BEP) of the system is minimized®. In other words, the problem is to decide
whether or not sending more pulses each with less energy is more desirable in terms of BEP performance
than sending fewer pulses each with more energy (Figure 1).

This problem is originally investigated in [8]. Also [9] analyzed the problem from an information
theoretic point of view for the single-user case. In [8], it is concluded that in multiuser flat fading channels,

the system performance is independent of the pulse combining gain for an IR system with pulse-based

>The FCC regulations also impose restriction on peak-to-average ratio (PAR), which is not considered in this paper [2].



polarity randomization and it is in favor of small pulse combining gain for an IR system without pulse-
based polarity randomization. However, the analysis is performed in the absence of any timing jitter. Due
to the high time resolution of UWB signals, effects of timing jitter are usually not negligible [10]-[12]
in IR-UWB systems. As will be observed in this paper, presence of timing jitter has an effect on the
trade-off between the processing gains, which can modify the dependency of the BEP expressions on
the processing gain parameters. In this paper, the trade-off between the two types of processing gain
is investigated in the presence of timing jitter for TH IR systems. First, transmission over an additive
white Gaussian noise (AWGN) channel is considered and the trade-off is investigated for IR systems with
and without pulse-based polarity randomization. Both symbol-synchronous and chip-synchronous cases
are investigated. Also frequency-selective channels are considered and the performance of a downlink IR
system with pulse-based polarity randomization is analyzed.

The remainder of the paper is organized as follows. Section II describes the signal model for an
IR system. Section III investigates the trade-off between processing gain parameters for IR systems
with and without pulse-based polarity randomization over AWGN channels. In each case, the results
for symbol-synchronous and chip-synchronous systems are presented. Section IV considers transmission
over frequency-selective channels and adopts a quite general Rake receiver structure at the receiver. After

the simulation studies in Section V, some conclusions are made in Section VI.

II. SIGNAL MODEL

Consider a BPSK random TH IR system where the transmitted signal from user £ in an N,-user setting
is represented by the following model:

E o0
k k k) 1 (k : k k
SEX)(t) = Ff E dg. )b(U}Nwatx(t — 3T — cg- T, - eg- )), (1)

j=—o0

where wi, (t) is the transmitted UWB pulse, F, is the bit energy of user k, e§k) is the timing jitter at jth
pulse of the kth user, T} is the average time between two consecutive pulses (also called the “frame”
time), 7. is the pulse interval, Ny is the number of pulses representing one information symbol, which is
called the pulse combining gain, and b(L];'}Nf | € {+1, —1} is the information symbol transmitted by user k.

In order to allow the channel to be shared by many users and avoid catastrophic collisions, a random TH
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sequence {c§-k)} is assigned to each user, where cg-k) € {0,1,..., N. — 1} with equal probability, and cg-k)
and cgl) are independent for (k,7) # (I,7). This TH sequence provides an additional time shift of cg-k)Tc
seconds to the jth pulse of the Ath user. Without loss of generality, 7y = N1 is assumed throughout the
paper.

Two different IR systems are considered depending on dg»k). For IR systems with pulse-based polarity
randomization [13], dg»k) are binary random variables taking values +1 with equal probability and are
independent for (k,j) # ([,7). Complying with the terminology established in [8], such systems will be
called “coded” throughout the paper. The systems with dg-k) =1, Vk, j are called “uncoded”. This second

type of system is the original proposal for transmission over UWB channels ([3], [14]) while a version

of the first type is proposed in [15].
(k)

The timing jitter €, in (1) mainly represents the inaccuracies of the local pulse generators at the
transmitters and is modeled as independent and identically distributed (i.i.d.) among the pulses of a given
user [16], [17]. That is, ng) for j =...,—1,0,1,... form an i.i.d. sequence. Also the jitter is assumed
to be smaller than the pulse duration 7, that is, r%f}cx|e§-k)| < T, which is usually the case for practical
situations.

N = N.Ny is defined to be the total processing gain of the system. Assuming a large and constant /N

value [8], the aim is to obtain the optimal N, (/Ny) value that minimizes the BEP of the system.

IIT. AWGN CHANNELS

The received signal over an AWGN channel in an /V,-user system can be expressed as

[e.e]

k k . k k
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where w,(t) is the received unit-energy UWB pulse, 7(¥) is the delay of user k and n(t) is white Gaussian
noise with zero mean and unit spectral density.

Considering a matched filter (MF) receiver, the template signal at the receiver can be expressed as
follows, for the ith information symbol:

(i+1)Nj—1

1 1 . 1
Séer)np(t> = Z dg )wrx<t - ]Tf - Cg‘ )Tc - T(l))a (3)
Jj=iNy



where, without loss of generality, user 1 is assumed to be the user of interest. Also note that no timing
jitter is considered for the template signal since the jitter model in the received signal can be considered
to account for that jitter as well, without loss of generality.

