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Abstract—In this work, a theoretical accuracy analysis is [12], where the position is estimated via RSS measurements.
conducted for position estimation in visible light systemsbased |n [16], the basic-framed slotted ALOHA (BFSA) protocol is
on received signal strength (RSS) measurements. Consideg a employed in a VLC based indoor positioning system which

single light emitting diode (LED) at the transmitter and multiple . . . . o\
photo-detectors (PDs) at the receiver, the Cra@r-Rao lower US€S RSS information for estimating positions of VLC re-

bound (CRLB) is derived for both a generic three-dimensiona Ceivers. The work in [17] proposes a carrier allocation VLC
scenario and specific configurations of the PDs at the receive system utilizing the intensity modulation and direct détet

For the special case in which the height of the receiver is kven,  (IM/DD) method and reports centimeter level positioning
a compact expression is derived for the CRLB, considering a gccyracies through experimental studies. In addition ® th

uniform circular layout and the same elevation angle for all
the PDs. In addition, the optimal placement of the PDs at the RSS parameter, the TOA and TDOA parameters are also used

receiver is investigated by taking the effects of the elevamn for position estimation in the literature [18], [19]. In [I19
angle parameter of the PDs into consideration. The optimal an indoor VLP system that employs TDOA measurements
values are obtained theoretically and also verified by simaltions.  from three LED transmitters is proposed for two-dimensiona
Numerical examples are provided to illustrate the impacts & ositioning. The use of the AOA parameter is also considered
various systems parameters on localization accuracy and to ¢ iti timation in VLP svst 5011221 In additi
compare the theoretical limits against the maximum likelitood or p,os' lor_1 estimaton '!" _§ys.ems [20]-[22]. n_a} |
estimator (MLE) for the receiver position. [23] investigates a hybrid positioning system that utdizmth
Index Terms— Cramér-Rao lower bound, estimation, visible AOA and RSS information, where the position estimation is

light, positioning, single input multiple output (SIMO), L am- performed via a weighted least squares estimator.
bertian pattern, received signal strength, maximum likelhood . ) o
estimator. The subject of this manuscript is on RSS based VLP systems

in the presence of a single LED transmitter and multiple phot
detectors (PDs) at the receiver, which can be regarded as a
|. INTRODUCTION single input multiple output (SIMO) system. In visible ligh
Wireless indoor localization has been a popular researdh ahannels, the line-of-sight component is significantlpsger
development area in both academic and industrial comnasnitthan reflected and scattered components. For this reasen, th
[1]-[4]. Since the Global Positioning System (GPS) canné&SS parameter can provide accurate position information in
provide high localization accuracy for indoor environnentVLP systems and it is commonly preferred due to its low-
[5], [6], various radio-frequency (RF) based solutionsghsu cost and high accuracy [9]. In the literature, there exisheo
as WiFi and ultra-wideband (UWB) systems, are developétidies on SIMO VLP systems such as [14], [21], [24]. In
for indoor localization [1], [2], [7], [8]. As an alternativ [14], a VLP system consisting of a single LED transmitter and
to RF based localization, light emitting diode (LED) basethultiple (three) optical receivers is designed, and thetijoos
visible light positioning (VLP) systems are proposed and irof the receiver unit is estimated based on RSS measurements
vestigated in recent studies [9]. Accurate position infation and the relative positions among the receivers. The study in
can be obtained via VLP systems since a line-of-sight pahl] investigates the use of both AOA and RSS information
is commonly present and significantly stronger than muttipafor three-dimensional positioning in an indoor localipati
components in a visible light channel. In addition, visiliggnt  Scenario with a single LED transmitter and multiple tilted
systems can simultaneously be used for illumination and da&ptical receivers. The three-dimensional position isnested
communication, as well [10], [11]. based on the gain differences among the tilted PDs, which
Position estimation in VLP systems can be performette functions of both the AOA and the RSS. In [24], an
by utilizing different types of parameters such as receiveyperture-based angular diversity receiver is proposeal ¥trP
signal strength (RSS), time-of-arrival (TOA), time-difémce- System which employs a receiver with multiple elementsheac
of-arrival (TDOA), and angle-of-arrival (AOA). RSS basedonsisting of an aperture and a PD. The RSS measurements
VLP systems rely on estimating the position of a visible fighat the PDs are used to estimate the position of the receiver
communication (VLC) receiver based on RSS measuremeftyl the Cramér-Rao lower bound (CRLB) is calculated for
at the receiver related to a number of LED transmitters [12]be considered model. Multiple transmitter and/or reaeive
[17]. The study in [13] uses RSS measurements for accur@lements are also considered for visible ligoimmunication
positioning of devices with light sensing capabilities iz (VLC) systems and advantages in terms of data rate and ca-
ing existing LED lamps as transmitters and performing tirilapacity are investigated [25], [26]. For example, [26] prege

eration. Particle filtering based position tracking is pregd in - novel angle diversity receiver designs, called pyramie ey
and hemispheric receiver, for multiple input multiple auitp

The authors are with the Department of Electrical and Ebeetr (MIMO) VLC systems and ana|yzes the effects of the PD
ics Engineering, Bilkent University, Bilkent, Ankara 0880 T_urkey, elevation anale on the channel capacity. The studv in [27]
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(MISO) VLP system, which solves the positioning problem LED Transmitter
via a modified particle swarm optimization (PSO) algorithm 0
to reduce the computational complexity. The proposed low-
complexity estimator is shown to achieve positioning aacyr

on the order of centimeters.

