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Abstract—Visible light positioning (VLP) systems based on
light emitting diodes (LEDs) can facilitate high accuracy b-
calization services for indoor scenarios. In this study, dect
and two-step positioning approaches are investigated for dth
synchronous and asynchronous VLP systems. First, the Craér-
Rao lower bound (CRLB) and the direct positioning based
maximum likelihood (ML) estimator are derived for three-
dimensional localization of a visible light communication(VLC)
receiver in a synchronous scenario by utilizing informatia from
both time delay parameters and channel attenuation factors
Then, a two-step position estimator is designed for synchrmous
VLP systems by exploiting the asymptotic properties of time
of-arrival (TOA) and received signal strength (RSS) estimges.
The proposed two-step estimator is shown to be asymptotidgl
optimal, i.e., converges to the direct estimator at high sigal-to-
noise ratios (SNRs). In addition, the CRLB and the direct and
two-step estimators are obtained for positioning in asyncionous
VLP systems. It is proved that the two-step position estimabn
is optimal in asynchronous VLP systems for practical pulse
shapes. Various numerical examples are provided to illustate the
improved performance of the proposed estimators with respet
to the current state-of-the-art and to investigate their rdoustness
against model uncertainties in VLP systems.

Index Terms— Estimation, Cramér-Rao lower bound, visible
light, Lambertian pattern, direct positioning, two-step position-

ing.

A. Background and Motivation

INTRODUCTION

Light emitting diode (LED) based visible light systems hav
found a widespread use for communication and localization
indoor environments due to the attractive property of sim
taneous illumination, positioning, and high speed commu
cations [1]-[12]. Unlike radio-frequency (RF) based indo
localization services, visible light positioning (VLP) stgms
can utilize an enormous unregulated visible light spectru
without suffering from interference due to RF communicasio
[1], [2]. In addition, highly accurate localization perfoance
has been obtained for VLP systems in the literature [13[[1
which points out a viable opportunity for future applicatso

Commonly, the problem of wireless localization is inve

tigated by employing two classes of approaches, which ar

two-step positioninginddirect positioning Widely applied in
RF and VLP based localization systems, two-step positgpni
algorithms extract position related parameters, suchcesved
signal strength (RSS), time-of-arrival (TOA), time-diféace-
of-arrival (TDOA), and angle-of-arrival (AOA) in the firstep,

u
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and perform position estimation based on those parameters i
the second step [19]. There exist a multitude of application
of indoor VLP systems that employ two-step positioninghsuc
as those using RSS [15], [18], [20], [21], AOA [9], hybrid
RSS/AOA [22]-[24], TOA [5], [25], and TDOA [17]. How-
ever, the two-step method can be construed as a suboptimal
solution to the localization problem since it does not eitplo
all the collected data related to the unknown location. On
the other hand, direct positioning algorithms use the entir
received signal in a one-step process in order to determine
the unknown position, as opposed to two-step positioning
[26]-[28]. Hence, all the available information regarditing
unknown position can be effectively utilized in the direct
position estimation approach, which can lead to the optimal
solution to the localization problem. A theoretical justiion
for the superiority of direct positioning over conventibna
two-step positioning is provided in [29], [30]. In [26], the
direct position determination (DPD) technique is propoged
localization of narrowband RF emitters, where the multiple
signal classification (MUSIC) algorithm is employed to for-
mulate the cost function in the case of unknown signals. It is
shown that the DPD approach outperforms the conventional
AOA based two-step localization technique. The study ir] [31
investigates the localization of a stationary narrowbark R
source using signals from multiple moving receivers in a
single-step approach and demonstrates that the DPD method i
superior to the two-step differential Doppler (DD) methdd a
fl%w signal-to-noise ratios (SNRs). In addition, directdtiza-
tlion techniques are shown to enhance the performance of RF
ositioning in TOA [32], TDOA [33] and hybrid TOA/AOA
l34] based systems. Direct positioning algorithms are also
employed for target localization in radar systems [35]][36
mAlthough the DPD approach has been employed in numer-
ous applications in RF localization systems, only a limited
amount of research has been carried out on the utilization
f DPD techniques in indoor VLP systems. In [37], RSS
ased VLP system with non-directional LEDs and a detector
array consisting of multiple directional photo diodes (PDs
|seproposed, where time-averaged RSS values at each PD
are considered as the final observation for two-dimensional
Hosition estimation. In [38], which extends the study in][37
a correlation receiver is employed to obtain a single RSS
estimate for each PD without optimizing for the correlator
peak. However, from the direct positioning perspective, th
proposed methods in [37] and [38] utilize only the time-
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entire signal for localization. Furthermore, an asyncbrien
VLP system is designed in [39], where a Bayesian signal
model is constructed to estimate the unknown position based
on the entire received signal from multiple LEDs in the



presence of obstruction of signals from several LEDs. « Algorithms/Estimators for Asynchronous Scenarioke
To provide performance benchmarks for positioning algo- ML estimators are designed for direct and two-step posi-

rithms, theoretical bounds on distance (‘range’) and pmsit tioning in asynchronous VLP scenarios. It is proved that
estimation in VLP systems have been considered in several the two-step estimator is equivalent to the direct estimato
studies in the literature [5], [6], [23], [25], [37], [40]AL]. for practical pulse shapes (Proposition 4). Hence, the two-

The work in [6] derives the Cramér-Rao lower bound (CRLB)  step position estimation is shown to be optimal in the ML
for distance estimation based on RSS information, whereas sense under practical conditions in asynchronous VLP
[5] presents the CRLB for distance estimation in synchrenou  systems.

visible light systems based on TOA measurements. The CRLBThe key differences between this work and the previous
on hybrid TOA/RSS based ranging is investigated in [25]. Ifesults on VLP systems can be listed as follows:

[40], the Ziv-Zakai bound (ZZB) is derived for synchronous | Theoretical Bounds:

VLP systems in the presence of prior information about . .

. " : — Different from the previous work on synchronous
distance and it is compared against the expected CRB (ECRB), VLP systems (e 5], [25], [40], [42]), which
Bayesian CRB (BCRB), and weighted CRB (WCRB), all of y -9 PomT L e .

analyzes only distance estimation, this study in-

which utilize prior information. Besides distance estiioaf ; . . . LT
. I . vestigates three-dimensional position estimation and
theoretical accuracy limits have also been derived forlloca T
puts forward a fundamental limit on the accuracy

ization in visible light systems. In [23], the CRLB is deri/e TR ) L
: : - . of localization in synchronous scenarios, which is
for RSS based three-dimensional localization for an indoor valid for arbitrary transmitter/receiver positions and
VLP scenario with arbitrary LED transmitter and visibleHig . : y P
o . ; . orientations.
communication (VLC) receiver configurations. In [37] and . . .
. . o — Although there exist previous studies that focus on
[38], two-dimensional RSS-based localization is addmsse o R
the CRLB derivation for localization in asynchronous

with the assumption of a known receiver height, and an VLP systems (e.g., [23], [37], [38]), theoretical

analytical CRLB expression is derived accordingly. bounds on localization in synchronous VLP systems
are provided for the first time.

B. Contributions — The analytical derivations are basditectly on the

In this manuscript, we investigate the fundamental limits received signal itself, not on measured/extracted
of three-dimensional localization of a VLC receiver in syn- quantities (as in, e.g., [23], [37], [38]), which leads
chronous and asynchronous VLP systems, design ML estima- to generalized expressions that can address scenarios
tors by employing direct and two-step positioning techesju with any type of transmitted signals.
and characterize the asymptotic performance of the praposee Positioning Algorithms:
estimators via theoretical derivations. The main contidns — Position estimators are proposed for generic three-
of this manuscript can be summarized as follows: dimensional VLP configurations. However, most of

« Theoretical Bounds for Synchronous Scenariesr the the existing work on positioning algorithms in VLP
first time in the literature, a general CRLB expression systems relies on the assumption of a known re-
is derived for three-dimensional localization of a VLC ceiver height and/or perpendicular LED and VLC
receiver in synchronous VLP systems by utilizing infor- orientations (e.g., [7], [15], [18], [21], [43]), which
mation from both time delay parameters (i.e., TOA) and can make those algorithms impractical in certain
channel attenuation factors (i.e., RSS) (Proposition 1). applications.