From (2) and (3), the MF output for user 1 can be expressed as follows®”

(i+1)Nj—1

y = / 7 (1) sy (1) dt & b“ > ule])+a+n, ()

j= sz

where the first term is the desired signal part of the output with ¢, (z) = [ wx(t)we(t — x)dt being
the autocorrelation function of the UWB pulse, a is the multiple-access interference (MAI) due to other
users and n is the output noise, which is approximately distributed as n ~ N(0, N¢o2).
The MAI term can be expressed as the sum of interference terms from each user, that is, a =
Ny

e A /]]f,—’;a(k), where each interference term is in turn the summation of interference to one pulse of the

template signal:

(i4+1)Np-1
a® =" 5)
m=iNy

where

a® = qh) / Weelt =Ty — DT = 7)) 3~ dP) et = Ty — T — € = W) dt. (6)

J
j=—o00

As can be seen from (6), a'¥) denotes the interference from user k to the mth pulse of the template
signal.

In this study, we consider chip-synchronous and symbol-synchronous situations for the simplicity of
the expressions. However, the current study can be extended to asynchronous systems as well [18]. In
this paper, we will see that for coded systems, the effect of the MAI is the same whether the users are
symbol-synchronous or chip-synchronous. However, for uncoded systems, the average power of the MAI
is larger, hence the BEP is higher, when the users are symbol-synchronous.

We assume, without loss of generality, that the delay of the first user, 7(1), is zero. Then, 7(*) = 0 Vk for

SThe self-interference term due to timing jitter is ignored since it becomes negligible for large N, and/or small E{¢2, (T, — |¢V)])} values,
where ¢y, () = [0 wrx(t)wex (t — 2)dt. However, it will be considered for the multipath case in Section IV.

"Subscripts for user and symbol indices are omitted for 7, a and n for simplicity.



symbol-synchronous systems. For chip-synchronous systems, 7(%) = Aék)Tc, where Agk) €{0,1,...,N—
1} with equal probability. Also let Agk) be the offset between the frames of user 1 and k. Then, Agk) =

mod {A%), N} and obviously, A" € {0,1, ..., N. — 1} with equal probability (Figure 2).

A. Coded Systems

For symbol-synchronous and chip-synchronous coded systems, the following lemma approximates the
probability distribution of a* in (5):

Lemma 3.1: As N — oo and %—JZ — ¢ >0, a'® is asymptotically normally distributed as
B~ N0, 35Ny /N, ()

where 75" = E{¢2 (e™)} + E{¢2(T.. — [M])}.

Proof: See Appendix A.

From the previous lemma, it is observed that the distribution of the MAI is the same whether there
is symbol-synchronization or chip-synchronization among the users, which is due to the use of random
polarity codes in each frame.

From (4) and (7), the BEP of the coded IR system conditioned on the timing jitter of user 1 can be

approximated as follows:

z+1 N 1 1
VBT T () "
\/ Z Ek'YQ + Nfa2

Py =@

1 1 1
where eg ) = [egjgf . €§i4)r1)zvf—1]-

(i+1)N;—1 1
i [ (())_

For large values of Ny, it follows from the Central Limit Theorem (CLT) that —— \/_ > i=iN; €;

E{qﬁw(ejl )} is approximately Gaussian. Then, using the relation E{Q(X)} = @ (W) for X ~

N (f1,6%) [19], the unconditional BEP can be expressed approximately as follows:

vV E1p

o2
Ezi/_f""z{/ s B + o

P.~Q , )

where ;1 = E{(;Sw(egl))} and 02 = Var{gbw(eg.l))}.



From (9), it is observed that the BEP decreases as Ny increases, if the first term in the denominator is
significant. In other words, the BEP gets smaller for larger number of pulses per information symbol. We
observe from (9) that the second term in the denominator, which is due to the MAI, depends on N, and
Ny only through their product N = N.N;. Therefore, the MAI has no effect on the trade-off between
processing gains for a fixed total processing gain N. The only term that depends on how to distribute N
between N, and Ny is the first term in the denominator, which reflects the effect of timing jitter. This
effect is mitigated by choosing small N, or large Ny, which means sending more pulses per information

bit. Therefore, for a coded system, keeping N large can help reduce the BEP. Also note that in the

absence of timing jitter, (9) reduces to P, ~ () ( e Z\I/V?E — 2), in which case there is no effect of
N k=2 kTOn

processing gain parameters on BEP performance, as stated in [8].

B. Uncoded Systems

For coded systems, we have observed that the system performance is the same for symbol-synchronous
and chip-synchronous scenarios. For an uncoded system, the effect of MAI changes depending on the
type of synchronism, as we study in this section.

First consider a symbol-synchronous system; that is, 7() = 0 Vk in (2). In this case, following lemma

approximates the probability distribution of a*) in (5) for an uncoded system:

(

)

> ; (10)

N = B{pu (™)} + E{ou(T. — [P}, 71" = E{62 (")} + E{¢? (T, — |€*)])},
M = 2E{6,,(T. — |€®)), (€M)} — 2(B{¢u(T.. — |®)])})?