To provide benchmarks for VLP algorithms in the literature
and to illustrate the effects of system parameters on loaali
tion performance, theoretical accuracy limits are obfaiire
various recent studies such as [18], [23], [24], [28]-[34].
[28], the CRLB is derived for distance estimation based on
RSS measurements in a visible light system, and its depen-
dence on system parameters, such as the signal bandwigifh,1. simMo vLP system.
LED configuration, and transmitter height, is investigafEde
study in [18] presents the CRLB on TOA based distance
estimation in a synchronous VLC system, and analyzes the
effects of various system parameters, such as the area of the
photo detector, source optical power, and center frequemcy
the estimation accuracy. In [29], the CRLBs and maximum
likelihood estimators (MLEs) are obtained for synchronous
and asynchronous VLP systems, and hybrid TOA/RSS based
distance estimation is proposed, which utilizes both theeti
delay parameter and the channel attenuation factor. Atso; ¢
parisons are provided based on the analytical CRLB expres-
sions for TOA based, RSS based, and hybrid TOA/RSS based
distance estimation. The work in [23], which focuses on AOA . . .
and RSS based three-dimensional localization, derivesld8CR  ° The MLE for .the SIMO VLP system Is derived and its
expression for RSS based three-dimensional localization f pe.rf.ormanC(-a IS compar(?d against the CRLB.

a generic deployment scenario. In [33], direct and two-stép addmon, various numerical examples are presented to
positioning approaches are investigated for synchronods dnvestigate the effects of system parameters, such as the
asynchronous VLP systems and CRLB expressions are deri@@vation angles of PDs, layout radius, and number of PDs,
for generic configurations. In addition, the effects of ceep ON localization accuracy. _

ation are quantified for asynchronous VLP systems based or he rest of the manuscript is organized as follows: The sys-
a generic CRLB expression in [34]. As an alternative to tH&M model is described in Section II. The CRLB expressions
CRLB, [31] and [32] focus on the Ziv-Zakai bound (ZZB)m.the generic threg—dme_nsmnal sceqano_and th(_a spemmlsx_:
for distance estimation in asynchronous and synchronou VWith a known receiver height are obtained in Section Ill, othi
systems, respectively. In particular, [31] derives the ziAB @lso includes asymptotic CRLB expressions and guidelioes f
RSS based VLP systems and provides comparisons with fdimal placement of PDs. Section IV presents simulation re
maximum a-posteriori probability (MAP) and the minimunﬁl{'ts and discussions, and Sect|_on v concludes the mapuscri

SIMO VLP for the first time in the literaturé.

A new compact CRLB expression is obtained when the
receiver is at a known height with identical PDs arranged
in a uniform circular layout (see Fig. 2). In addition,
asymptotic CRLB expressions are obtained in this sce-
nario for different system configurations (Lemma 1 and
Lemma 2).

o Under certain conditions, it is proved that it is optimal
(in terms of CRLB minimization) to place the PDs to the
maximum possible radius in the uniform circular layout
(Section IlI-C, Proposition 1).

In this manuscript, theoretical accuracy limits, namely, Il. SYSTEM MODEL
CRLB expressions, are obtained for SIMO VLP systems based

on RSS measurements. First, a generic three-dimensiondronsider a SIMO VLP system as illustrated in Fig. 1, where
localization scenario is considered, and then specific gonfi the transmitter consists of a single LED and the VLC receiver
rations of the PDs at the receiver are considered. For the c§8NSists ofV PDs. The location of the LED is represented
with a known receiver height and a uniform circular layout foPY @ three-dimensional column vector denoted;asvhich is

the PDs (which is a common and efficient configuration, &&0Wn by the VLC receiver. Namelyy(1), I7(2), andlz(3)
investigated in [26]), a compact CRLB expression is derjve@'® the elements df- that specify the x, y, and z components,
which is used to obtain asymptotic CRLB expressions whégspectively. (In practice, the LED can periodically broast
the radius of the circular layout is significantly smaller, (o 'tS location information.) The unknown location of the VLC
larger) than the distance between the receiver and thegprojgeCeiver is represented by and the location of theth PD in
tion of the LED transmitter to the floor. In addition, guideds the VLC receiver is denoted bly; + a,,. In particular,| z(1),

are provided regarding the optimal placement of the PDs l&(2), andIz(3) specify the x, y, and z components kf,

the receiver based on the CRLB expressions. FurthermdigSPectively, andx, (1), a,(2), anda,(3) are the elements
the CRLB expressions are compared against the MLE for tRk & that specify the x, y and z components, respectively.
receiver position. The main contributions and the novefty d e vectorsa, are known parameters which can be adjusted

the manuscript can be summarized as follows: ) ) )
1The study in [24] presents a CRLB expression for a system @y

multiple PDs (each with aperture) at the receiver by comsigea two-
) . . ) _ dimensional scenario (i.e., known receiver height) anggedicular PDs at
o« The CRLB is derived for a generic three-dimensionate receiver.



according to the layout design in the system. Based on thvbere it is assumed that the LED is in the FOV of all the
Lambertian formula, the RSS observation (measurement)Ribs. From (3) and (4)f.(I1z) in (6) can be specified as

the nth PD can be expressed as [25] P (m 4 1) (10(3) — Lr(3) — an(3))™

fullr) =
m—+1 Sn 27T|“T—|R—an|‘m+3
Pr = Pr cos™(o,,) cos(6,,)—1 +
R = g P17 08" (@n) 08(0n) 5 Lo, <orov.n } 77(1) nh (lr— g~ a). @)
forn € {1,..., N}, wherem is the Lambertian order of the The CRLB provides a lower limit on mean-squared errors

LED, Py is the transmit powers,, is area of theauth PD, ¢,, (MSES) of unbiased estimators. For the considered SIMO VLP
is the irradiation angle with respect to the¢h PD, 6,, is the system, the CRLB for estimating the location of the VLC
incidence angle for theith PD, frov ., is the field of view receiver can be stated as follows:

(FOV) of thenth PD, I;., denotes the indicator functiod,,

is the distance between thgh PD and the LED, and}, is ]E{
the measurement noise at thth PD, which is modeled by a
zero mean Gaussian random variable with variangg23].

It is assumed that the measurement nojsels independent

across different PDs. Also, distandg between theith PD  j (1) = E{(V}, log p(Pr|Ir))(Vi, log p(Pr|lr))T}  (9)
and the LED can be expressed as ' '

ir— 1|} > trace{J(1r) "'} £ CRLB  (8)

wherel ; is an unbiased estimate bf andJ(Ig) is the Fisher
information matrix (FIM) given by

with V|, denoting the gradient operator with respectl to
dp = |llr +an —I7]. (2) [35].
From (5), the elements of the FIM in (9) can be calculated
Let ng,, denote the normal vector for theth PD, as shown after some manipulation as
in Fig. 1. Then, the cosine of the incidence angle for stltle

. - N
PD is given by TR =3 cri? aglﬁg) 3(9];7;(('5) (0
ngn(lT—lR_an) e
cos(6y) = 7 . ) fori,j € {1,2,3}, wheref,(Ig) is as in (7) and (i) denotes

