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Abstract

The problem of optimal pulse design for light-emitting déo(LED) transmitters is investigated in
an indoor visible light positioning (VLP) setup. In partiay the problem of localization performance
maximization is formulated for both asynchronous and symebus VLP systems with consideration of
practical limitations related to power consumption, ilimation levels, and/or effective bandwidths, while
guantifying the localization accuracy via the Cramér-Rawer bound (CRLB). In both asynchronous
and synchronous scenarios, the formulated problems avenstoobe convex optimization problems, and
some properties of the optimal solutions are derived. Iritiatg the pulse design problem for minimum
power consumption is formulated under a CRLB constrainb@laith other practical limitations; and
this problem is also revealed to be a convex optimizatioblera. Based on the solutions of the proposed
optimization problems, pulse design procedures are destitio determine the parameters of optimal
pulse shapes. Numerical results illustrate the benefith®fproposed optimal pulse design approach
in comparison with the state-of-the-art optimal power edliton scheme in the literature. In particular,
electrical power consumption can be reduced by areti¥d or localization accuracy can be improved
by as much ag€5% via the proposed optimal pulse design approach in cert@nasos.

Index Terms-Visible light positioning, power efficiency, Cramér-Ré&mwer bound, pulse design,

convex optimization.

I. INTRODUCTION

The usage of visible light systems with light-emitting deofLED) transmitters for communi-
cations, particularly in indoor scenarios, is becomingramaasingly popular topic as visible light
systems can provide high data rates, and serve multiplepagoof communication, indoor local-

ization, sensing, and illumination without requiring ailehal infrastructure installation [1]—[3].
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Short-range applications of visible light communicati®iC) have benefits in terms of power
efficiency, communication security, cost, and license-fspectrum usage, and VLC is foreseen
to become prevalent in upcoming generations of mobile telcigies, e.g., sixth-generation (6G)
[4]-[7]. Likewise, due to having less significant effectsmiltipath propagation in comparison
with radio frequency (RF) based solutions, the visible tliggthnology can facilitate realization
of low-cost and accurate positioning systems in indoor remvnents. Therefore, visible light
positioning (VLP) has attracted notable research intereséntly and been investigated from
various theoretical and practical perspectives in theditee [8]-[15], [23].

In a typical VLP system, the main aim is to estimate the lacafand orientation if unknown)
of a VLC receiver, i.e., target node, by making use of the agtransmitted by several LED
transmitters with known positions and orientations, whaoh also called anchor nodes. Numerous
techniques available in the current literature regardowglization via visible light systems can
be listed as received signal strength (RSS) [8], time ofak(iTOA) [9], time difference of arrival
(TDOA) [10], angle of arrival (AOA) [11], phase differencé arrival (PDOA) [12], and hybrid
(e.g., TDOA/RSS) schemes. Recent studies have focusedrimusaspects and applications of
VLP systems. For example, in [13], the performance limitshef maximum-likelihood (ML) lo-
cation estimator and the Cramér-Rao lower bound (CRLB)ooation estimation are considered
for visible light-based passive indoor localization. THieets of exploiting multipath reflections
as an information source in a VLP system are discussed irtlitdligh the analysis of the CRLB
in various scenarios. Besides, a performance analysis mdine-of-sight (NLOS) propagation
in RSS-based VLP systems is carried out in [15], by derivilgged-form CRLB expressions
for target location and orientation estimation. Althoudiof detectors are commonly used at
the receiver side of an VLP system, imaging sensors (caineaasalso be employed in various
applications as they are already available in smart deVit€s-[19]. In [19], [20], machine
learning techniques are utilized for accurate localizatio camera based visible light systems.
For instance, an artificial neural network (ANN) is used i®][2or two-dimensional visible
light positioning by grouping LEDs into blocks and encodthg block coordinates. In addition,
[21], [22] focus on the application of machine learning altfons for photo detector based VLP
systems.