« Algorithms/Estimators for Synchronous Scenarid$ie — For asynchronous scenarios, different from the three-
direct and two-step ML position estimators are proposed dimensional ML position estimator in [23], which is
for synchronous VLP systems by taking into account effectively a two-step estimator through the use of
both TOA and RSS information. The direct positioning measured RSS values, we derive both the direct and
approach, which exploits the whole observation signal, the two-step estimators, and identify conditions un-
is considered for the first time for synchronous VLP der which these two positioning paradigms become
systems. In addition, the two-step estimator is designed equivalent.
by exploiting the asymptotic properties of TOA and RSS ~ — As opposed to the previous VLP studies, we employ
estimates in the high SNR regime (Lemma 1). Moreover, the optimal way of obtaining the RSS observations
it is shown that the proposed two-step estimata@sigmp- from the received signals via an ML approach (Sec-
totically optimal i.e., converges to the direct estimator at tion 11I-C and Section 1V-B).
high SNRs (Proposition 2 and Remark 1). — Regarding synchronous scenarios, to the best of

« Theoretical Bounds for Asynchronous Scenaridste authors’ knowledge, there exist no previous studies
CRLB for three-dimensional RSS-based localization is in the literature that propose a positioning algorithm
derived for asynchronous VLP systems (Proposition 3). for synchronous VLP systems.

The derived CRLB expression constitutes a generalizationThe rest of the manuscript is organized as follows: Section |
of that in [23] to cases in which transmitted pulses capresents the VLP system model. The CRLBs and the ML
have arbitrary shapes and LED transmission powers cestimators are derived for synchronous and asynchronous
have any values. systems in Section Il and Section 1V, respectively. Nuiceri



results are presented in Section V, and concluding remaeks RED transmitter, respectively [5], [23]]t is assumed that the
provided in Section VI. VLC receiver knowsS, n., m;, li, andn! fori=1,..., NL.

For example, the orientation of the VLC receivag, can be
determined by a gyroscope and the parameters of the LED
transmitters #2;, I andn!) can be sent to the receiver via
A. Received Signal Model visible light communications.

Il. SYSTEM MODEL

Consider a VLP system in which a number of LED transmit-
ters are employed to estimate the position of a VLC receiv@, Log-Likelihood Function and CRLB
A line-of-sight (LOS) scenario is assumed between each LED
transmitter and the VLC receiver, which is commonly the Ca$e ihood function for the received signal vector(t)
for visible light systems [4], [5]. Then, the received sigaa (). (t)]T is obtained as follows [46], [47]:
the VLC receiver due to the signal emitted by the LED U1\ " e R

Considering the received signal model in (1), the log-
A

transmitter is formulated as [5] 1 Mo ,
A((p) =k—— / (Ti(t) - OéiR Si(t - Ti)) dt
T‘i(t) = aiRp Si(t — Ti) + ﬁi(t) (1) 202 ; Ty, b

4
fori € {1,...,Np} andt € [T1,,T5,], where N, denotes )
the number of LED transmitters]}, and T, determine Wherey represents the set of unknown parameters /ansl
the observation interval for the signal coming from tite @ normalizing constant that does not depend on the unknown
LED transmitter,; is the attenuation factor of the opticalParameters. While the set of unknown parameters consilts on
channel between thith LED transmitter and the VLC receiverof the coordinates of the VLC receiver in the synchronous
(i > 0), R, is the responsivity of the photo detects(t) is Case, it also contains the delay parameters in the asynahison
the transmitted signal from thith LED transmitter, which is case, as investigated in Sections Il and IV.
nonzero over an interval 66, T, ;], 7; is the TOA of the signal  The CRLB on the covariance matrix of any unbiased
emitted by theith LED transmitter, andy;(t) is zero-mean estimatore of ¢ can be expressed as [48]
additive white Gaussian noise with spectral density level . . 1
It is assumed that a certain type of multiple access protocol ]E{(So —e)e - ‘p)T} = J(e) ®)

such as frequency-division or time-division multiple &€ \yhere A = B means thatd — B is positive semidefinite and

[44], is employed in order to facilitate separate Processiry ) s the Fisher information matrix (FIM) fap, which can
of signals from each LED transmitter at the VLC receive§e calculated as follows:

[45]. Therefore, the noise processes corresponding to the

received signals from different LED transmitters are medel J(p)=E {(V¢A(go)) (VLPA((p))T} (6)
to be independent. It is also assumed tigt and s;(t),
i€ {l,...,Np}, are known by the VLC receiver. with V, representing the gradient operator with respeapto
The TOA parameter in (1) is modeled as and A(y) being the log-likelihood function as defined in (4).
T = M + A (2) [1l. POSITIONING IN SYNCHRONOUSSYSTEMS

&

In the synchronous scenario, the VLC receiver is synchro-
nized with the LED transmitters; that ig); = 0 in (2) for
i = 1,...,Np. In this section, the CRLB is derived for
synchronous VLP systems, the direct position estimation is
proposed, and the two-step position estimation is develope
by considering both time delay and channel attenuatiorr-info
mation.

where ¢ is the speed of lightA; denotes the time offset
between the clocks of théh LED transmitter and the VLC
receiver,l, = [l Lo bLg]” andll = [ii, li, 1i,]" are
three-dimensional column vectors that denote the locatain
the VLC receiver and thgh LED transmitter, respectively, and
1. — 1! denotes the distance between ttreLED transmitter
and the VLC receiver. For a synchronous scenakip—= 0 for

i1 =1,..., N, whereas for an asynchronous scenahigs are
modeled as deterministic unknown parameters. It is assumgdCcRLB
that the signal componentin (1) is contained completelyé t
observation intervalTy ;, T» ;|; that is,r; € [Th,i, T2, — Ts.i]-
In (1), the channel attenuation factay is modeled as

In the synchronous case; andr; are functions of, only
(since A; = 0 in (2)); hence, the set of unknown parameters
in (4) is defined as

(3) @ =[le1 leoleg) =1 (7)

: . ) . Then, the CRLB for estimating based on (t),. .., rn, ()
wherem; is the Lambertian order for thgh LED transmitter, in (1) is specified by the following proposition.

S is the area of the photo detector at the VLC receiver, and

T ; i 41T
e = [”1_&1 Ne2 np3]” andmg = [mcl ng o ”33} . denote the 1For example, if the VLC receiver is pointing up directly, the, =
orientation vectors (‘normals’) of the VLC receiver and ttle [0 0 1)7.

(mi + 1S [0 = 1)Tni]™ (b — 1) n,
21 It — 2™

oy = —



Proposition I For synchronous VLP systems, the CRLB oand (3), respectively. Finally, the CRLB on the MSE of any
the mean-squared error (MSE) of any unbiased estimator unbiased estimatdy, for the location of the VLC receivet,,

for the location of the VLC receiver is given by can be expressed based on the inequality in (5) as
IE{Hir = trace{Js_yln} (8) E{||ir = trace{.](cp)_l} . 17)
where SinceJ(¢) in (16) is equal taJgy, in (9), as discussed above,
Ny the expression in (8) follows from (17). |
Teonls & I Z ( Oai_ 00i | pi o Omi Omi The CRLB expression specified by (8)—(14) illustrates the
synlb ke o? 2Ol iy Oly ey Y Oleg, O,  effects of the transmitted signals via the, Ei, and E

_ da; O o Ooy parameters and the impact of the geometry (configuration)
E; 1(61 3l + 5 3l >) (9) via thedr; /01, ;, andda;/dl, ;. terms. Hence, the theoretical
riky Chr ke roky Zirk limit on the localization accuracy can be evaluated for any
for ki, ko € {1 2,3} with given system based on the provided expression. It is noted
that the CRLB expression in Proposition 1 has not been
(10) available in the literature, and provides a theoreticaltliior
synchronous VLP systems by utilizing information from both
(11) channel attenuation factors (RSS) and time delay parameter
(TOA). Compared to the CRLB in Proposition 1, those in [5],
[6], [25] are for distance estimation only, and those in [23]

||l>

IIE
\\\

B3 £ (12) [37], [38] focus on RSS based localization. As noted from
o /i Proposition 1 and its proof, the main technical differencd a