0 0o
- 4/ ¢w(TC + E(k) >p(€(k))d€(k) / ¢w(Tc - E(k)>p<€(k))d€(k)a
oo 0

Lemma 3.2: As N — oo and % — ¢ > 0, a® conditioned on the information bit bk), 18

approximately distributed as

(k)>2 (k) (k)

N N (
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where

) = 2(E{¢, (T. — [P )12 (11)



Proof: See Appendix B.

Note that for systems with large N,, the distribution of a(*) given the information symbol bgk) can be
approximately expressed as a®[b{") ~ /\/( b P NN, | —C[fyék) — (fyfk))Q/NcD.

First consider a two-user system. For equiprobable information symbols 41, the BEP conditioned on

timing jitter of the first user can be shown to be

Z+1 N¢g—1 VE 2 Z+1 Ng—1 1 2
1 Z] sz (5))+N7() 1 Z] sz (5))_\?\[?7{)
f f
Paen = 5@ @ _ @ Tae B2 2
¢ H — (122N + 02 B — ()2/N] + o2
(12)

Then, for large N; values, we can again invoke the CLT for \/_Zgzt}]fvf 1[¢w(e§.1) ) — p] and

approximate the unconditional BEP as

p~lo VEp+ Yy L VEip — 5”
e~ 5 S 5 o
VBEN A+ B — ()N + o2 VEEN+ B0 - (0PN + o

(13)

For the multiuser case, assume that all the interfering users have the same energy E and probability
distributions of the jitters are i.i.d. for all of them. Then, the total MAI can be approximated by a zero mean
Gaussian random variable for sufficiently large number of users, /V,, and, after similar manipulations, the

BEP can be expressed approximately as

VEiR

P ;
2 2
\/E;gz N.+ (N, —1)E (72 + 3L N”;VC) + 02

Q

Q

(14)

(k)

where the user index k& is dropped from ~; (k)

and 7, ~ since they are i.i.d. among interfering users.
Considering (14), it is seen that for relatively small N, values, the second term in the denominator,
which is the term due to MAI, can become large and cause an increase in the BEP. Similarly, when N,
is large, the first term in the denominator can become significant and the BEP can become high again.
Therefore, we expect to have an optimal N, value for the interference-limited case. Intuitively, for small

N, values, the number of pulses per bit, Ny, is large. Therefore, we have high BEP due to large amount



of MAIL. As N, becomes large, the MAI becomes more negligible. However, making N, very large can
again cause an increase in BEP since Ny becomes small, in which case the effect of timing jitter becomes
more significant. The optimal N, (Ny) value can be approximated by using (14).

Now consider the chip-synchronous case. In this case, the following lemma approximates the distribution
of the overall MAI for large number of equal energy interferers:

Lemma 3.3: Let N — oo and x—; — ¢ > 0. Assume that all (N, — 1) interfering users have the
same bit energy £ and i.i.d. jitter statistics. Then, the overall MAIL a in (4), is approximately distributed,

for large N,, as

E(N, — 1 Nf — D2N2(N; — 1) + 1
a~/\/<0, (NC )[%_’_(f )[3N§V3f ) LV%D’ (15)

where v, and v, are as in (11).
Proof: The proof is omitted due to space limitations. It mainly depends on some central limit arguments.
Comparing the variance in Lemma 3.3 with the variance of the MAI term in the uncoded symbol-
synchronous case for large number of equal energy interferers with the same jitter statistics, it can be

2 2
shown that o/ 47 chip < Odrar, symp Where

E(N, —1 Ny —1

‘712\4A1,symb = % [72 + J;V V%} ) (16)
E(N,—1) (N; — D)[2N?(N; — 1) + 1]

012\4AI, chip — T |:72 + ! 3NN2f PY% ) (17)

where the equality is satisfied only for Ny = 1.

The reason behind this inequality can be explained as follows: In the uncoded symbol-synchronous
case, interference components from a given user to the pulses of the template signal has the same polarity
and therefore they add coherently for each user. However, in the chip-synchronous case, interference to
some pulses of the template is due to one information bit whereas the interference to the remaining pulses
is due to another information bit because there is a misalignment between symbol transmission instants
(Figure 2). Since information bits can be 1 with equal probability, the interference from a given user to
individual pulses of the template signal does not always add coherently. Therefore, the average power of

the MALI is smaller in the chip-synchronous case. As the limiting case, consider the coded case, where



each individual pulse has a random polarity code. In this case, the overall interference from a user, given
the information bit of that user, is zero mean due to the polarity codes. Hence, the overall interference
from all users has a smaller average power, given by v, F(N, — 1)/N,, for equal energy interferers with
i.i.d jitter statistics.