Optimal resource allocation methods have been thoroughljied in the visible light com-
munication and positioning (VLCP) literature. For exampie [8], the optimal and robust

power allocation schemes for LED transmitters are develapi¢h the objective of maximizing



localization performance under illumination constraintdere the localization performance is
measured via the CRLB on location estimation. The study Bl Examines a robust power
allocation problem in VLP systems with the aim of minimum @owonsumption, in the presence
of stochastic uncertainties in localization parametems, measures the localization performance
via the CRLB. The works in [24] and [25] focus on optimal powadlocation strategies for
LED transmitters in a VLC system with the aim of maximizingetkotal transmission rate
over subcarriers for orthogonal frequency-division npiétxing (OFDM) based communications.
As an intelligent resource allocation technique for inatgd VLCP systems, a model-free
reinforcement learning based method is proposed in [26¢ dinthors of [27] consider multi-
user VLCP configurations and come up with a joint subcarmet power allocation approach
to be implemented in such systems. Moreover, a coordina&salrce allocation strategy that is
realizable in indoor Internet-of-Things (I0T) scenarigsnvestigated in [28].

Optimal resource allocation strategies have admittedfggnt research interest in the design
of RF based localization systems, as well. For instance2$j, [optimal joint allocation of
power and bandwidth is performed with the aim of maximiziaggét localization accuracy in
a multiple-input multiple-output radar network, where thealization performance is quantified
via the CRLB. The work in [30] investigates the joint powedapectrum allocation optimization
in a resource-restricted wireless network localizaticimgdy proposing approximate geometric
programming formulations. A robust resource allocatioobbem for localization accuracy max-
imization and power consumption minimization in the presgeaf measurement uncertainties is
examined in [31] for a wireless localization system. Momown [32], signal and system design
for a multi-frequency localization system for increaseeérgy efficiency is carried out, and the
theoretical limits regarding the ranging accuracy are tfiad via the CRLB.

Having the motivation of improvements manifested in recgntlies on optimal power and
resource allocation in localization networks, our goal his tpaper is to design optimal pulse
shapes for LED transmitters in asynchronous and syncheoMuP systems under practical
constraints. More specifically, we formulate the optimangmitted pulse design problem to
improve localization accuracy, specified via the CRLB, undgeveral system constraints re-
garding power restrictions in LEDs and illumination regmrents over specified regions. We
also perform a theoretical analysis of this problem for kegiinchronous and synchronous VLP
systems. In addition, we formulate the problem of optimdseulesign for minimum total power

consumption in LED transmitters while guaranteeing a aettavel of localization performance



under practical system constraints. Moreover, we desgnibeedures for specifying the optimal
parameters of pulse shapes based on the solutions of th@sgwmptimization problems.

Although the optimal power allocation problem is investeghin [8] based on similar power and
illumination constraints, it employs only a single paraenehamely, the amplitudes, of pulse
shapes for optimization. However, the localization accynaot only depends on the amplitude
(equivalently, the electrical power) of pulses but also bairt optical power and/or effective

bandwidths. Therefore, via the optimal power allocatioprapch in [8], optimal pulse shapes
may not be attained. In this paper, we formulate the problerterms of generic parameters
related to transmitted pulses, which introduces more @sgoé freedom in the design of pulses
for each of the LED transmitters. The main contributionsto$ tpaper can be summarized as
follows:

e For the first time in the literature, we formulate optimal gmildesign problems for VLP
systems under practical power and illumination constsawhere optical and electrical powers
of LED transmitters are jointly optimized for asynchronodkP systems, and optical and
electrical powers of LED transmitters as well as effectiandbwidths are jointly optimized
for synchronous VLP systems. These generic formulationgrcthe optimal (electrical) power
allocation approaches in [8] as special cases.

e For both asynchronous and synchronous VLP systems, théeprelof CRLB minimization
under practical power and illumination constraints arewshdo be convex problems. Also,
some of the constraints are proved to hold with equality,cwhieduces the search space in the
optimization problems.

e The problem of total (electrical) power minimization with cGnstraint on the CRLB
under practical power and illumination constraints is falated as a convex problem for both
asynchronous and synchronous VLP systems.

e Explicit formulas are presented to specify the optimal peeters of pulse shapes based
on the solutions of the proposed optimization problemss Bhown that improved localization
accuracy and/or power efficiency can be attained since time sfumination constraints can be
satisfied by consuming lower electrical power via the preplogpproach than that in [8].