T bk (13) difficulty in obtaining the proposed CRLB expression is teth
Mg c|l, _lt” to the simultaneous use of the TOA and RSS parameters,
o (ms +1)S ( (ks TR 1 14 \;Lvhi;h reg::(ijr?s t}he calculation of the partial derivativésath
ol, 2 1. — [¢m™ts Q; T

. i i TH il T The CRLB expression in Proposition 1 is generic since the

x (ming (b = 1) 1+ nep(le = 1) ng ) LED transmitters and the VLC receiver can have any locations

(mi + 3)(le — 17 1) TR\ ™ (L T and orientations and the transmitted signals can be in gener
- L — i mi+h (( L) "t) (b= 1) ). forms. Special cases can easily be obtained from (8)—(bt). F
example, if the transmitted signals satisfy7 ;) = s;(0) for
Proof: Consider the likelihood function in (4), where, _ 1,..., Ny, thenEj in (12) becomes zefaand [Joym i, i,
7, and «; are related tol, as in (2) (withA; = 0) and (9) reduces to

(3), respectively. Since the set of unknown parameterseén th N
synchronous case is equal foas stated in (7), the eIementsIJ 32 XL: ; Oy Oay 4 Eia? or; 07
of the FIM in (6) can be expressed as synlks,ks = 2 Oy Y B g, Ol
OA(p) OA(p (18)
s —e{ ZETEL s . |
Oly g, Oly g, From (18), the contribution of the channel attenuationdest

for k1, ke € {1,2,3}. From (4), the expression in (15) can hé&
calculated as follows:

nd time delays can be observed individually. Namely, ths fir
and the second elements in (18) are related to the location
information obtained from the channel attenuation factord

3 R2 . - Oay Oy the time delay parameters, respectively. Hence, it is nittad
[Pl k2 = o2 Z 231r7k1 Oly both RSS and TOA parameters are utilized for localization in
the synchronous scenario.
+ o /T (t - )22 =T gy ’
Ny S; — T;
Olekey J, 4 Ol iy B. Direct Positioning
+ o da; / > si(t — Ti)asi(t — Ti)dt Direct positioning refers to the estimation of the unknown
Olv ks 1y, Ol 1, location directly from the received signals without anyeint
o [T Osi(t — 1) Dsi(t — 7;) mediate steps for estimating location related parametesis s
+q; . R ol dt ] (16) as TOA or RSS [26]-[28], [30]-[33], [35], [36] (cf. Sec-
1,i r,k1 T,rR2

tion 111-C). Direct positioning has not been considereddref

whereE:; £ TT21 s2(t—r;)dt, which is equal to the expressionfor synchronous VLP systems, which carry significant differ

in (11) ass;(t— ;) is assumed to be contained completely ifNces from RF based positioning systems.

the observation intervdll’, ;, Ts;]. Sinceds;(t — 7;)/0l. = In direct positioning, the aim is to estimate the location of
—(97:/0l,.1,)s.(t — 1), the expression in (16) can be showithe VLC receiver,l,, based on the received signals in (1).

to be equal to that in (9) based on the definitions in (10) and 2Since 17§ — fo s (0L (0 = (51(To )2 — 55(0)2)/2, B = 0 i

.(12); henceJ(¢) = Jgyu. In addition, the partial derivatives 5i(Ts ) = sZ(O) which is satisfied for most practical pulse shapes (cf. (52)
in (13) and (14) can be obtained from (2) (with; = 0) and [5, Eq. 3]).



From (4) and (7), the ML estimator fdr can be obtained asfor i = 1,..., Ni. Sinceq; is nonnegative, the solution for

follows [48]: 7, IS obtained by maximizing the integral expression in (20).
op NL Ty, Hence, the ML estimate; of the TOA parameter; for the
I ™" = argmax — Z/ (ri(t) — a; R, s;(t — ;))> dt  ith LED transmitter is calculated from
lr i=1 Tl,i T2,1‘,
which can be simplified, after some manipulation, into 7; = arg maX/ 7i(t)si(t — 7i)dt . (21)
~DP,syn N, T2, ' T
I o _ arg max Zo‘i/ ri(t)s;(t — 7;)dt Then,a; can be expressed from (20) and (21) as
Ly i=1 Tl,i ~ .
R _ a; = arg;nax 20,;Cry — a?RpEé (22)
- 7” > alE; (19)
i=1 where
whereFE} is as defined in (11). It should be noted thaando; S T A
in (19) are functions of, as specified in (2) (with\; = 0) and Crs = /T ri(t)si(t —7i)dt. (23)
1,4

(3), respectively. Hence, the direct ML position estimator _ .
(19) searches over all possible values of the unknown pasitiThe problem in (22) leads to the following closed-form
I, based on the relations @f with the channel attenuationexpression for the ML estimate of the RSS parametger

factors and the time delays. corresponding to théth LED transmitter:

The main advantage of the direct positioning approach in =i
(19) is related to its performance (optimality in the ML sens a; = Chs : (24)
as investigated in Section V. On the other hand, it can lead RyEy

to high complexity in certain applications due to increased |n the second step, the aim is to estimate the location of
storage and communication requirements. For exampleeif e VLC receiver],, based on the TOA and RSS estimates in
location estimation should be performed at a central UMt the first step; that is{o?i,ﬂ}fvgl. To that aim, the following
it becomes cumbersome to transmit all the received signal§dmma is presented first in order to characterize the statist
the center. of the estimates obtained in the first step.
N Lemma 1 Assume thati =0 fori=1,..., N.. Then, at
C. Two-Step Positioning high SNRs (i.e., fon? R2Ej > o), the TOA estimate i21)
A common method for positioning in wireless networks ignd the RSS estimate {84) can approximately be modeled
to apply a two-step estimation process where estimation g
location related parameters such as RSS, TOA, TDOA, and/or
AOA is performed in the first step and the unknown location Ti = Ti+ Vi (25)
is estimated based on those parameters in the second step [19 @ =+ (26)
Although two-step positioning has commonly been con-
sidered for VLP systems (e.g., [9], [15], [17], [18], [22]for i = 1,..., Ny, wherev; and; are independent zero mean
[24], [43]), there exist no studies on the design of two-stépaussian random variables with variance$/ (R7a? E7) and
estimators for synchronous VLP systems in which both RSS/(R;E5), respectively, and; and v; (s and ;) are
and TOA information can be utilized. In the proposed twagestdndependent foi # ;.
estimator for synchronous VLP systems, the ML estimates of Proof: Please see Appendix A.
the TOA and RSS parameters are obtained for each of thd-emma 1 states the asymptotic unbiasedness and efficiency
Ny, LED transmitters in the first step, and the location gproperties of the ML estimates; in (21) anda; in (24)
the VLC receiver is estimated based on those location aklaié8], [49]. Based on Lemma 1, the following estimator can
parameters, i.e., TOA and RSS estimates, in the second ste@.obtained for the second step of the two-step estimator:
In the first step, the ML estimates of the TOA and RSS N
parameter’Sqre obtained for eaph LED_transmltter. For_iﬂe irTS=SY“ — argmin Z (Efaf (7 — 7_1_)2 T E; (é; — ai)2)
LED transmitter, the received signal¢) is expressed as in (1) L i

and the corresponding log-likelihood function foft) is given 052 N
by ki — # 2,{:2; (Tl(t) — OéiRp Sz(t — Ti))Q dt, Whereki is a — LQ Zlog o (27)
constant that does not depend@nandr; (cf. (4)). Then, the Ry i=1

ML estimates of the TOA and RSS parameters correspond'\;\}gereT,

anda; are functions of, as defined in (2) (witl\; =
to thesth LED transmitter are obtained as follows: @ unct I in (2) (wi

o 0) and (3), respectively, anldg denotes the natural logarithm.
/ > ri(t)si(t — 7,)dt — o2 R, E The estimator in (27) correspond_s to the_ ML es_timatorltor
T based on the TOA and RSS estimates in the first step when
(20) they are Gaussian distributed as specified in Lemma 1 (please
see Ap;r)sendix B for the derivation). In other words, at high

3The channel attenuation facter; is referred to as the RSS parameter, ~ yn . . . .
in this study sincen; > 0 in visible light channels and it determines theoNRS:, in (27) is approximately the ML estimator fér

received signal energy (power). based on{ d;, ﬂ-}f\[;l. Since the last term in (27) is commonly