By Lemma 3.3 and the approximation to the distribution of the signal part of the MF output given the

information bit in (4) by a Gaussian random variable, we get

vV E1
\/ BN, + (N, — 1)E [WN + R e+l 7%] + 02

P.~Q , (18)

where 1 = E{¢w(e§1))} and 02 = Var{gbw(e§1))}.

Considering (18), we have similar observations as in the symbol-synchronous case. Considering the
interference-limited case, for small N, values, the second term in the denominator, which is the term
due to the MAI, becomes dominant and causes a large BEP. When N, is large, the MAI becomes less
significant since probability of overlaps between pulses decreases. However, for very small N, values,
the effect of the timing jitter can become more significant as can be seen from the first term in the
denominator and the BEP can increase again. Therefore, in this case, we again expect to see a trade-off

between processing gain parameters.

IV. MULTIPATH CASE

In this section, the effects of the processing gain parameters, /N, and Ny, on the BEP performance of
a coded system are investigated in a frequency-selective environment. The following channel model is
considered [20], [21]:

L-1

h(t) = ad(t—m), (19)

1=0

where «; and 7; are, respectively, the fading coefficient and the delay of the (I 4 1)th path. Note that we
assume a single cluster without loss of generality of the analysis. In fact, even a multipath channel model
with pulse distortions can be incorporated into the analysis as will be explained at the end of the section.

We consider a downlink scenario, where the transmitted symbols are synchronized, and assume 7y = 0



without loss of generality. Moreover, for the simplicity of the analysis, the delay of the last path, 774,
is set to an integer multiple of the chip interval T,; that is, 7,1 = (M — 1)T, where M is an integer.
Note that this does not cause a loss in generality since we can always think of a hypothetical path at
T.[1—1/T.] with a fading coefficient of zero, with [x] denoting the smallest integer larger than or equal
to x.

From (1) and (19), the received signal can be expressed as follows:

N, 0o
- Ek k), (k . k k
r(t)=> N > APy ult = 5Ty = T — € + oun(t), (20)
k=1

j=—o0

where n(t) is zero mean white Gaussian noise with unit spectral density and u(t) = zlL:_Ol e (t — 1),

with w, (t) denoting the received unit energy UWB pulse. e§-k)

(

J

is the timing jitter at the transmitted pulse
in the jth frame of user k. We assume that ¢ " for j=...,—1,0,1,... form an i.i.d. sequence for each
user and that max |e§-k)| <T..

Consider a generic Rake receiver that combines a number of multipath components of the incoming
signal. Rake receivers are considered for UWB systems in order to collect sufficient signal energy from

incoming multipath components [22]-[27]. For the ith information symbol, the following signal represents

the template signal for such a receiver:

(i+1)Ny—1
1 1 . 1
stemp(®) = > APt = jT; = VT, 1)
j=iNy
where user 1 is considered as the user of interest without loss of generality, v;(t) = ZL: Bl Biwe (t—11—€;1),

with 8 = [ - - - B—1] denoting the Rake combining coefficients and €;,; being the timing jitter at the Ith
finger in the jth frame of the template signal. We assume that max |€;.] < T%. and max|€é;; — egk)] <T,
which, practically true most of the time, makes sure that a pulse can only interfere with the neighboring
chip positions due to timing jitter.

Corresponding to different situations, we consider three different statistics for the jitter at the template
signal:

Case-1: The jitter is assumed to be i.i.d. for all different finger and frame indices; that is, €;; for

(7,1) € Z x L form an i.i.d. sequence, where where Z is the set of integers and £ = {0,1,...,L — 1}.



Case-2: The same jitter value is assumed for all fingers, and 1.i.d. jitters are assumed among different
frames. In other words, €;;, = €;;, Vl1,l; and €;; for j € Z form an 1.i.d. sequence.

Case-3: The same jitter value is assumed in all frames for a given finger, and i.i.d. jitters are assumed
among the fingers. In other words, €;,; = €;,; Vj1, j2 and ¢;; for [ € £ form an i.i.d. sequence.

We will consider only Case-1 and Case-2 in the following analysis and an extension of the results to
Case-3 will be briefly discussed at the end of the section.

Using (20) and (21), the correlation output for the sth symbol can be expressed as

(i4+1) Nf 1

y = /T(t) Stemp(t) dt =00 [ 3" (D) +a+a+n, (22)

m=iNy

where the first term is the desired signal component with ¢y’ (A) = [u(t — A)v,(t)dt, a is the MAL

(i+1)Ny—1
Jj=tiNy

a is the inter-frame interference (IFI) and n = o, ). Y [t — jTy — cg-l)Tc)n(t)dt is the
output noise, which can be shown to be distributed, approximately, as n ~ N (0, aiNva), with E, =
Nifzgi%vfflf - Ui (t)dt, for large N¢®.