In addition, various numerical examples are provided tduata performance of the proposed
approaches in terms of the CRLB, the error of the ML estimatod the total electrical power
consumption considering a typical VLP setup, system pat@smeand constraints.

The remainder of this paper is organized as follows: Secligoresents the VLP system
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Fig. 1: System model involving thah LED transmitter and the VLC receiver, where {1,..., N.}. The optical signak;(t)
goes through the visible light channel with impulse respansd(t — 7;), and the channel output is converted to an electrical

signalr;(¢) by the photo detector at the VLC receiver as in (1).

model. In Section lll, the optimal pulse design problems farenulated for the minimization
of the CRLB on localization and the minimization of the topaiwer consumption in the LED
transmitters by introducing the relevant system pararsedad constraints. Also, the proposed
optimization problems are analyzed theoretically. In BectV, numerical results are presented
and discussions on the advantages of the proposed optinsa&l gesign methodology are given.

Finally, in Section V, concluding remarks are made.

II. SYSTEM MODEL

We consider a VLP setup in which the aim is to estimate thetimsaf a VLC receiver by
utilizing the signals emitted byv;, LED transmitters. In this setup, only the line-of-sight (8D
path between each LED transmitter and the VLC receiver isidened as in [1], [8], [9], and it
is assumed that the VLC receiver can process the signaldgesdch of the LED transmitters
separately (e.g., via code-division multiple access).nTliee received signal at the VLC receiver

corresponding to the signal sent by thle LED transmitter can be expressed as [9]
’f’i(t):OéiRpSi(t—Ti)—i—’f]i(t), ’izl,...,NL (1)

for t € [I1,, T»;], whereT),; and T,,, respectively, represent the starting and ending time
instants for the VLC receiver’s observation of the signahtmitted by theth LED transmitter,

«; denotes the optical channel attenuation factor betweerithhieED transmitter and the VLC
receiver {; > 0), R, is the photo detector responsivity of the VLC receivg(t) is the signal
transmitted by théth LED transmitter;r; stands for the TOA of the signal arriving from thid
LED transmitter, andy;(¢)’s are independent zero-mean white Gaussian noise prachasag
spectral density level of? (please see Fig. 1).

The TOA parameter in (1) can be modeled as

l, — 1!
Ti:u+Ai, ’izl,...,NL (2)

C



wherel, = [l.1, Lo, L:3]7 andl! = {1, Ii 5, li 57 denote the locations of the VLC receiver
and thesith LED transmitter, respectively, is the speed of light|| - || denotes the vector length
operation, and\; specifies the clock offset between the VLC receiver andtthEED transmitter.
The clock offsets{A;}', are modeled as deterministic unknown parameters for asynehs
VLP systems, wheread; = 0, fori = 1,..., N, refers to the synchronous VLP system case.
The channel attenuation factet in (1) can be expressed through the Lambertian model as

[33] o 4
(mi + 1)S [(e = 19)"ng]™ (1 = 1) ",
2m I =1 fmes

wherem;, is the Lambertian order for thgh LED transmitter,S is the area of the photo detector

i=1,... Ny 3)

oy =

at the VLC receiver, and, = [n,,1, n.2, ne 3|7 @ndni = [n{ ;, n{,, n{ ;]” denote the orientations
of the VLC receiver and théth LED transmitter, respectively.

In this setup, the VLC receiver is assumed to have the knaydexf some parameters such
asn, (which can be measured via a gyroscopg), S, and s;(t), along with the parameters
related to the LED transmitters, which can be gathered byntonicating with each of the LED
transmitters(i.e., m;, I, andni, for i € {1,..., N.}) [8].