(74, ;) = arg max 2q;
(Ti,)



smaller than the others at high SNRs, a simpler version gf (2&stimating the unknown location more accurately than tiee tw
can be proposed as follows: step approach by utilizing entire signals and thus prodycin
consistent location estimates.

r

Ny,
~TS, X . . i/ o~
l, T arg min Z (Eiaf (1: — ) + E; (a; — ai)g) _ )
l = D. Complexity Analysis
(28) In this part, computational complexity analyses are pre-
where the estimate; is replaced withy; in the first term, as sented for the proposed direct and two-step estimators in

well, considering high SNRs. The simplified estimator in)(28§eét'0n_(|i”'B an(_j ?ectlcl)n “:.'C' . 0 wh he VLC
corresponds to a nonlinear least-squares (NLS) estimator. onsider an indoor localization scenario where the

In summary, the proposed two-step positioning appran%CEIver moves inside a certain volume and tries to estimate

first calculates the TOA and RSS estimates via (21) afig postion. Then, complexity analyses can be performed by

(24) for each LED transmitter, and then uses those estima]k%]é) Ier?entitng .thezczgirect ML ?.st_itmator inh(19) and the twops(tf
for determining the position of the VLC receiver via (28)t estimator in (28) over a finite search space corresponding

. . . that volume for the location of the VLC receiver. Since
In Section V, comparisons between the two-step and dm?Et L . ) :
L . o . e objective functions in (19) and (28) are nonconvex with
positioning approaches are provided via simulations. treor respect to the VLC receiver locatioh, the exhaustive search
to present a theoretical comparison under the c:onditionsrﬁét'ohod s considered for identif i|:1g the global optimum
Lemma 1, the following proposition specifies the CRLB fo y '

estimating the VLC receiver locatio,, based on the TOA Eor.colmpi:eXItt-y calgplatlor]s, It 1s assurr:eéj tht?]t range l(.or,
and RSS estimategbzi,ﬂ-}f\j1 obtained in the first step. equivalently, time) dimensions are sampled with a sampling

Proposition 2 Suppose that the conditions in Lemma ir!terval on the order ofAd. To that aim, we consider a three-

. . . . . 3 .
hold. Then, the CRLB on the MSE of any unbiased estimafgiy ot (BR800l SRETO0 B Ot ROSE s,
1, for the location of the VLC receivetl,, based on the TOA

and RSS estimate{@zi,ﬂ}ﬁv:ﬁ obtained from(21) and (24), is receiver. Based oi]l t.he complexity analyses_ for the direct
stated as and twp—step pc_>§|t|qn|ng algorithms are prowded as fosﬂpw
1) Direct Positioning: For the computation of the objective
E{Hir _ erQ} > trace{.]r}é Syn} (29) function in (19) gt each segrch locatibine U, it is necessary
- to computeq; via (3), 7; via (2), and the correlator output
whereJ1s «yn IS @3 x 3 matrix with the following elements: fTTf ri(t)s;(t — 7;)dt using the computed; value. First, the
computation ofc; in (3) andr; in (2) hasO(1) complexity
. o Om; Ot \since these operations take a constant time for a given value
201y 1, Oly iy 1% ﬂﬂ)of I.. Secondly, evaluating the integrﬁﬁzj ri(t)s;(t — 7;)dt
(30) requiresO(1/Ad) operations. Taking into account the whole
search spacll (which contains?(1/Ad?) points) and allNy,
for ki, ko € {1,2,3}, with B, E%, 01;/0l, and da;/0l,,  LEDs, the overall complexity of the direct positioning meth
being as defined if10), (11), (13) and (14), respectively. becomes
Proof: Please see Appendix C.
The CRLB expression in Proposition 2 presents an impor-
tant guideline for asymptotic comparison of the direct and
two-step positioning approaches in synchronous VLP system 2) Two-Step Positioningin the first step of the two-step
as detailed in the following remark. estimator in (28)7; in (21) andd; in (24) must be computed.
Remark 1: It is observed that the expression in (18), whicssuming that continuous signals are sampled with the numbe
is obtained for direct positioning under the assumption of samples on the order @(1/Ad), as in direct positioning,
Ei =0, is equal to that in (30), which is for two-step posithe computation of the integral expression in (21) requires
tioning under the assumptions &% = 0 anda?R2Ej > o2, O(1/Ad) operations for a givenr;. Since 7; lies in the
In other words, referring to the signal model in (1), thénite interval T3 ;,T»; — Ts ], it can be assumed that there
performance of direct positioning and two-step positigninexists O(1/Ad) different values ofr;. Hence, the overall
algorithms converges to each other at high SNRs. Hencep it gmmplexity of (21) become&(1/Ad?). On the other hand,
be concluded that the benefits of direct positioning are madiee computation ofi; via (24) has a computational complexity
prominent in the low SNR regime, which is in compliancef O(1) once the results of (21) and (23) are obtained. In the
with the results obtained for RF systems [26], [31]. Thisecond stepy; and «; in (28) must be evaluated for each
conclusion is intuitive since the consistency between TOA € U, whose size is on the order @¥(1/Ad”). Therefore,
and RSS estimates (measurements) gets higher as the $NRcomputational complexity of the two-step positioniisg i
increases. In the low SNR regime, the TOA estimate in (2g)ven by
may be far away from the true time delay, leading possibly to a 2 3 3
mismatch between the corresponding RSS estimate in (24) ang VL X 1/Ad7) + O(NL x 1/Ad7) = O(Ny, x 1/Ad”)
the position information inferred from that TOA informatio First Step Second Step
In such cases, the direct positioning approach is capable of (32)

R2 N i 30@ aOéi

O(Ny, x 1/Ad*Y) . (31)




where the term corresponding to the second step calcuatidor k1, k2 € {1,2,3}, Jg is a3 x Ny, matrix with elements

dominates as the sampling intervall approaches zero. R2 Do

The proposed direct and two-step positioning approaches [IBlk: = __5 Eioy—- (38)
can be compared based on the expressions in (31) and (32) in o Ik
terms of the computational complexity. For instance)if is  for k < {1,2,3} andi € {1,..., Ny}, andJp is an Ny, x Ny,
sufficiently small, i.e., range/time dimensions are sachfdst matrix with elements
enough to achieve high resolution, then the direct posii®n R oo e _
timator has a higher complexity than its two-step counterpa [ID)i . = {? o By, if i =dp (39)
Moreover, it is observed, by comparing (31) and (32), that th ' 0, if i1 # io

task of integral evaluation is performed at each searchituta o i i i

l, € U in direct positioning, whereas it only appears in th or %’122 € {1, d}NLg In15)37)—1(139),1l; ' E% ]132 and

first-step calculations in two-step positioning. This vtes ‘Iil\(/lell/y vk are as defined in (10), (11), (12), and (14), respec-

the strain on the second-step calculations in the two-gtep j . .

proach, which makes it computationally less demanding thanThe CRLB on the locatiod; of the VLC receiver can be
pressed, based on (5), as

the direct approach. Hence, the main computational buréien®

di;ect positioning consists in evaluating the correlatotpaoit E{Hir _ er2} > trace{ [Jfl(so)} } (40)
[ rilt)si(t — m)dt at each search locatidg. 3x3
' where I, is any unbiased estimator fot.. From (36),
IV. POSITIONING IN ASYNCHRONOUSSYSTEMS [J*l(w)}gxg can be stated as
In the asynchronous scenario, the VLC receiver is not .
synchronized with the LED transmitters; that i§; in (2) is 37 @)]4,5 = (Ja—JIBIp'IB) . (41)
a deterministic unknown parameter for each {1, ..., Np}.