The IFI is the self interference among the pulses of the user of interest, user 1, which occurs when a
pulse in a frame spills over to adjacent frame(s) due to multipath and/or timing jitter and interferes with
a pulse in that frame. The overall IFI can be considered as the sum of interference to each frame; that is,

~ 1)N¢—1
= /% Z(” Ny~ am, where the interference to the mth pulse can be expressed as

m=iNy

i = dY) / U (t = mTy — ) Z A b)), ult = 5Ty = T — )t (23)
Jj=—00
Jj#m

Assume that the delay spread of the channel is not larger than the frame time. In other words, M < N..

In this case, (23) can be expressed as

m) [ ; 1
Z dm‘H L(m-H /Ny] ngw) (ZTf + (cgnzi—l B (1))T + 65,2,_2) : (24)
16{ 1,1}

Then, using the central limit argument in [28] for dependent sequences, we can obtain the distribution

of a as follows:

8[F, is approximately independent of Ny in most practical cases.



Lemma 4.1: As N — oo and %—i — ¢ > 0, the IFI a is asymptotically normally distributed as

M
i~ N (0’ o ST (T, + ) + 6 (T + e,2?_1>12}) . (25)

Proof: See Appendix C. S

Note that the result is true for both Case-1 and Case-2. The only difference between the two cases is
the set of jitter variables over which the expectation is taken.

The MAI term in (22) can be expressed as the sum of interference from each user, a = 52“2 \/ﬁ:’; a®),
where each a*) can be considered as the sum of interference to each frame of the template signal from
_ E(H‘l)Nf L (k)

the signal of user k. That is, a®) = 37 7/ an’, where

o0

a® = q(V / vt —mTy — V) >~ dPb ot — Ty = VT, — ) . (26)
j=—00
Assuming M < N, aﬁ,’i) can be expressed as
+
k k
Z Doty 00 (G = m)Ty + (e = )T+ ). @7)

Then, using the same central limit argument [28] as in Lemma 4.1, we obtain the following result:
Lemma 4.2: As N — oo and ]J\\[,—f — ¢ > 0, the MAI from user k, a'®), is asymptotically normally

distributed as

M
Y~ N (0, %’;FZM E{[ol) (GT. + e““))]?}) - (28)

Proof: See Appendix D.

Since we assume that the timing jitter variables at the transmitted pulses in different frames form an
1.1.d. sequence for a given user, and the jitter at the template is i.i.d. among different frames, the first term
in (22) given the information bit of user 1 converges to a Gaussian random variable for large N values.
Using this observation and the results of the previous two lemmas, we can express the BEP of the system

as

VE E{¢<m><e<1>>}

P.~Q
\/ElNCVar{¢uv (eM)} + % O'IFI + 5 Zk gEkUMAIk +E, o

: (29)




where

M
ol =3 GE{OI (T + ey) + 00 (—5 T + ) )]} (30)
j=1
and
M
Orare= Y E{[oW (T, +€*)*} G1)
j=—M

are independent of the processing gain parameters.

From (29), a trade-off between the effect of the timing jitter and that of the IFI is observed. The first
term in the denominator, which is due to the effect of the timing jitter on the desired signal part of the
output in (22), can cause an increase in the BEP as N, increases. The second term in the denominator
is due to the IFI, which can cause a decrease in the BEP as /N, increases; because, as /N, increases,
the probability of a spill-over from one frame to the next decreases. Hence, large N, values mitigate
the effects of IFI. The term due to the MAI (the third term in the denominator) does not depend on N,
() for a given value of total processing gain N. Therefore, it has no effect on the trade-off between
processing gains. The optimal value of N, (N;) minimizes the BEP by optimally mitigating the opposing
effects of the timing jitter and the IFI.

Remark-1: The same conclusions hold for Case-3, in which the timing jitter at the template signal is
the same for all frames for a given finger, and i.i.d. among different fingers. In this case, conditioning on
the jitter values at different fingers (€;¢ - - - €,,—1), the conditional BEP (.|, - - - €;,—1) can be shown to
be as in (29); hence, the same dependence structure on the processing gain parameters is observed. The
only difference in this case is that the statistical averages are calculated only over the jitter values at the
transmitter.

Remark-2: For the case in which pulses are also distorted by the channel; i.e., pulse shapes in different

multipath components are different, the analysis is still valid. Since the results (29)-(31) are in terms of the

cross-correlation qbffg() of u(t) = S, o e (t — 1) and w;(t) = L:_l Brw(t — 7 — €j;), by replacing
these expressions by u(t) = ' s (t — 1) and v;(t) = ﬁlw (t — 7, — €j;), Where w? (t)

represents the received pulse from the (I + 1)th signal path, generalizes the analysis to the case in which



the channel introduces pulse distortions.

V. SIMULATION RESULTS

In this section, BEP performances of coded and uncoded IR systems are simulated for different values
of processing gains, and the results are compared with the theoretical analysis. The UWB pulse® and the

normalized autocorrelation function used in the simulations are as follows [29]:

Arrt?

At A% At
i Sy 2

&)2
T )
T 3 T

)4 e—7r(

(32)

w(t) = (1 - )e—W/TQ, R(At) = |1 — 4x(

where 7 = 0.125 ns is used (Figure 3).