) . ] the ith element ofl . Based on (7), the partial derivatives in
Assuming that the LED is above the VLC receiver and facg$o) can be obtained as follows:

downwards with the normal vectar- = [0 0 —1]7, the cosine

of the irradiation angle is obtained as Ofn(lr) m g (1)d;, + (m + 3)u, (1N, U

= cpn(un(
dlr(1) dpt®
I7(3) —Ilr(3) —a,(3
cos(,) = TH ) Z @) @ a1)
! 2fu(1r) N (2)d2 + (m + 3)u, (2)N, ,Un
wherelr(3), Lr(3), anda,,(3) represent the third elements of 57 "5y = cn(un(3) s
I, |g, anda,, respectively. It is noted that the assumption " (12)

leading to (4) is valid in most practical scenarios since KED

— 2 T
are commonly inserted at the ceiling of a room and fa fullr) = cn(un(3))™ Nan(3)dy + (m + 3)un (3)Ng U

downwards to have efficient illumination [18], [22], [28]. IlR(3) dpt?
= cam(un(3))" NG Undy, (13)
I1l. CRLB DERIVATIONS AND RECEIVER DESIGN where
In this section, a generic CRLB expressi(_)n is derived _for e 2 (m +1)PrS, and u, 21y —lg —a, (14)
the SIMO VLP system, and specific expressions are obtained 2m

under special cases. Then, optimum placement of PDs inwh ng,, (i) andu, (i) denoting theith elements ohg_,, and
VLC receiver is considered for uniform circular layouts.  u,,, respectively.

Let Pr represent a vector consisting of the RSS observationsThe FIM in (9) can be evaluated via (10)—(14), and the
at the PDs; that isSPr = [Pg, ---Pry]?, Where Pg, is CRLB for the SIMO VLP system can be calculated from (8).
as in (1). The aim is to estimate the location of the VLO'he provided CRLB expression can be employed to evaluate
receiver,|r, based onPr. To calculate the CRLB for this performance of practical SIMO VLP systems. It is noted that
estimation problem, the probability density function (AF the CRLB expression specified by (8)—(14) is generic for any
Pr conditioned oz can be obtained from (1) as follows: configuration and orientation of the PDs at the VLC receiver

and is valid for three-dimensional scenarios. Such a CRLB

N N _ : |
= ! Z — [n(lRr))? expression has not been available for SIMO VLP systems in
p(PgllR) (I I )exp{_ (Pr, — fn(IR)) } p y
n=1 n=1

V2o, 202 the literature. Three-dimensional localization can beuiegl
- in some practical systems. For example, automatic stoszhou
management systems in the industry utilize navigation of
with location aware robots. In order to construct a highly effitie
» (m+1)Prcos™ () cos(6,)Sn system, three-dimensional positions of robotic arms shoel
fo(lr) = 2md2 (6)  known with high precision. Such a system can be designed




by utilizing VLP algorithms, which also provide efficient
illumination and communications among robots.

In the following sections, some special cases of the CRLB
expression are investigated.

A. Known Height and Perpendicular PDs

Consider a scenario in which the height of the VLC receiver,
Ir(3), is known and the PDs point upwards such that, =
0017 anda,(3) =0 for n =1,..., N. In other words, all
the PDs are at the same known helght and point up vertically.
Such a scenario can, for example, be encountered in robotic
applications where the VLC receiver is mounted on the top of
a robot that has a known height [9].

In this scenariof, (Ig) in (7) reduces to the following: Fig. 2. Uniform circular layout. (a) Three-dimensional wigb) Top view.

fullg) = (m + 1)PrS,(Ir(3) — Ir(3))™+! |
n\IR 27T|||T—|R_an||m+3

Then, the2 x 2 FIM can be obtained based dd(Iz)];; in
(10) fori,j € {1,2} as follows?

| Jin a2
J(lr) = [J21 J22:|

15 . . . . .
(15) In this scenario, the radius of the circular layout is repre-

sented byR, and the height difference between the LED and
the VLC receiver is denoted b¥f; that is,

6 1r(3) - Ln(3) = H. (22)

In addition, the elements &, can be written as
where

N 82 (1g. (1) — 1p(1))? an(1) = Rcosty,
Tn=a) _2( Rn(_) |T||€£1+)20 : 17) an(2) = Rsinty, (23)
a

n=1 n |||Rn

N 82 (In, (2) — Ir(2))? n(3) =0,
o Mn Rn T
J22_a; 02||IRn—| ||2m“°’ (18) forn=1,...,N, with
Sn (lr, (1) = lr(1)(Ir, (2) — 17(2)) or(n—1) -
J12—J21—OLZ |||R _|T||2m+10 WéT‘Hﬁ (24)

where) is a random shift angle witlh < ¢ < 27 see
(19) where dom shift angle with < N (
With g, 2 15 + a,, Ig, (i) 2 Ig(i) + an (i), and Fig. 2-(b)). Then, the distance between the LED andsttie

( 2 " PD can be expressed, from (22) and (23), as

m+1 m
£ TP%(T” +3)2(Ir(3) — Ir(3))*™"2.  (20)
From (16)—(19), the CRLB in (8) can be calculated in closed
form as in (21). Based on (21), the CRLB can easily be
evaluated for various scenarios in which the PDs are at th
same known height and point up vertically.

a
dn = |lr +a, —I7||

— /(d, + Roos,)? + (d, + Rsinth,)* + H>  (25)

%eredz, d, and D (see Fig. 1) are defined as

B. K Height, Identical PDs, Equal Noise Vari d dy £ 1R(1) — Ir(1), (26)

. Known Height, Identical PDs, Equal Noise Variances, an a B

Uniform Circular Layout dy = 1r(2) = 1r(2), (27)
A common configuration for PDs at a VLC receiver is the D2, /d2+d2. (28)

uniform circular layout, as investigated in [26]. In thiscgen, _ _ _ _
the PDs are assumed to be identical in the sense that ti#gre, D is the magnitude of the horizontal component (lying

have equal areas; that iS,, = S for n = 1,..., N, and the in the x-y plane) of the distance vector between the receiver
noise variances are modeled to be the same;d’e= o2 for unit and the origin of the room. Also, the normal vectors for
n=1,...,N.In addition, it is assumed that all the PDs are &ach PD can be expressed as

the same known height, tilted with the same angleand are

placed in a uniform circular layout, as illustrated in Fig(ed. nRy(1) = sin B cos g,

(The motivations for this configuration can be found in [26]. ngrn(2) = sinBsin,, (29)

It is noted that if3 € (0,7/2), the PDs face outwards with R (3) = cosp.