—1
In this section, the CRLB is derived for asynchronous v pased on (37?_(39)11* —JBJp JB can be calculated after
systems, and the direct position estimation and its reiatiio some manipulation as

the two-step position estimation are investigated. R2 N C(ED?\ da; O
[JA — JBJ]_DlJB]kl,kQ = 0—5 Z <E§ - Egl ) Ol r Olr,
A. CRLB i=1 1 T,R1 (41.%2)2

In an asynchronous VLP system, the unknown parameters _ _ _
include the TOAs of the received signals coming from thdence, (40)—~(42) lead to the expressions in (34) and (35) in

LED transmitters in addition to the location of the VLCthe proposition. o n
receiver. Hence, the vector of unknown parameters in (4) forlt is noted from the CRLB expression in Proposition 3 that
the asynchronous case can be expressed as the position related information in the channel attenuatée-
T tors (RSS) is utilized in the asynchronous case for estimgati
p=lhalabam . T (33)  the location of the VLC receiver (see (35)). On the other hand
Then, the CRLB for estimating. based on-,(),...,ry, (t) information from both the channel attenuation factors (RSS
in (1) is stated in the following proposition. and the time delay (TOA) parameters is available in the syn-

Proposition 3 For asynchronous VLP systems, the CRLBhronous case as can be noted from Proposition 1. In addition
on the MSE of any unbiased estimafgprfor the location of the CRLB expression presented in Proposition 3 has been
the VLC receiver is given by obtained for the first time in the literature; hence, progide

. 9 . a theoretical contribution to localization in asynchroa™MLP
E{|: = L|*} = tl"ace{‘]asy} (34) systems. Since the expression in (35) is obtained basecdeon th
whereJ .., denotes & x 3 matrix with the following elements: entire observation signals;(¢)'s in (1), it differs from the
2 Np . CRLB expression in [23], which is derived for asynchronous
To] _ R, Z B (Eé‘) dai Do (35) VLP systems based on the RSS measurements without directly
asylkuke = 00y > Bl ) Oy, Ol using the received signals (eqn. (32) in [23]). On the other
=1 ’ ’ .
. o i hand, whenE; = 0 for ¢ = 1,..., N, which is valid for
for ki, k2 € {1,2,3}, with By, B, E3, andda; /0l . being  many practical pulses, the FIM expression in (35) is eqeival
as defined in(10), (11), (12), and (14), respectively. to that in [23]. Hence, the CRLB provided by Proposition 3
Proof: Consider the Iog-_llkellhood function in (4) for the 3155 covers the more general caseHif+ 0 as compared to
unknown parameter vector in (33). Then, from (6), the FIN,e cRLB in [23], which constitutes a special case of (35).
can be obtained after some manipulation as Remark 2: From Proposition 1 and Proposition 3, it is
Ja JB observed that ifE% = 0 anda? B} < Ei fori=1,..., Ny,
I(p) = [Jg JD} the CRLB expressions in the synchronous and asynchronous

whereJ A is a3 x 3 matrix with elements

(36)

4Indeed, it is proved in Proposition 4 in Section IV-B that tHizect

R2 N, positioning approach adopted for the derivation of (35)qdsiealent to the

J _ B Oa; Doy (37) two-step method for asynchronous VLP systems under theittamdf £5 =

[Jalk b, 2 Z 291 .. Ol 0. This result explains the equivalence of the two expressior{35) and [23]
i=1 rka O ke for practical localization scenarios.




cases converge to each other. This corresponds to scenanibsreq; is as defined in (3) and the following expression is
in which the position related information in the time delayproposed for the weighing coefficients:

(TOA) parameters is negligible compared to that in the ckann
attenuation factors (RSS parameters). Hence, synchronism w; =
does not provide any significant benefits in such scenarios.

Since E!/E} can be expressed from Parseval's relation dsr i = 1,...

47232, where 3; is the effective bandwidth of;(¢),% it can

(ELE; — (E5)?)
Ej

, N1, where E{ and E{ are as in (10) and

(12), respectively. As illustrated in Appendix D, the prepd

(47)

be concluded that the synchronous and asynchronous cageghting coefficient in (47) is inversely proportional tioet
lead to similar CRLBs when the transmitted signals hav@RLB for estimatingx; from r;(¢). Hence, the RSS estimates
small effective bandwidths. This is an intuitive result @ese with higher accuracy (i.e., lower CRLBs) are assigned highe
TOA information gets less accurate as the effective banitiwidveights in the NLS estimator in (46).

decreases [19].

B. Direct and Two-Step Estimation

Direct position estimation involves the estimationigfthe
location of the VLC receiver, directly from the receivedrsads
in (1). From (4), the ML estimator for direct positioning imet
asynchronous case can be obtained as follows:

In the following proposition, it is shown that the direct po-
sition estimator in (44) is equivalent to the two-step eation
specified by (45)-(47) under certain conditions.

Proposition 4:Consider an asynchronous VLP system with
Ei{=0fori=1,...,N.. Then, the direct position estimator
in (44)is equivalent to the two-step position estimato(4s)-
(47).

Proof: When E{ = 0, the weighting coefficient in (47)

A Al T2 R .\ reduces to
@y, = argmax Z (ai/ ri(t)s;(t —7;)dt — %afE%)
P i=1 Ty i w; = E; (48)
(43)
wherey is defined by (33)q; is related td, as in (3), andz} fglrlévﬁnlg’.' -+ N Inserting (45) and (48) into (46) yields the
is given by (11). Sincey;’s are nonnegative and the integra[ '
expressions depend only an's (43), the ML estimates for TS, asy Cm’ 2
;s can be calculated as in (21). Then, the ML estimate for L, = al"gmln ZEz REL ) (49)

1, is obtained from (43) as
Ny,

~DP,asy
l, = arg max E (al
L i=1

0.5Rpa§Eg) (44)

whereC is as defined in (23).

For the two-step position estimation in the asynchronous

After some manipulation, the estimator in (49) can be ex-
pressed as

~TS,asy

Ny
I, =argmin Z (—20@6’};5 + aprE;i) (50)
L=

case, the RSS parameters relatedVip LED transmitters are Which is equivalent to the direct position estimator in (4)
estimated in the first step and the location of the VLC regeive Proposition 4 implies that the two-step position estimator
is estimated based on those RSS estimates in the second sfepptimal in the ML sense for asynchronous VLP systems;
Due to the asynchronism between the LED transmitters aitt is, the direct positioning (based on ML estimation) is
the VLC receiver, the TOA parameters cannot be related gguivalent tO the two-step positioning whe; = 0 for

the location of the VLC receiver (see (2)); hence, cannot be= 1,. .. . Since s;(0) = s;(Ts;) for many practical
utilized for positioning in this case (cf. Section 11I-C). DU|SeS-E§ = 0 is encountered in practice (see (12)); hence,

In the first step of the two-step estimator, the ML estimatdhe two-step estimator can be employed in real systems as the

for the RSS parametery;, is calculated based on(t) for optimal approach in the ML sense.

i =1,...,Ny. Similar to that in the synchronous case (see Remark 3: As proved in Proposition 4, if5 = 0 for
Section III -C), the ML estimatey; of a; is expressed as i = 1,...,Ny, the direct positioning approach is equiva-
- lent to the two-step approach for the asynchronous scenario
aQ; = i (45) whereas Remark 1 states that the two approaches are only
Ry E; asymptoticallyequivalent for the synchronous scenario. The
fori = 1,..., Ny, whereCi, is as in (23) and®} is given intuition behind these results is that the measurement of
by (11). RSS information is performed at the peak of the correlator

The second step utilizes the RSS estimates in (45) fewtput over the observation interval, irrespective of theet

i=1,..., Ny, for estimating the location of the VLC receivertime delay of the received signal. Hence, direct positignin
based on the following NLS estimator: reduces to two-step positioning for the asynchronous case.

Ny On the other hand, when the TOA information corresponding
iTS =Y g min Zw to the location of the correlator peak is incorporated into
' . pt ! the estimation process in the synchronous case, the direct
positioning approach can identify a more accurate location
that accounts for the observed signal, which is also impfied
Remark 1.

i —a;)” (46)

5The effective bandwidth is defined g = \/(I/Eg) J F218:(F)2df,
whereS;(f) is the Fourier transform of; (¢).