For the first set of simulations, the timing jitter at the transmitter is modelled by U[—25 ps, 25 ps],
where Uz, y| denotes the uniform distribution on [z,y| [10], [17], and T, is chosen to be 0.25ns. The
total processing gain N = NN is taken to be 512. Also all 10 users (/V,, = 10) are assumed to be
sending unit-energy bits (Fj = 1 Vk) and 2 = 0.1.

Figure 4 shows the BEP of the coded and the uncoded IR-UWB systems for different /N, values in
an AWGN environment. It is observed that the simulation results match quite closely with the theoretical
values. For the coded system, the BEP decreases as N increases. Since the effect of the MAI on the BEP
is asymptotically independent of Ny, the only effect to consider is that of the timing jitter. Since the effect
of the timing jitter is reduced for large /Ny, the plots for the coded system show a decrease in BEP as N;
increases. As expected, the performance is the same for the symbol-synchronous and chip-synchronous
coded systems. For the uncoded system, there is an optimal value of the processing gain that minimizes
the BEP of the system. In this case, there are both the effects of the timing jitter and the MAI. The effect
of the timing jitter is mitigated using large Ny, while that of the MAI is reduced using small N;. The
optimal value of the processing gains can be approximately calculated using (14) or (18). As expected,
the effect of the MAI is larger for the symbol-synchronous system, which causes a larger BEP for such
systems compared to the chip-synchronous ones.

In Figure 5, the BEPs of the coded and uncoded systems are plotted for different signal-to-noise ratios

(SNRs). As observed from the figure, as the SNR increases, the trade-off between the processing gains

Ywe () = w(t)//E, with E, = ffooo w?(t)dt is used as the received UWB pulse with unit energy.



become more significant. This is because, for large SNR, the background noise gets small compared to
the noise due to jitter or MAI; hence, the change of processing gain parameters causes significant changes
in the BEP of the system due to the effects of timing jitter (and MAI in the uncoded case).

In Figure 6, the effects of jitter distribution on the system performance are investigated. The BEPs of
the coded and uncoded systems are plotted for zero mean uniform [17] and Gaussian [16] timing jitters
with the same variance (208.3 ps?). From the figure, it is observed that the Gaussian timing jitter increases
the BEP more than the uniform timing jitter; i.e. as the timing jitter becomes significant (for small Ny),
the BEP of the system with Gaussian jitter gets larger than that of the system with uniform jitter. The
main reason for this difference is that the Gaussian jitter can take significantly large values corresponding
to the tail of the distribution, which considerably affects the average BEP of the system.

Now consider a multipath channel with L = 10 paths, where the fading coefficients are given by
[0.4653 0.5817 0.2327 — 0.4536 0.3490 0.2217 — 0.1163 0.0233 — 0.0116 — 0.0023], and the delays
by = Il1. for | = 0,...,L — 1, where T, = 0.25ns. The Rake receiver combines all the multipath
components using maximal ratio combining (MRC). The jitter is modelled as U/[—20 ps, 20 ps|, the total
processing gain N is equal to 512, and 02 = 0.01. There are 10 users in the system where the first user
transmits bits with unit energy (£; = 1), while the others have Fy, = F =5 Vk.

Figure 7 plots the BEP of a coded IR-UWB system for a downlink scenario, in which user 1 is
considered as the user of interest and the jitter at the template is as described in Case-1 and Case-2 in
Section IV. Note that the theoretical and simulation results get closer as the number of pulses per symbol,
Nt, increases, as the Gaussian approximation becomes more and more accurate. It is observed that the
BEP decreases as V¢ increases since the effect of timing jitter is reduced. However, the effect of IFI is
not observed since it is negligible compared to the other noise sources. Hence, no significant increase in
BEP is observed for larger Ny, although the IFI increases. Finally, it is observed that the BEPs for Case-1
are smaller than those for Case-2. In other words, the effects of timing jitter are smaller when the jitter
is 1.1.d. among all the frames and fingers than when it is the same for all the fingers in a given frame and

i.i.d. among different frames.



VI. CONCLUSION

The trade-off between the processing gains of an IR system has been investigated in the presence of
timing jitter. It has been concluded that, in an AWGN channel, sending more pulses per bit decreases the
BEP of a coded system since the effect of the MAI on the BEP is independent of processing gains for a
given total processing gain, and the effect of the i.i.d. timing jitter is reduced by sending more pulses. The
system performs the same whether the users are symbol-synchronous or chip-synchronous. In an uncoded
system, there is a trade-off between N. and N;, which reflects the effects of the timing jitter and the
MALI. Optimal processing gains can be found by using the approximate closed form expressions for the
BEP. It is also concluded that the effect of the MAI is mitigated when the users are chip-synchronous.
Therefore, the BEP of a chip-synchronous uncoded system is smaller than that of a symbol-synchronous
uncoded system.