respect to the circular layout and if € (—x/2,0), the PDs

face inwards. Based on the specifications/definitions in (22)—(29), the

2Since the height is known, there exist only two unknowhs(1) and elements of the FIM can be obtained from (10)_(14) as
Iz(2), in this scenario. follows:



Then, substitutingl,,, u, (1) andu,(2) into (34), J11 in (30)

N can be stated after some manipulation as
Tn=ay A, (30) N
n=1 Jii~¢é Z (d4 sin? B cos? ¢, — 2d? sin? B(m + 3)R? cos* 1)y,
N n=1
Jop=ay B2 (31)

+ 2d? sin? B(m + 3) R? cos® ¢y, sin® ¢, + d* sin 26(m + 3)
N x HRcos? i, + (m + 3)*sin® BR* cos® ¥, + (m + 3)?
Jizg=Jor =a Z AnBy (32)  x sin® BR* cos? i, sin? 4, 4 (m + 3)? cos? BH?R? cos? 1y,

n=l + 2(m + 3)?sin® BR* cos® 1, sin ¢, — (m + 3)? sin 23
where x HR? cos* 1, — (m + 3)*sin 28H R® cos® 1), sin 1, )
a= . ,
47202 wherec¢ is defined as
A T sin B COS 'l/]n ¢ £ % (42)
An & ——ms T (mA3)ua(l) (34) (H? + R2)ms
sin 3 cos Y, un (1) + sin 8 sin ¥y, u, (2) + cos Bu, (3) with @ being as in (33). The expression in (41) can also be
x s stated as
N
i A Ji1 & 6<d4 sin? ) cos? 1, — 2d%sin® B(m + 3)R?
B, & TSN | gy, 2) (35) ;
. dn . . N N
« sin 3 cos P tin (1) +sin 3 Sirrl Unun(2) + cos Bun(3) . X Z cos 1y, + 2d? sin® B(m + 3)R2 Z cos® ¥, sin ¢y,
dzl N n=1 n=1
Then, the CRLB in (8) can be obtained as 5 . N ) 9 .9 4
+ d*sin28(m + 3)HRZ cos” P, + (m + 3)°sin” SR
LN (A2 4 B?) =1
CRLB = afun=l"n  n (36)

N N N 2" N N
Y1 AR D B - (Zn:1 Aan) Z cos® 9, + (m + 3)%sin® BR* Z cos? ¥y, sin 1,

. . . . n=1 n=1
In order to provide simple approximate expressions for the

N
CRLB in this scenario, the following results are presented. 2 .2 a2 p2 2 2.2 apd
: +(m+3 H*R n+ 2(m+3 R
Lemma 1. As D/R — 0, the CRLB in(36) can be (m +3)" cos™ § ZC% v (m +3)"sin" §

approximated as N = N
CRLB =~ Ji (37) Z cos* i, sin? ¢, — (m+ 3)2 sin28HR? Z cos ¥,
11 n=1 n=1
where.J;; is given by N
. — (m+3)*sin2BHR® " cos® ¥, sin® wn) . (43)
Jiu=3N [(H? 4+ R*)*sin® B — 2(H* 4+ R*)(m + 3)R n=1
% i RsinfB — H © (m + 3)2R? (R2 sin2 B+ From (24), the summation terms.in (43) can be calculla_ted as
:mi( sin 5 . cos ) + (m +3) ( sin” shown in Table I. Then, reorganizing the terms and substgut
H7cos™ f — HRsin2f ) | (38)  the value ofd (i.e., VEZ + R2) into (43), J1; is obtained as
with in (38).
_ s (m+1)2P2S2H?™ Based on a similar approach, the other elements of the FIM
“T U202 (H2 + RE)m+5 (39)  can be obtained as
. Jog = J 44
Proof: As D/R — 0, the distance from the LED to > M (44)
each PD becomes approximately ~ v H? + R? = d. Also, Jiz=Jn =0. (45)
un(1) andu,(2) can be approximated as From (44) and (45), the CRLB can be obtained via (8) as
un(l) = —Rcosty,, Ji1 + Joo 2
. CRLB=-—217"22 _ = . 46
un(2) ~ —Rsiny,. (40) Jindaz — (J12)2 Jn (46)
4r? ZN Sn2 (U, D)=l (D))’ +(r, (2)—lr(2)?
CRLB — PZ(m+1)2(m+3)2(Ir,, (3)=Ir(3))?"+2 £un=1 o N —Ir|[> T+

(21)

7]:7: Sn2 (an(l)*lT(l)V)(zN 5,2 (R, (2)*1T(2))2) o (ZN Sn2 (an(1)*lT(1))(an(2)*lT(2)))2

Lol |[lgp—lr[PmT1° n=1 o3 ||lg, —Ir|>"*1° n=1 o} Ry —Io|[?" 10




LIST OF TRIGONOMETRIC SUMMATIONS FOR}y, IN (24).

TABLE |

with @ being as in (33). From (24), the summation terms
in (51) can be calculated as specified in Table I. Then,
reorganizing the terms and substituting the valuedd(.e.,

Expression 1 Expression 2 Result VH? + D?) into (51), J1; can be simplified to the expression
;COS ¥n ;Sin Yn 0 in (48). Following a similar approach, the remaining eletsen
™ cos? n S sin2 gn N/2 of the FIM can be obtained as in (49) and (50). Then, for
n n D > R, the CRLB can be found as in (47). |
;COS% sin tn - 0 For scenarios with known receiver heights, identical PDs
S cos® hn S sind g 0 and uniform circular layouts, Lemma 1 and Lemma 2 provide
n n approximate closed-form expressions for the CRLB when the
Scos?Ynsingn | 3 cosyn sin® ¢n 0 horizontal distance between the LED and the center of the
™ cost P isin4 ¥n 3N/8 receiver is significantly larger or significantly smallerath
n n the radius of the circular layout, respectively. In otherds)
2cos® Pnsingn | 3 cosyn sin® ¢n 0 the CRLB expression in Lemma 1 is expected to be accurate
™ cos2 g sin? v, — N/8 when the receiver is directly under the LED whereas that in
n Lemma 2 becomes accurate as the receiver is located away
3 cos® gn 22 sin® g 0 from the projection of the LED onto the — y plane (i.e., the
S~ cost Yy, sinay, > cosn sin® iy, 0 ﬂOOI’).