C. Complexity Analysis

In this part, the complexity analysis is performed for th
proposed ML position estimators in Section IV-B. Specifical

5
the computational complexity of the direct estimator in)(#4 \ 1
investigated as in Section llI-BFirst, Ci, can be computed ! /
via (23) and (21) using@(1/Ad?*) operations. Then, for each §3 l
l, € U andi € {1,...,Np}, the summand in (44) requires 2
O(1) operations. Therefore, the overall complexity of the Ml £ 2 o anemiters
estimator in asynchronous VLP systems is obtained as § |

1

O(NL, x 1/Ad?) + O(Ny, x 1/Ad*) = O(Ny, x 1/Ad?) .
(51) 0.l

It follows from (31), (32) and (51) that the asynchronou
estimator has the same order of complexity as that of t
synchronous TS estimator and a lower complexity than tl 2
synchronous DP estimator. Room Depth (m) 00

Room Width (m)

V. NUMERICAL RESULTS Fig. 1. VLP system configuration in the simulations, wherél weflections

In this section, numerical results are presented to corrobwe omitted by assuming an LOS scenario.
rate the theoretical derivations in the previous sectidxs.
in [5], the responsivity of the photo detector is taken as N N _
R, = 0.4mA/mW, and the spectral density level of the noisén Proposition 1 and Proposition 3, and the DP estimators
is set too2 = 1.336x 10~22W/Hz. In addition, the Lambertian aré implemented via (19) and (44) for the synchronous and
order is taken as» = 1 and the ared of the photo detector asynchronous cases, respectively. Also, the two-step (TS)

at the VLC receiver is equal tocm?. The transmitted signal €stimator in the synchronous scenario is obtained via (21),
s(t) in (1) is modeled as [5] (24), and (28). Furthermore, the minimum mean absolute erro

(MMAE) estimator in [7] is implemented to compare the
s(t) = A(1 — cos (2m t/T5)) (1 + cos(2m fet)) Lico,r.) (52)  proposed estimators with the current state-of-thé-art.

where f. denotes the center frequency,corresponds to the
average emitted optical power; that is, source optical pow@. Theoretical Accuracy Limits over the Room

and LG[QTS] represents an |nd|cator function, which is equal |, order to observe the localization performance throughou
tolifte [Q’TS] and zero ptherW|§e_ . the entire room, the CRLBs for the synchronous and asyn-

We consider a room with a width, depth, and h_elght Cl:fhronous VLP systems are computed as the VLC receiver
[8 8 5] m, respectively, .v_vhereNL - _4 LED transmTltters moves inside the room and the resulting contour plots are
are attached to the ceiling at positiohs = 225 m, gpoun in Fig. 2 and Fig. 3, respectively. The CRLBs are

2 T 3 T r T
L =1[625] m,I{ = [265" m, andly = [665]" M, qhained for position estimation of a VLC receiver with a tixe
as illustrated in Fig. 1. The orientation vectors of the LEDﬁeightlr » — 1m, which is moved along the — y plane over

are given by the room. As noted from Fig. 2 and Fig. 3, the localization
ni = [sin@; cos ¢; sinf;sing; cosb;]” (53) performance decreases as the receiver moves away from the
. center of the room, which is an expected outcome since that
for i = 1,..., Ny, wheref; and ¢; denote the polar and moyement leads to an increase in the distance, the incidence

the azimuth angles, respectively [S0ln the configuration in angle, and the irradiation angle between the VLC receiver an
Fig. 1, the polar and the azimuth angles are takef#as)1) = the LED transmitters, thereby reducing the signal strenagh
(150°,45°), (62, ¢2) = (150°,135°), (63, ¢3) = (150°, =45°)  implied by the Lambertian formula in (3). In addition, theeé
and (04, ¢4) = (150°, —135°). The VLC receiver is located at of increase in the CRLB from the center to the corners is much
l,=[441] mand |00|:§5 upwards, i.e., the orientation vectaigher in the asynchronous case than that in the synchronous
is given byn, = [0 0 1]". case as the TOA information can be effectively exploited to
In the following subsections, the CRLBs and the perfogacilitate the localization process at the room cornersenah
mance of the direct position (DP) estimators and the twghe RSS information becomes less useful. Furthermore, the

step (TS) estimators are evaluated for both synchronous and|Bs are significantly lower in the synchronous case than
asynchronous VLP systems. The CRLBs are computed based

8Since the localization algorithm in [7] depends on the aggtion of a

8Since the direct and two-step estimators in asynchronostersy are perpendicular LED orientation, implementing it directlyr fthe configuration
equivalent for 5 = 0 via Proposition 4, the computational complexityof Fig. 1 would yield poor localization performance. To meri a fair
analysis is carried out only for the direct estimator in (ZWhenEgl # 0, the evaluation of the algorithm in [7], we express the irradiatand the incidence
estimators in (44) and (46) still have the same complexitthascomputation angles in [7, Eqg. 10] as a function of positions and orieatetias in (3), which
of Ef,) requires constant time, i.e., of complexi€y(1). makes the algorithm applicable for Fig. 1.

“For example, whef; = 180° and¢; = 0°, the LED orientation vector 9For the implementation of all the estimators in this worke thearch
is directed downwards, i.eni =[00 — 1]. interval in all the dimensions is taken to pe100 100] m.
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Fig. 2. CRLB (in meters) for a synchronous VLP system as th€ Viéceiver Fig. 4. CRLBs and RMSEs of the estimators for synchronous asyh-

moves inside the room, wherés = 0.1ms, fo = 100MHz, and A = chronous VLP systems versus source optical power, wiigre= 1 us and
100 mW. fe = 100 MHz.
8 — ‘ ‘ ; ~——— )
NN — N 4.5 m improvement forA = 4.64 W and f. = 100 MHz).
19 0 2 % Also, it can be inferred from the figures that the utilizatiafi
/ [23GN . . . . .
—— e the time delay information in the synchronous DP estimator
6/ o> o,

leads to considerable performance gains as compared to its
asynchronous counterpaft£6 m gain forA = 215 mW and

fe = 100 MHz). It is important to highlight that performance

re S enhancement due to synchronism becomes larger as the center
frequency increases, in compliance with Remark 2. Next,
it is observed that the performance of the DP estimator in

o
T
I

Room Depth (m)
w S

2R\ % o> the synchronous case converges to that of the TS estimator
\\O,Q., — // at high SNR values (at high source optical powers) since
1’;07\\\ 02 02 oy the benefits of direct positioning get negligible as the SNR
o R % increases, which complies with Proposition 2 and Remark 1.
0 1 2 3 4 5 6 7 8 Hence, the extra information acquired by utilizing the enti

Room Width (m) received signal for localization as opposed to using a set

) _ of intermediate measurements (i.e., TOA and RSS estimates)
e e S i oo el i e oy leads to higher performance gains in low-to-medium SNR
A = 100 mW. regimes. Therefore, it is deduced that the two-step positgp

approach in the synchronous VLP systems is best suited for

high SNR scenarios, where direct and two-step positioning
those in the asynchronous case as the carrier frequencités qachieve similar localization performance with the lattesthod
high, which is in agreement with Remark 2. requiring reduced computational resources, as explorgen

tion 11I-D. Moreover, the proposed DP approach outperforms

B. Performance of Direct and Two-Step Estimators with R&e algorithm in [7] at all SNR levels and center frequencies
spect to Optical Power

In this subsection, the root mean-squared errors (RMSI%') Performance of_Dlrect and_ Two-Step Estimators with Re-
corresponding to the proposed DP and TS estimators, fRECt 0 VLC Receiver Coordinates
MMAE estimator in [7], and the CRLBs are plotted with In this subsection, theoretical bounds and estimator per-
respect to the source optical powet, for f. = 100MHz formances are investigated along a horizontal path ingide t
and f, = 10MHz in Fig. 4 and Fig. 5, respectivel.First, room. In Fig. 6 and Fig. 7, the CRLBs and the RMSEs of the
it is seen that the DP approach can provide significant perf@P and TS estimators and the algorithm in [7] are illustrated
mance improvements over the TS approach for synchrondas f. = 100MHz and f. = 10MHz, respectively, as the
scenarios, especially in the low-to-medium SNR region @boVLC receiver moves on a straight line starting frgi0 1] m

and ending af4 8 1] m inside the room. It is observed that

19The estimators can achieve lower RMSEs than the correspp®@RLBs  the estimator performances tend to decrease as the receiver
at low SNRs since the theoretically infinite search spacettier unknown L
parameter is confined to a finite region when implementing esmators moves towards the edge of the room, as indicated by the
due to practical concerns, as described in Footnote 9. Lambertian formula in (3). In addition, the TS estimator for
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Fig. 5. CRLBs and RMSEs of the estimators for synchronous asyth- Fig. 7. CRLBs and RMSEs of the estimators for synchronous asyh-
chronous VLP systems versus source optical power, wiigre= 1 us and chronous VLP systems as the VLC receiver moves on a straightin the

fe =10 MHz. room, whereTs = 1us, A =1W and f. = 10 MHz.
10*
e -+ T scenarios, it is important to assess the localization perfo
1 M M 1 mance under various degrees of uncertainty, which is useful
..... T TS -Sync. to reveal the robustness of the proposed algorithms against
o -0 'ggt::igg-c | parameter/model mismatches.
R 10 —8—DP-Sync. 1) Performance with Respect to Uncertainty in Lambertian
€ I . i Order: First, we consider the case in which the Lambertian
D e, orderm; in (3) is known with a certain degree of uncertainty.
© S R R o To that aim, a measured (estimated) valug which does not
perfectly match the true value,, is used in the proposed DP
and TS estimators and in the localization algorithm in [#A]. |
the simulationsyn; is set tol andr; is varied over the interval
[0.75 1.25] for ¢ € {1,...,Np}. Fig. 8 and Fig. 9 show the