For frequency-selective environments, the MAI has no effect on the trade-off between the processing
gains of a symbol-synchronous coded system. However, the IFI is mitigated for larger values of V., hence
affects the trade-off between the processing gains. Again the effect of the timing jitter is mitigated by
increasing N;. Therefore, there is a trade-off between the effects of the timing jitter and that of the IFI
and the optimal Ny (IN.) value can be chosen by using the approximate BEP expression.

Related to the trade-off study in this paper, investigation of the trade-off between processing gain
parameters of a transmitted reference (TR) UWB system [30], [31] remains as an open research problem.
Due to the autocorrelation receiver employed in TR UWB systems, the investigation of receiver output

statistics would be more challenging in that case.
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APPENDIX

A. Proof of Lemma 3.1

Assuming a chip-synchronous system, AT (6) can be expressed as

o® = 4O / We(t = mTy = DT) >~ dP) wn(t = Ty = T = P = AP at, (33)

j=—o00



where Aék) € {0,1,..., N — 1} with equal probability.
Due to random polarity codes d(k), the distribution of a¥) is the same for all Agk) values having the
same A" = mod {Agk), N.} value. Hence, it is sufficient to consider Agk) = AP ¢ {0,1,..., N. — 1}.

Then, (33) can be expressed as

m+1
o) = a2 AP0 (G- m)Ty + (6 — T+ &+ APT) oY
j=m—1

From (34), it is observed that E{aﬁ,’«f)} = ( due to the independence of polarity codes for different frame

and user indices. Also considering the random TH sequences and the polarity codes, it can be shown that

E{(af)?1A1} = < [B{3 () + E{63(T. — €¥])}]. (35)

Note that E{(ag,'f))QlAgk)} is independent of Agk), which means that the results is true for both the

symbol-synchronous and chip-synchronous cases.

(k)

k
Note that aEN)f, o Q1N —

, are identically distributed but not independent. However, they form a 1-

(i+1)Nf—1 (k) ¢
m=iN; ak converge to a zero mean

dependent sequence [28]. Therefore, for large Vs values, \/_ Z
Gaussian random variable with variance E{(a'\ aN, )21+ 2E{aZ N, @ N +1} [28]. It is easy to show that the
cross-correlation term is zero using the independence of polarity codes for different indices. Hence, for
large Ny values, a®) in (6) is approximately distributed as a®) ~ A(0, ’yék)N ¢/N.), where ’yék) =

E{¢7,(e")} + B{gp(T. — [M])}.

B. Proof of Lemma 3.2

Let pgfi) denote the position of the pulse of user k£ in the mth frame (pgf) =1,..., N.). Note that p,(q}b)
denotes the position of the pulse of the template signal in the mth frame, assuming user 1 as the user of
interest.

For p%) = 2,...,N. — 1, there occurs interference from user &k to the mth pulse of the template signal

if user k has its mth pulse at the same position as the mth pulse of the template signal or it has its mth

pulse at a neighboring position to mth pulse of the template signal and there is a partial overlap due to



the effect of timing jitter. Then a'¥) in (6) can be expressed as
k
agi) = bg )[¢w(6£r’§)> [{pg):pg)} + ¢w(Tc - 67(7];)) [{pg)—pgf):l}[{6gf>>0} + (bw(Tc + 67(7]?) [{pgf)—pgi):l}[{sgf)<0}]’
(36)

where 74 denotes an indicator function that is equal to one in A and zero otherwise.

(1) _

For p;,’ = 1, we also consider the interference from the previous frame of the signal received from

user k:

k k k
CL;’:) = bz( )[¢w(6$))l{p§§):1} + ¢w(Tc + Eg))]{pﬁ):2}1{5£§><0}] + bf )wa(Tc - 67(7%)—1)I{p$11:N0}1{5$11>0}>

(37)

for m =Ny +1,...,(i+ 1)N; — 1. Note that for m = Ny, we just need to replace bgk) in the third term
by b 1 since the previous bit will be in effect in that case.

Similarly, for p( ) = Ne,

k k k
a®) = | )[%(Egr’f))f{pg):]vc} + ou(Te — 6%))]{p5§)=1\/c71}]{e$,’:>>0}] +576u(T. + egn)ﬂ)]{pﬁﬁlﬁl}l{e”“) <0y’

m+1

(38)

for m = iNy,..., (i + 1)Ny — 2. For m = (i + 1) Ny — 1, bl( in the third term is replaced by bZ+1

. . (k) (k)
As can be seen from the previous equations, AN s Q41N —

the possible small difference for the edge values agc\;f and agﬂl) N1

, are not identically distributed due to
as stated after equations (37) and
(38). However, those differences become negligible for large N. and/or N;. Then, agf\,)f, "'7“821) N1

can be considered as identically distributed. The mean value can be calculated using E{aﬁf”bﬁk)} =