3 s2 2 in3
208 Ynsin"n | Soo8"Pnsin"n | O C. Known Height, Perpendicular and Identical PDs, Equal
Xn)cos'"’ ¥n %IsinG ¥n 5N/16 Noise Variances, and Uniform Circular Layout
S cosd Yp sinthn, | 3 cos by, sin® ¢y, 0 In this section, it is assumed that all the PDs are identical,
- , - , at the same known height, point up vertically, and are placed
2 cos” Ynsin® g | 3 cos® Ynsin’ gn | N/16 in a uniform circular layout (similar to [18], [22], [28]).iBce
S cos® iy, sind oy, | — 0 this scenario is a special case of the scenario in the prgviou

section forg = 0 (see Fig. 2), the exact CRLB expression can
still be calculated from (36) by simplifying the definition$

Therefore, forD < R, the CRLB can be approximated as inA" and By, in (34) and (35) as
a (m+3)un(1)un(3)

(37), whereJy; is given by (38). u A, 2 ’ (53)

Lemma 2: As R/D — 0, the CRLB in(36) can be dm+o
approximated as m + 3)un(2)u, (3
Ji + . B2 zm*("’) = (54
CRLB~ — 211722 (47)

In addition, the results in Lemma 1 and Lemma 2 can be
employed to obtain simple approximate expressions for the
CRLB in this case.

J11Jo2 — Ji2Ja1

where Ji1, Joo, Ji2, and Jy; are given by(48)~50).

Proof: As B/D — 0, the distance from the LED 0 Corollary 1: When all the PDs point up vertically, the CRLB
each PD can be approximated ds ~ VvH?+ D* = d. in(36)multiplied byR2/(H2+R?)™+> has the following limit
Substituting the exact values of,(1) and u,(2) (see (14)) as D/R —s 0:
into (34), the first element of the FIM in (30) can be calculiate
after some manipulation as 16m20” )
S2(m +1)2(m + 3)2PEH?*™+2N

(55)

Proof: As D/R — 0, the CRLB in (36) converges to
the CRLB expression specified by (37) and (38) in Lemma 1.
When all the PDs point up vertically, i.e., whén= 0, Jy; in
(38) becomes

R2CRLB
lim — =
%—>O (H2 + RZ)m-h)

N
Ji~c¢ Z (d4 sin? B cos? b, — 2d? sin? B(m +3) cos® iy,
n=1

x (dy — Rcosy,) — 2d*sin? B(m + 3) costh,, sin,

x (dy — Rcostp,)(dy, — Rsin,) — d*sin26(m + 3)H

X €08 (dy — Rcosthy) + (m + 3)? sin® B cos? ¢,

X (dy — Rcosth,)* + (m + 3)?sin? Bsin? o, (d, — Rcostp,)?
x (dy — Rsin,)? + (m + 3)% cos® BH?(d,; — Rcosty,)?
+2(m+ 3)2 sin? f cos 1, sin U (dy — Rcos wn)?’

x (dy — Rsint,) + (m + 3)?sin 26H cos 1, (d, — Rcosiy,)?
+ (m + 3)*sin 28H sin ¢y, (d, — Rcosth,)?(d, — Rsin,) )

Jiy = 5(m + 32 H2RN . (56)

Then, the CRLB in (37) is obtained as

4
é(m+3)2H2R2N
Inserting the definition of in (39) into (57), the following

CRLB = (57)

(51) CRLB expression is obtained fdp/R — 0:
where 2 _2(772 2\m+5
1 H
. a CRLB — b o (H_+ ) . (58)
cE — (52) S2(m+1)2(m + 3)2Pz H*m+2N R?

(H? + D2)m+5



Therefore, asD/R — 0, the limit of the CRLB in (58) Inserting the definition of in (52) into (65), the following
multiplied by R? /(H?+R?)(™+%) can be obtained as specifiedCRLB expression is obtained fdt/D — 0:

in (55). [ | 9 o\ 172 2vm45
Based on (55) in Corollary 1, the CRLB can be approxi- CRLB = ~4(D +2R 3(}5 +D2) ~- (66)
mated forD < R as a(m +3)?H?R*N(2D? + R?)
167202 (H? + R2)™+5 As R/D — 0, the limit of the CRLB in (66) multiplied by
LB~ . 59 2 2 2\m+5
CR S2(m + 12(m 1 3 PRI PN 2 (59) R?/(H?+ D?) becomes
R?CRLB 4 . (D?*+ R?)

It is noted that the CRLB in meters (i.e., the square-root oflim — TE T ST Lim 5 5
(59)) is inversely proportional to the transmit power, theaa £-0(H? + D?) a(m+3)2H2N £-0(2D? + R?)

of the PDs, and the square-root of the number of PDs in this 2 (67)

configuration. By calculating the first-order derivativecan ~ a(m+ 3)2H2N '

be shown that the CRLB in (59) is a monotone decreasifen pased on the definition @fin (33), the statement in
function of & if (61) can be obtained from (67). [
(H/R)2 ——" (60) For D >> R, the CRLB can be approximated from (61) in
Corollary 2 as
gnd is monoto;e increasing oltherwise/. For commog room CRLE 81202 (H? + D?)m+5
imensions and VLC receiver layouts]/R is expected to ~ — .
be larger thari0 when the LED transmitter is on the ceiling. §2(m +1)2(m + 3)2 PR HP" 2N 2
Therefore, the condition in (60) is satisfied in most pragticlt is again noted that the CRLB in meters (i.e., the square-
scenarios as the Lambertian order, cannot be very large root of (68)) is inversely proportional to the transmit powe
unless the LED is very directive (which is not very desirablthe area of the PDs, and the square-root of the number of PDs
due to illumination purposes). Hence, in the caseDok R  in this configuration. Another important property of the GBRL
and practical system parametettee PDs should be placed atin (68) is its monotone decreasing nature with respect to the
the boundary of the uniform circular layout to minimize theadius of the uniform circular layout. Henciye PDs should
CRLB be placed at the boundary of the uniform circular layout to
Corollary 2: When all the PDs point up vertically, the CRLBachieve the minimum CRLB in this scenario.
in (36) multiplied by R?/(H? + D?)™*° has the following  Remark 1: Considering practical receiver sizes and room di-

(68)

limitas R/D — 0: mensions, the case @ > R is expected to be quite common
) 5 o in real-life applications. Hence, the expressions in Lenna
lim R°CRLB _ 870 and Corollary 2 hold approximately in most scenarios under