102 ‘ ‘ ‘ ‘ ‘ ‘ ‘ localization performance of the considered approachels wit
respect to the measured value of the Lambertian ordef.fer
100 MHz and f. = 10 MHz, respectively. It is observed from
Fig. 6. CRLBs and RMSEs of the estimators for synchronous asyh- the figures tha_'t the Iocalizatior_l performance_deteriomﬂ;etﬂe
chronous VLP systems as the VLC receiver moves on a straightin the Measured/estimated Lambertian order deviates from thee tru
room, whereTy = 1pus, A =1W and fc = 100 MHz. value, as expected. In addition, it is noted that the synubue
DP estimator is more robust to Lambertian order mismatches
L ) than the asynchronous algorithms. The reason is that the TOA
fe = 10MHz exhibits significantly higher performance than,tormation, which is independent of the Lambertian orcie(
that for f. = 100 MHz. The reason for this behaviour iS5y "hecomes the dominant factor affecting the localmati
_that the first-step TOA es_tlmatlon errors are ngghted by _ﬂbeerformance as the uncertainty in the Lambertian order grow
inverse of the cprrespondlng analytical CRLBs in (28)',W'h'chindering the effective use of the RSS information (see. (3))
do not provide tight bounds at low SNRs for the ML estimat€§ence, the robustness of the synchronous positioning sigain
of the TOA in the first step in (21). Furthermore, the figuregcerainties in the Lambertian order is more evident ah hig
show that the proposed direct scheme in the asynchronoes Gagyter frequencies with an increase in the accuracy of TOA
attains higher performgnce _than the localization algotith ;¢5rmation [19], which can also be observed by comparing
[7] at most of the locations in the room. Fig. 8 and Fig. 9. Moreover, in the asynchronous case, the
proposed algorithm performs slightly better than that ih [7
D. Performance of Direct and Two-Step Estimators in th®r various degrees of uncertainty.
Presence of Model Uncertainties 2) Performance with Respect to Uncertainty in Transmis-
In this part, the performances of the proposed direct astbn Model: Next, we investigate the estimator performances
two-step estimators are evaluated in the presence of antertin the presence of uncertainty in the overall transmission
ties related to the attenuation model for visible light aimels, model in (3). As in [50], we assume a multiplicative uncer-
i.e., the Lambertian model in (3). Since the knowledge adinty model that represents all the individual unceriast
model-related parameters is imperfect in practical laesion embedded in (3) (e.gk, ni, n,, andm,) in the form of

Room Depth (m)
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true Lambertian order ig, Ts = 1 us, A = 1W, and f. = 100 MHz. Ts =1us, A=1W, and f. = 100 MHz.
10° 10t
X7+ TS - Sync.
- & -CRLB - Sync.
CRLB - Async.
] —E8—DP - Sync.
- < DP - Async.
- S . MMAE [7] - Async.
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RMSE (m)

----- o TS - Sync.
- <)~ CRLB - Sync.
CRLB - Async.

—&— DP - Sync.
R DP - Async.
MMAE [7] - Async.
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Fig. 9. CRLBs and RMSEs of the estimators for synchronous asyh- Fig. 11.  CRLBs and RMSEs of the estimators for synchronoud an
chronous VLP systems under imperfect knowledge of Lamdredider, where asynchronous VLP systems under mismatched transmissiatelmahere
true Lambertian order i, Ts = 1 us, A = 1W, and f. = 10 MHz. Ts =1ps,A=1W, and f. = 10 MHz.

a multiplication of the true transmission model. More sfieci £ SPecial Case: Two-Dimensional Localization

cally, the position estimation is performed by consideriing In this part, we investigate the two-dimensional localiza-
following transmission model: tion performance of the proposed estimators and perform
comparisons with the trilateration method, which is one of

al™®® = (14 ¢;)ay, i=1,...,Np (54) the most commonly used methods in two-dimensional visible

light localization. Specifically, we implement the lineaakbt-

wherea; is as defined in (3) and; € [Emin’ gmaX] specifies squares (LLS) based tri!ateration algorithm in [43] vi_aE(@iz,

the degree of mismatch between the true and the estima{ 21 (.9)’ and (17) therqh’% For the CRLB computatpns anq
orithm implementations, we assume that the receivghhei

transmission models. In Fig. 10 and Fig. 11, the RMSEs K d f wo-di ional ii timai
the estimators are plotted against the degree of uncqr,tairlﬁ nc()j\{vn Iaaner orm W(t)—t|men3|on§1 pof" I(t)n estima Ict)rr:
e;, for f, = 100MHz and f, — 10 MHz, respectively, where accordingly. We carry out two experiments to assess the

omin (95 and emeX — 0.25 for i — 1 N As relative performance of the proposed estimators, the MMAE
L = —0. K = . = A

! . . . . .
observed from the figures, the localization performanceesur estimator in [7], and the LLS based trilateration algorithm

with respect to the degree of uncertainty in the transnmmssio ,, _ o , .

L . . For the implementation in [43], the Lambertian modeling &2) and
model exhibit similar trends to those for the case of una®ta (13) is ysed. The parameters in (17) are takendas- 1, h = 4m, and
in the Lambertian order. CS = 6+v/2m in accordance with the configuration in Fig. 1.
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[43]. In the experiments, the polar and azimuth angles of tl
LEDs are set to béd;, ;) = (180°,0°) fori = 1,..., Ny,
i.e., the LEDs are facing downwards.

1) Performance with Respect to Optical Powén: Fig. 12,
we present the RMSE performance of the proposed DP &
TS algorithms, the algorithm in [7], and the LLS base
trilateration algorithm in [43] with respect to the optigawer
for f. = 100MHz andl, = [4 6 1]m. It is observed that,
in the asynchronous case, the proposed direct estimatot
able to outperform both the MMAE estimator in [7] and the 107 F :XHZESRLBSYEW
trilateration algorithm in [43] at almost all SNR levels. rFo CRLB - Async.

—&— DP - Sync.

instance, forA = 215 mW, the improvements in localization 10 F | =< DP - Async.
MMAE [7] - Async.

performance achieved by the proposed DP method are ab e LLS [43] - ASyne,
10cm and40cm as compared to the positioning method 10 ‘ ‘ ‘
in [7] and [43], respectively. In addition, we note that th 10° 10° 10° 10° 10°

. Source Optical Power (mW,
synchronous DP estimator outperforms all the asynchronous uree Opical Power ()

estimators by using the time d_elay information. Moreoveg, t Fig, 12. CRLBs and RMSEs of the estimators for two-dimensidocaliza-
proposed synchronous TS estimator converges to the CRLB;@f in synchronous and asynchronous VLP systems with ckspesource
high SNR regime, which results from its asymptotic optiryali optical power, wherél’s = 1 s and f. = 100 MHz.

property, as shown in Proposition 2 and Remark 1. Therefore
similarly to Fig. 4 and Fig. 5 in Section V-B, Fig. 12 illustes

the trade-off between direct and two-step positioning imte

10t

of localization performance and computational complexity | v v v v E— A a4
different SNR regimes. | = - TS - Sync.