[Il. OPTIMAL PULSE DESIGN APPROACHES
A. Assessment of Localization Accuracy

The localization accuracy of the VLP system can be quantifiedhe CRLB on the mean-
squared error (MSE) of any unbiased location estiméﬁc)rfor the actual location of the VLC

receiver(l,), which is stated as [34], [35]

E {||ir — |r||2} > trace {J_l} 4)

In (4), J represents the Fisher information matrix (FIM), which isnputed differently for the
asynchronous and synchronous VLP scenarios, due to hadiditjcenal unknown parameters
related to the clock time offsets (i.er, ..., 7y, ) in the asynchronous scenario. Namely, the
FIM is given by J = J,., with the definition in (52) for asynchronous VLP systems, &yd
J = Jgm With the definition in (53) for synchronous VLP systems (gleaee Appendix A).

The usage of CRLB as a performance metric can be justified dé¥aitt that for sufficiently
large signal-to-noise ratios (SNRs) and/or effective adths, the ML location estimator be-
comes asymptotically unbiased and efficient, i.e., its M®Bverges to the CRLB [36], [37].

Besides, the usage of CRLB facilitates mathematicallytéatzle derivations.
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In addition to other positioning parameters, the FIMs, in (52) andJ,y, in (53) depend
on three sets of parameters related to the transmittedlsigsia), namely,Efi), Egi), and Eg(f),

which are defined as

Mo [(d i
E" = —5; t
Pe [T (fa) q ©)
A Ts,i 2
B 2 / (s:(0)° dt 6)
0
i Ts,i d
B 2 [0 paiat @)
0 dt
for i € {1,..., Np}, whereT}, stands for the pulse width &f(¢). If the transmitted pulses are

designed such that(0) = s;(7%,) is satisfied, which is a usual practice, then via (7), we have
EY =0, forie{1,...,N.}.

B. System Constraints

1) Individual Electrical Power Limitations:Since theEéi) values in (6) are proportional to
the electrical power of th&h LED transmitter, the constraint regarding the individeiactrical

power limitations can be expressed as [8], [38]
EY <E, < Ey’ (8)

with E, 2 [EV, ..., BT, whereEYP and E2® stand for the lower and upper bounds Ba
respectively.

2) Total Electrical Power Limitation:In many scenarios, the total power consumption in the
LED transmitters is limited due to safety considerationsoas to stick to a power budget [8],
[33], [39]. This constraint can be stated as

1"E, < Bt )

with Ef°* specifying the total electrical power limit for the LED tismitters.
3) Individual llluminance Requirementdhe horizontal illuminance generated at location
due to theith LED is calculated as [8], [39]

I(x,By) = B ¢:(x) (10)

with .
EY & / Csi(t)dt (11)
0
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and e
0 & (e D [0 Ty — )
T k=

wherek,; denotes the luminous efficacy of thign LED transmitter, fori = 1, ..., Ni,. Then, the

(12)

total illuminance produced at locationdue to all the LEDs is found as [8], [40]
Ny, ‘ Ny ‘
Tuon(x, Bo) = Y Z(x, By) = 3 B di(x) = ¢(x)"Eq (13)
=1 =1

with ¢(x) and E, being defined ag(x) £ [¢1(x), ..., én, (x)]T andE, 2 [ES, .. BT,
respectively. Then, the constraint regarding the indialdluminance requirements is stated as

¢<X€)TEO Zfé, l= 17"'7L (14)

wherefg denotes the illuminance requirement for locatwnand L denotes the number of
locations at which an illuminance requirement is specified.
4) Average llluminance Requiremerftrom (10), the average illuminance over a regidns

calculated as [8] .
1 L .
Tovo(Ey) = — E(’)/ (%) dx 15
g( 0) |A| Zzzl: 0 AQS( ) ( )

with | A| denoting the volume of the region for which an average illhanice requirement is

specified. Then, the corresponding constraint is stated as
Iavg(EO) 2 fiavg (16)

whereZ,,, specifies the average illuminance requirement.