£,0(H?2 4 D?)m+5  S2(m+1)2(m+ 3)2PZH?*"+2N  the stated conditions. On the other hand, the casg of D
(61) considered in Lemma 1 and Corollary 1 can be observed when
_ the VLC receiver is directly under the LED transmitter; ,i.e.
Proof: As R/D — 0, the CRLB in (36) converges  henp in Fig. 1 is very small. The accuracy of the proposed
to the CRLB expression specified by (47) and (48)~(50) ipressions is investigated in the next section (see Fig. 3)
Lemma 2. When all the PDs point up vertically, i.e., when aq noted in Remark 1, the case Bf>> R is quite common
8 = 0, the elements of the FIM in (48)—(50) reduce to thg, nractical applications. The expression in (68) can e

following expressions: simple approximation for the CRLB in the case of a uniform
c - ) ) circular layout including perpendicular and identical Pbat
Ju =5 (m+3)"H N (2d; + RY) (62)  are located at the same known height. Since the CRLB in (68)
c 92772 2 2 decreases witl, it is optimal to place the PDs at the boundary
Ja2 = 5( +3)°H N (2d, + R7) (83)  of the uniform circular layout (as stated after Corollary [2)
Jiz = Jo1 = &(m + 3)2H>Nd,.d, . (64) order to generalize this result to more generic configunatio
the following proposition is presented.
Evaluating (47) for this scenario, the CRLB becomes Proposition 1: Consider a configuration that is a superpo-
5 5 sition of multiple circular uniform arrays as in Fig. 4-(aand
CRLB = 4(D° + R°) . (65) suppose that the PDs are identical, at the same known height,
¢(m +3)?H?R*N (2D + R?) and point up vertically. Then, fob >> R, the radii of all the

Ju ~ gN [4d" sin® B — 8d”sin® B(m + 3)(d.” + R?) + 4d” sin(28)(m + 3)HR + sin® B(m + 3)° [4 (do* + do>d,* + R*)

+R? (27dy” + dy®)] — 4sin(28)(m + 3)°HR (4d.” + R?) + 4 cos® B(m + 3)*H? (2d.” + R?)] (48)
Jog & gN [4d* sin® B — 8d” sin® B(m + 3)(d,* + R?) + 4d” sin(2B)(m + 3)HR + sin® B(m + 3)° [4 (d,* + d,°d.” + R*)

+R® (27d,” + d.*)] — 4sin(28)(m + 3)*HR (4d,” + R?) + 4cos® B(m + 3)°H? (2d,” + R*)] (49)
Jio = Jo & g(m + 3)Ndqdy [sin® B ((m + 3) (13R? + 2D?) — 4d°) — 8sin(28)H (m + 3)R + 4 cos” f(m + 3)H?] (50)




circles should be set to the maximum possible value in ordérom Table I, the elements in (76) can be calculated as

to minimize the CRLB.
Proof: Consider a layout that is a superposition &f
circles with different radii denoted byr;, Ro, ..., Rk, and

oL oL om(i—1) -
Zcosw;”—Zco ( —l—wk):O

let N, represent the number of uniformly located PDs at the Nk

kth circle. In this case, the total number of PDs, denoted by oS _ cos ( -1 + > _ %
N, becomes Z Uk Z v 2
K
N = ZNk' (69) Then,Ji; in (76) can be simplified to
k=1

Under the conditions in the propositiod;; in (17) can be
expressed via (25) as

2 an 2
Ju—aZS e d()i?i; W o
K Ny 9
B2 e v

117

whered;, ; denotes the distance between the LED andithe

PD at thekth circle, ay (1) represents the first coordinate

of the difference between the receiver locatidp)(and the
location of theith PD at thekth circle, « is as in (20), andx
is defined as )
A QS
£ (72)

g

o

Similar to (23),ax.:(1), ax,:(2), andas ;(3) can be expressed
as

ak,i(1) = Ry cos ¢y 4,
ak,i(2) = Ry sin iy, (73)
a;“-(3) = O,

where )y, ; is the angle of theth PD at thekth circle with
respect to ther-axis; that is (cf. (24)),

27 (i — 1)

N, + i (74)

Vi =
with v, denoting the random shift angle for théh circle (see
Fig. 2-(b)).

From ay ;(1) in (73), the definitions ofi, and D in (26)
and (28), respectively, and based on the assumptiaoh, pk
VH?+ D? (sinceD > R), Jy; in (71) can be written in the
following form:

ad % d% + 2d, Ry, cos Vg i + R2 cos?® iy.;
1:i:=1

(D? + H?)m+5

Jip=a (75)
k

which can also be expressed as

K Ny
Ji = ¢ (Ndi +2d, Y Rk Y costy,

k=1 i=1
K N,
+ Z R} Z cos? w;m-> (76)
k=1 =1

where

>
Q

(77)

o>

(H? + D?)m+5

K
1
Jp=é (Ndi +5 ZR%N,?) : (78)
k=1

Via similar calculations, the other elements of the FIM i8)1
and (19) are obtained as

K
Jag = ¢ (Ndj + % ; RﬁN,f) (79)
Jig = Jo1 = éNd,d, (80)
Defining

G N(d2+d) (81)
F2 % Z RZNZ, (82)

the CRLB can be written as
CRLB — JutJe G+2F (83)

Ji1Jas — JioJa1  ¢(GF + F?)

The partial derivative of the CRLB in (83) with respecti
is calculated as

2 OF OF OF
d(CRLB) _ "~ 3R, OR; ORi (g
o(R,) HGF + F2)?

fori e {1,...,r}. Sinceg—g =RN?>0,F>0G>
0 and ¢ > 0, the partial derivative of the CRLB in (84) is
negative for allR; > 0 andi € {1,...,r}. Since all the partial
derivatives are negative, the CRLB is a monotone decreasing
function of the radiusk; for eachi. Hence, it is optimal to
place the PDs at the boundary of the layout. |
Proposition 1 states that in a uniform circular array configu
ration with D > R, placing the PDs to the maximum possible
radius leads to the minimum CRLB in the case of identical
and perpendicular PDs that are at the same known height, and
this result holds for each uniform circular array in the prese
of a superposition of multiple circular uniform arrays ireth
given VLC receiver. For example, considering scenarios A, B
and C in Fig. 4, scenario C is optimal under the conditions
in Proposition 1 in terms of minimizing the CRLB since it
employs the maximum radius for each PD.