2) Performance with Respect to VLC Receiver Coordinate - <%~ ' CRLB - Sync.
Fig. 13 depicts the two-dimensional localization perfonce 0% e %
as the VLC receiver moves along the horizontal line startir £  *._ “< DP - Async. o
from [4 0 1]m and ending af4 8 1]m for f. = 100 MHz. 2 T S LS 11 e P
It is observed that the proposed ML-based direct positgnit ~ % ol

technique can attain higher localization performance tihan S % 4 ............. ,
algorithms in [7] and [43] at all the locations along the line §
Also, the performance of the algorithm in [43] gets worse ¢
the receiver moves away from the center of the room towar
the edges. This is because the trilateration-based methoc 102 ‘ ‘ ‘ ‘ ‘ ‘ ‘
[43] is a suboptimal three-step approach that first estisnal 0 1 2 3 4 5 6 7 8
the distances to the LEDs by using the RSS observatio.., Room Depth (m)
then adjusts the estimated distances via normalization and _ . _
finally employs the LLS method based on the normalizeg@; 3. < CRLBS and RMSEs of the estimators for two-dimersiidacal-

. . ization in synchronous and asynchronous VLP systems wihe to room
distances. As the symmetry is reduced at the room edges, (jzlgﬁh, wherels = 1 us, A = 1W and f. = 100 MHz.
normalization method applied in [43] (see (6) and (7) theei
which assigns the same normalizing constant and factor to
distance estimates from different LEDs, becomes less ateur TOA and RSS information has been derived for the first
The proposed ML-based estimator, on the other hand, achietiie in the literature. In addition, the CRLB presented for
RMSE levels close to the CRLB at all positions along the linghe asynchronous case generalizes an expression avaitable
and therefore leads to a substantial improvementin loat@diz  the literature to any type of transmitted pulses. Compeaaati
performance as compared to the method in [43] (al68wm analysis on the performance of synchronous and asynchsonou

improvement forl, = [4 8 1] m). systems has indicated that the advantage of synchronous
positioning becomes more noticeable as the effective band-
VI. CONCLUDING REMARKS width of the transmitted pulse increases. Furthermore, in

In this study, direct and two-step positioning paradignsrder to explore the relationship between direct and two-
have been investigated for VLP systems. In particular, tls¢ep positioning approaches, the conditions of (asyngjtoti
CRLBs and the direct and two-step position estimators agguivalence of these two approaches have been identified.
derived in synchronous and asynchronous VLP systems. Tihénas been proved that the two-step estimator converges to
proposed CRLB expressions exploit the entire observatitire direct estimator at high SNRs for synchronous systems,
signal at the VLC receiver and can be applied to any VL®hereas the two estimators are equivalent for asynchronous
system in which the LED transmitters and the VLC receivaystems at all SNRs for practical pulse shapes. Therefore,
can have arbitrary orientations. The CRLB on the localizéhe benefits of direct positioning on localization accuracy
tion accuracy of synchronous VLP systems that utilize bottan be significant for synchronous systems at low-to-medium
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SNRs. Furthermore, the computational complexities of tlistribution of7; in (21) andq; in (24) can approximately be
proposed approaches have been presented to demonstratexpeessed as

trade-off between implementation complexity and locaima )
accuracy. Various numerical examples have been provided to [n} N [ﬂ W 0

illustrate the effects of direct positioning on the perfarme AQ; 0 o2 (61)
of VLP systems and to present a comparative evaluation of Ry E;

synchronous and asynchronous scenarios. As future wak, \tlmwere N
effects of synchronization errors can be analyzed for mre\?ector p and covariance matri®. Hence,7 and &, are

dimensional localization in VLP systems. In particularlire independent Gaussian random variables as specified by (25)

presence of significant synchronization errors, it may ret %nd (26) in the lemma. In addition, since the noisé) in

useful totutf|I|2(|e TOlA Teasurements_ll_rrz ad?mon 10 RSS megie oceived signaly;(¢), is independent for different LED
surements for localization purposes. Therefore, quangfthe transmitters (see (1)), the noise components in the ML esti-

information that can be extracted from TOA measureme atesr; anda; are also independent for different transmitters.

\(/jv_|th ?ync?ronflz?non errtl)(rs\Lngn. |mt|f;]0rtant ISSUe. A? aenc'j[h ence, the noise components in (25) and (26) are independent
irection for future work, in the presence of mode] specified in the lemma, -

and parameter uncertainty can be considered with the aim of
designing robust position estimators.

(%)

,X) denotes Gaussian distribution with mean

B. Derivation of (27)

Based on Lemma 1, the joint distributionfand«; can be

A. Proof of Lemma 1 specified as in (61), angl and7; (d; andc;) are conditionally
Consider the estimation of anda; based on the receivedindependent for a given value bfwhenever ;é g Therefore,
signal from theith LED transmitter, i.e.r;(¢) in (1). The log- the joint probability density function of7;, al} 1 for a given

APPENDIX

likelihood function forr;(t) is given by value ofl,; that is, the likelihood function fotr, is obtained
. Ty, as follows:
Az(Tza al) =ki 252 /Tl,i (Tz(t) alRP S’L(t Tz)) dt H R Oéz Rf)OéfEi ( X )2
(55) p(7 V2mo ex 202 non

where k; is a constant that does not depend @nand 7; R2E:
(cf. (4)). The FIM for(7;, «;) can be expressed based on (6) H o {— 5 22 (a@; — Oéi)Q} (62)
as follows: mo 7

I(7i,04) = where? = (71, ...,75,) and& = (dy, ..., an,, ). From (62),

the log-likelihood function can be expressed as

2
ON; (Ti,04) ON; (7'I ;) ON; (Tz ai)
) i -
ON; (Ti,05) OA; (Ti,08) ON; (1i,005) =k+ log a;
E { Oov; ot } E {( ) } Z ’

Oa;
(56) 2 N,
p 2 =T 2 i 2
the elements of which can be computed from (55) as Z (B1(7 = 7)” + Ba(di — 0i)®)  (63)

@} R2E} o o
(J(7i, )| = — (57) wherek is a constant that is independent @f's and 7;’s.

R2E Hence, the ML estimate fal, can be obtained from (63) as
[(J (73, ai)]22 = p2 2 (58) in (27). [

g
—a;R?EL

I(ri, )12 = [J(ri, )21 = ——2— 59 .
W(mi; ashz = [(m, @il o? (59) C. Proof of Proposition 2

where Ef, E3, and E} are as defined in (10), (11), and (12), The derivative of the log-likelihood function in (63) with

respectively. Sincé; = 0 for i = 1,..., Ny, as stated in the respect to thesth parameter of the unknown parameter vector
lemma, the FIM in (56) can be expressed from (57)—(59) ap is computed as

Ryl Py 0 y N1 5 2 i
J(Ti, Oél') = [ o? R2E1‘| . (60) aA(lr) — Z (i aai + (ai - ai)RpEQ 80&1'
0 22 2 Blnk im1 Q5 Blnk 02 6lr,k
As studied in [49], [51], the ML estimates fay anda; can (7; — Ti)a?Rf)E{ ar;
be approximated, at high SNRs, by a Gaussian random vector, + P ol

where the mean of each component is equal to the true value © V2 R ’
of the parameter and the covariance matrix is given by the _ (fi —7) i Ry By Oa )
inverse of the FIM. Hence, at high SNRs, the joint probapilit o? Ol i

(64)



for k € {1,2,3}. Using the formula in (6) with the expression10]
in (64), the(k, k2)th entry of the FIM can be obtained after
some manipulation as

(18 synlki ke =

[
R? % - 202 Ei 0oy O
2 R2El 6lr,;€1 Blnkz

X or; 01
B 2 i i
R TR T >

(65)

for k1,ke € {1,2,3}. By invoking the assumption of high[
SNRs in Lemma 14; R2E}5 > ¢°), the FIM for the unknown

receiver locatiorl, can be obtained as in (30).

D. Derivation of (47)

Consider the estimation af and«; from r;(¢) in (1). As

derived in Appendix A, the FIM can be expressed, from (56)—

[12]

13]

14]

[15]

(59), as [16]
o R2E;} —a;RLE}
. ) — o2 a2
I(7ir i) = —ufEy BB (66) [17]
Then, the CRLB on estimating; can be obtained as el
Eio?/R2
E{(d; — a;)*} > [T (10, i =P (67

{(ds — )"} = [J7 (75, 0)]2,2 FEL— (B (67) ]

Hence, the weighting coefficient in (47) is inversely prepor

tional to the CRLB for estimating; from r;(t).
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