E{E{amk)|e n’i),efﬂrl, b, }} From equations (36)-(38), we get

m—1>

(k k)
E{a(k ’ m 1 gs y m+1’ z )} - N b( [¢w( )+¢w( c—ﬁgf))f{egﬁ)w}+¢w(Tc+€£§))]{eg><0}]
k
N2 b D0 () + dulTe + e gy +0ulTe = ) DI 0 )]

(k) (k)
N2 b [fu(e®) + 60 (Te — € w0y T Gulle + emp) o )],39)
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for m = iNy, ..., (i + 1)N; — 1. Then, taking expectation with respect to timing jitters, we get
Blai [} = 01"/, (40)

where 71 E{¢w(€m )} + E{¢u(T. ’€m )}

By similar calculations, it can be shown that

(k)
E{(agf))?’bgk)} _ 7]3[_ + %E{¢w(€(k))}E{¢w(Tc _ ‘E(k)’)}

4 0 [e%)
+ /_ i Gu(Ts + @) p(ek))ge® /0 Gu(Ts — eO)p(e)de®), @1

where p(e®)) is the probability density function of i.i.d. timing jitters for user & and 72 = E{¢?, ( )} +
E{¢? (T. |em |)}. Note that frame indices are omitted in the last equation since the results do not depend
on them.

(k) (k)

The cross-correlations between consecutive values of the 1-dependent sequence a,y ., ..., a; _, can
! (i+1)Ny—1

be obtained as

Blalay by = (n")?/NZ - va E{0u(Te — 9]}

+§ﬁwwnqu ()H-<mm<ckwmm (42)

Then, invoking the theorem for 1-dependent sequences [28] and using (40)-(42), the sum of interferences

(k)

(i+1)Ny—1 (k: | b g approximately distributed as in (10), where ~; ",

to each pulse of the template, > ~ iNy

7 ’

vék), 1 ) and ﬁz are as in (11).

C. Proof of Lemma 4.1

In order to calculate the distribution of a = anflz Ajf\; 5 i, consider ay, given by (24). From

(24), it can be observed that E{d,,} = 0 due to the random polarity codes. To calculate E{a2,}, we first
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condition on the timing jitter values:

Ne—1 Ne—1 9

B{aZ len) 1, e ém} = N2 3 Z o (=i = NT.+ )]
¢ =0 [=0

Ne—1 Ne—1 9

b 3 ol (14 N+ )
¢ =0 k=0

NQZJ{[ GT.+ )]+ [ (T + el )]2}7 43)

where we use the fact that the time-hopping sequences are uniformly distributed in {0,1,..., N, — 1},

and €, = [ém0 - €m—1)- Then, averaging over the distribution of the timing jitters, we get

B0} = 57 D00 (B0 OT. + )P+ {0 (—iT. + L )P} @)

From (24), it is observed that E{a,,a,} = 0 for |m —n| > 1 and E{d,,G.,+1} can be expressed as

M
N 1 . )/
Blamimin} = 53 D JE{O0 GT. + )0l (—iTe + e - (45)
¢ j=1

Since \/_Z:flué\;f am converges to N (0, E{a2 } + 2E{G,,am+1}) as Ny — oo [28], we can

obtain (25) from (44) and (45).

D. Proof of Lemma 4.2

The aim is to calculate the asymptotic distribution of a*) = 2%12\],\? o where o is given by

(27).
From (27), it can be observed that E{ayrf)} = 0 due to the random polarity codes. In order to calculate
the variance, we first condition on the jitter values:

Ne—1 Ne—1
k
E{(a®)2]e | ®) (0 oy 1 N2 ST [ (G- i - NoTe+ )]
¢ =0 j=0
Ne—1 N.—1

+Z o) ((k —1)T. + €®)] +Z[ ( z+N)T+e§n+1>]2}, (46)

2

where use the fact that the time-hopping sequences are uniformly distributed in {0, 1,..., N.—1} and €, =

[ém.0 "+ ém.—1)- Then, averaging over jitter statistics, we obtain, E{(aﬁ,’i))Q} = Nl ZM E{[ (jT +
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(WP,

Also it can be observed that E{agf) an '} = 0 for m # n due to the independence of polarity codes.

All in all,

(k)

i Snlin,an converges to 5 33 B{[ (T €M)} as Ny — oo [28], from

j=

which the result of Lemma 4.2 follows.
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Fig. 1. Two different cases for a BPSK-modulated TH-IR system without pulse-based polarity randomization when N = 24. For the first
case, N. = 8, Ny = 3, and the pulse energy is F/3. For the second case, N. = 4, Ny = 6, and the pulse energy is E/6.
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Fig. 2. The positions of the template signal and the signal of user k.
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Fig. 4. BEP vs log, Nt for coded and uncoded IR-UWB systems for the AWGN channel case.
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Fig. 7. BEP versus Ny for coded IR-UWB systems over the multipath channel [0.4653 0.5817 0.2327 — 0.4536 0.3490 0.2217 —

0.1163 0.0233 — 0.0116 — 0.0023].