IV. NUMERICAL RESULTS

In this section, numerical evaluations of the CRLB ex-
pressions in Section Ill are performed in order to invesiga
the effects of different parameters on the performance of a
SIMO VLP system in various scenarios. An empty room
with dimensions4dm. x 4m. x 3m. is considered for the
simulations, wher@ m. corresponds to the height of the room.



The Lambertian order is taken as = 1 [31], and the LED 14 , : : ‘ ‘
transmitter is located dt- = [0,0, 3] (all in meters) with a ~ 1.3 | —©— Exact 2-D CRLB >
. .o . E 77777 Lemma 1
transmit power ofPr = 3W, where the position coordinates S, | | - o2
are with respect to the center of the floor (i.e., the cent¢hef
floor is defined as the origin). To verify the closed form CRLE

expressions in (37), (47), (55), and (61), which are derive

based on the known height assumption, the VLC receiver 09 02 o7 o8 o8 T o
assumed to be placed on the top of an object (e.g., a robdt) w Distance to Room Center (m)

a known height of0.5 m. (except for Section IV-E in which 35 ‘ ‘

the height is assumed to be unknown.) Thus, the positi O Exact 2D CRLB

vector for the receiver is formed &g = [Iz(1),1r(2),0.5]7, 31| o Gorllary 1 g |

where—2m. < Ig(1),Iz(2) < 2m. The area of each PD is |@ 5% 1
considered as,, = 25 mm? ¥n, and the FOV of each PD is
taken asfrov,, = 75° Vn [36]. In addition, [37, Eq. 6] and I T
[38, Eq. 20] are employed to calculate the noise varianges, 15 ] w w w w

During those calculations, the parameters are chosen 83]in | 0 02 Di;’t'gnce to R%gm Ceme?‘?m) ' L2
(see Table | in [37]). While calculating the exact CRLB, the

noise variances are obtained for edghseparately since the Fig. 3. The approximate CRLB expressions compared with taeteCRLB.
noise variance also depends on the received RSS [37], [ggA.Accuracy of Lemma 1 and Lemma 2. (b) Accuracy of Corollarand
(Throughout the room and for all possible elevation angles, Corollary 2.

extreme values of? are calculated as2,,,, = 1.8074x 10716

and o7, ~ 18012 X 10 %) The number of PDSX). g yniform Circular Layouts with Various Radii

the elevation angles for the PDg (n Fig. 2-(a)) and the . _ . ) . )
radius of the circular layout® in Fig. 2-(b)) are specified Qon3|de_r a conﬂguratlon_that is a super_posmon of _multlple
in the following subsections. Then, the exact CRLB valuddiform circular layouts with various radii. Three differte
are calculated via the expressions in (8)—(14), (17)—(2BFenarios (A, B., anq C) are investigated as shownlln Fig. 4.
or (33)=(36), and comparisons with the approximate CRLIp each scenariol2 identical PDs are placed oh uniform

expressions in (37), (47), (55), and (61) are performed. ~ circular layouts with radiiR,, R, and Rz, where each
circle containst PDs. Each PD points up vertically with an

elevation angle ofy = 0. In scenario A, the radii are set to

A. Accuracy of Asymptotic Results Rl = 0.05m., RQ = 0.1m., andR3 = 0.15m., in scenario

. . . B, Ri = R, = 0.1m. andR3 = 0.15m., and in scenario
Equation (37) in Lemma 1 and (55) in Corollary 1 present p — p, — Ry — 0.15m., where0.15m. corresponds to

approximate closed form CRLB expressions for the case @ maximum possible value for the radius in the considered
D <« R whereas (47) in Lemma 2 and (61) in Corollary %onfiguration.

provide approximate CRLB formulas for the caselofs> R.

To investigate the accuracy of these approximations, nicaler
examples are presented in Fig. 3-(a) and (b), where thegac
of the uniform circular layout is taken a8 = 0.15m. and
the number of PDs is specified & = 8. Since the noise
variances ¢2's) at the PDs differ only slightly from each other
at a givenlg, o2 in (37), (47), (55), and (61) is replaced
by the mean value ob2’s at a particular position vector
Iz while evaluating the approximate CRLB expressions. |
Fig. 3-(a), the elevation angle of the PDs is takerfas 20°
and the CRLB is evaluated based on the approximations in
Lemma 1 and Lemma 2 by locating the VLC receiver dtig. 4. Three different scenarios with 12 PDs pointing uptivally and 3
various distances from the room center (origin) in a singfdces With different radi

direction (due to the symmetry). In addition, the exact 2- For these three scenarios, the exact CRLBs are calculated
dimensional CRLB is evaluated via (33)—(36) and illustdatevia (17)—(21) by placing the VLC receiver at various disesic
in the figure. In Fig. 3-(b), the PDs point up vertically (i.efrom the room center (origin). The results presented in Big.
£ = 0°) and the CRLB expressions corresponding to thadicate that scenario C, in which all the PDs are located
approximations in Corollary 1 and Corollary 2 are presentedt the boundary of the layout, yields the minimum CRLBs.
together with the exact 2-dimensional CRLB. From the figure$his is in accordance with Proposition 1, which states that t

it is observed that the approximations in Lemma 2 an@dii of all the circles should be set to the maximum possible
Corollary 2 provide a close approximation to the exact CRLBalue in order to minimize the CRLB for the caselbf> R

for a wide range of distances since the conditioof> R is (please also see the comments after Corollary 1). In fathjsn
satisfied in many positions in a practical setting. On theepthexample, this result holds for all possible valuesiaf Since
hand, the approximations in Lemma 1 and Corollary 1 aieis optimal to place the PDs at the boundary of the circular
quite accurate only around the point which is directly unddéasyout under certain conditions, scenario C is employedhién t
the LED transmitter (i.e.R > D). following subsections.
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Fig. 5. CRLB versus distance from the room center.
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Fig. 7. CRLB versusN for various radii.

positive and negative directions, the CRLB performance of
the system improves. It is also noted that positive values of
yield slightly improved CRLB performance compared to their
negative counterparts. This is due to the fact that whes
negative, the PDs facing the LED transmitter are furtheryawa
from the room center. In addition, discontinuities are obsé

on the CRLB contours at some values where one or more
PDs violate the condition in (85). In addition, the CRLB is
observed to be a decreasing function/f> 0 in the region
where (85) holds. Therefore, a reasonable choicesfat a
given position of the VLC receiver can be obtained from (85)

as
D+R
fi .

In order to guarantee that the LED transmitter lies withia th
FOV of each PD for all possible locations of the VLC receiver,
[ can be chosen as

Bp = Oroy —tan™! < (86)

- (87)

where D,,.x denotes the maximum distance from the room

Dmax R
B* = Opov — tan™! (7—’_ )

As investigated in [26], tilting the PDs placed on a uniforngenter, which is specified by the room geometry. In the
circular layout can provide certain benefits in some cases.qonsidered scenarioDu.. = 2v2 — Rv2 = 2.758m.
this part, the effects of tilting are investigated for thel®R (where R = 0.05m.); hence 3" turns out to be26.68° since
of a SIMO VLP system. In order to distinguish the impact off = 2.5m.
tilting on the CRLB, each PD is elevated by the same angle
B, as illustrated in Fig. 2-(a). For the CRLB derivations iisth D. Number of PDs and Layout Radius

study, the LED transmitter is assumed to lie within the FOV of
each PD, as stated in Section Ill. The conditions under whi
this assumption holds can be specified based on the indic

function in (1) as follows:

tan~! (H) —Orov < B <0rov —tan™! (

H

D+ R
H

The number of PDs at the VLC receivéy¥, and the radius
%" the uniform circular layoutR, are important parameters of

4% Mo vLP system that affect the localization accuracy. In

this part, the average CRLB is calculated over the VLP system
space, i.e., the plane on which the VLC receiver is located (a
a height of0.5 m. from the floor) for various values oWV

(85) andR. The PDs are tilted with an elevation angle @ for
In Fig. 6, the exact CRLBs are presented as a contour pi@trious values of the layout radius based on the expression i
with respect to the elevation angbeand the distance from the (86).

room center. From the figure, the effects of the elevationeang Fig. 7 illustrates the average CRLB (in meters) versus the
of the PDs on the CRLB are observed for various distanceamber of PDs ) for various values of the radius parameter
from the room center. A$S moves away from0° in both R. In order to obtain the average CRLB, the CRLB values



are calculated via (33)—(36) for multiple locations of theG/

receiver in the room, and the average of those CRLB values ©

T T
—©— VCRLB, = 10°

computed as’RLB,,4. Then, the square root @'RLB., —6— VCRLB, 8 = 20°
is presented in Fig. 7. From the figure, it is observed that tl A 1

average CRLB decreases as the number of PDs increases + ﬁiggzg?ﬁg
* ILE, 3 = 26.68°

expected. Indeed,/CRL B, is inversely proportional to the
square-root ofV in accordance with Lemma 1 and Lemma :
in this numerical example. In addition, the average CRLB
observed to decrease with the radius of the uniform circul
layout. This is mainly due to the fact that more separate
PDs in a uniform circular layout collect more informatior
about the position. However, there exist practical lindtas
on the radius of the layout, which lead to a tradeoff betwet
the localization performance and the VLC receiver sizentro
Fig. 7, it is also noted that an average CRLB of lower ths
3.5cm can be achieved for all configurations in the consider:
scenario. However, to achieve an average CRLR ofn or Distance to Room Center (m)
lower, at leastl2 PDs are required with a layout radius of at

leastkR = 2 cm. A VLC receiver with a single PD that rotatesrig. 8. RMSE of MLE versus CRLB for different values.
along a circular path can be employed to realize the benéfits o
a high number of PDs. However, it requires additional ctrgui
for the rotation operation.

RMSE (cm)

V. CONCLUDING REMARKS

In this manuscript, the RSS based CRLB has been de-
rived for SIMO VLP systems for a generic three-dimensional
E. Maximum Likelihood Estimator (MLE) scenario. In addition, specific CRLB expressions have been

oqtained for various scenarios in the presence of a known

Since the provided CRLB expressions present theoreti alei . . . .
oS o .Jeceiver height. In the first scenario, where all the PDs tpoin
limits for the localization accuracy of SIMO VLP systems, '%u wards vertically (i.e.3 — 0 in Fig. 2), the CRLB has been

is important to compare them against the performance of sornie : ,
practical estimators. To that aim, the MLE is derived for th xpressed in a closed form for a generic placement of the PDs.

considered SIMO VLP system. The MLE is defined as fh th_e seco_nd scenario, the _PD_s are identical and I_ocated on
a uniform circular layout, while in the last scenario, ideak
and perpendicular PDs have been employed along with the
uniform circular layout. For these two scenarios, asyniptot
. analyses have been conducted, and the CRLB approximations
where | represents the MLE for the position of the VLChave been obtained as compact closed form expressions for
receiver, and the likelihood functiop(Pr|l z), is as presented the cases o) < R and D >> R. Based on these theoretical
in (5). The MLE in (88) reduces to following form based omesults, the optimal configuration of the PDs at the VLC

g = argmax p(Pr|lr) (88)

Ir

(5): receiver has been determined under various conditions. In
. N (Pr, — fa(lp))? order to corroborate the theoretical results, numericairgples
g = argmin Z —— (89) have been presented by considering different uniform trcu
- T layouts. Both the optimal PD configuration and the optimal

. . elevation angle have been investigated in the examples. In

\_’I_VherefRntﬁndf"t(IE) at'fe glvenbllay (1) angg(G),EHreSpeCltl_Vely‘addition, the MLE has been derived for the SIMO VLP system
0 solve the optimization problem in (89), thegqnoniin 5. compared against the CRLB. It has been observed that the
function of MATLAB is utilized by setting the initial point MLE achieves a performance that is close to the CRLB; hence,

L A )
of the optimization tq[0,0,0] ) The .MSE of the MLE IS it presents an effective estimation technique for locélirain
computed by considerirgp000 realizations at each position OfSIMO VLP systems

the VLC receiver, which is moved along the room diagonally. As future work, an experimental study for evaluating the

Also, the simulations are repeated for three differenteslof L : .
' . - ) MLE performance and comparing it against the CRLB will
8. The number of PDs is set v = 12 and the radius of the be conducted for SIMO VLP systems, considering various

layout 1S taken as? = 0.05 n the_ simulations. In addition, scenarios in terms of the number of PDs, elevation anglas, an
the height of the VLC receiver is assumed to unknown i

fAvouts. In addition, theoretical accuracy analysis foM\
this case, and both the MLE and the CRLB are obtained f : - ' : R
the 3-dimensional scenario (i.e., the CRLB is calculateal v?ﬁlp systems s another important research direction.

(8)—(14)). In Fig. 8, the root mean-squared errors (RMSES)

of the MLEs and the CRLBs are plotted versus the distance REFERENCES
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