5) Jensen’s InequalityJensen’s inequality for the transmitted signale) is stated as [34]
2

Ts,i .
([ wia) <5 [ o .

fori=1,..., Ny. Via (6) and (11), this is equivalent to

(i) \ 2 (i)
E E
(TO) <= i=1,...,Ny, (18)

and can be stated as the constraint

diag {Eo} E¢ < diag {T,} E (29)

wherediag {-} denotes the diagonalization operatand T, = [T, 1, ..., T, n, | -

The diagonalization operatdiag {x} : RN ** — RV*¥ returns a diagonal matriX, whose diagonal entrieX;; are equal

to the input vector elements;, for i = 1,..., N.
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Although we consider design of signalgt)’'s in a generic form based on the parameters
EY, EY and EY” in (5)—(7), these parameters cannot be selected arbjtraiich could lead
to non-realizable pulse shapes. To guarantee that the pteesriead to feasible pulse shapes,
they must satisfy Jensen’s inequality in (17). As Iongl%@ and Eéi) satisfy this inequality,
the corresponding pulse shape can always be realized. ¥Weeds inequality, the relationship
between electrical and optical powers is taken into accoamd the transmitted signals (pulse
shapes) are designed in a feasible manner.

6) Effective Bandwidth Limitation:Considering a synchronous VLP system, the effective
bandwidth for theith LED transmitter is expressed as

via Parseval’s relation, wherg( ) denotes the Fourier transform gft) [41]. Since the intensity

of light cannot be changed in a very rapid manner due to haelimitations, there exist upper
limits on the effective bandwidths of the signalgt). Accordingly, the constraint regarding the

LED transmitters’ effective bandwidth limitation can beatsd as
~ub
E; < 47?diag{B }E, (21)

~u T
where 8 b a [(ﬁub,(l))27...7 (ﬁub,(NL))2i| specifies the upper bounds on the squares of the

effective bandwidths for the LED transmitters.

Remark 1. The constraint in(19) is not considered in [8] since only the amplitudes of pulse
shapes are optimized in that work. For the same reason, tleetefe bandwidths are fixed in

[8], hence,(21) does not apply, either.

Remark 2. The following assumptions are made in the remainder of thpepa

(A1) Regarding the constraints i{8) and (9), 17EY < E!°t is assumed for the feasibility of
the problems.

(A2) We assume thdf*t < 17EY" holds in order to exclude the trivial solutions.

(A3) The FIMs are assumed to be positive definite (inveitibleh that the CRLBs can be
calculated.

(A4) Itis assumed thak; # O foralli = 1,..., Ny, wherea; = [0c; /Ol 1, 0c; /Ol o, Ocv; /Ol 5] T

(please see the definition {{62)). This is a reasonable assumption sinege = 0 corresponds
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to an impractical scenario in which the received signal pogeguivalently, RSS measurement)

due to theith LED does not provide any location information (e.g., pleaed52)).2

C. CRLB Minimization Problems

The problems for maximizing the localization accuracy.(iminimizing the CRLB) are
formulated for the asynchronous and synchronous casegselyasince the optimization metrics
and the constraints differ for each case.

1) Asynchronous CaseBased on the constraints in (8), (9), (14), (16), and (19,dptimal

pulse design problem for the maximization of the local@ataccuracy can be formulated in the

asynchronous scenario as follows:

miél()i}élgze trace {J ) (Ez) } (22a)
subject to EY <E, <EY (22b)
17E, < Eft (22c)
d(x)"Ey>1,, (=1,...,L (22d)
Tovg(Eo) > Log (22¢)
diag{Eo} E¢ = diag{T;} E, (22f)

It is noted that the lower limits in the illumination constrs in (22d) and (22e) can be
determined by users depending on their specific needs. Genhpa the formulation in [8]
where only the electrical powers of LED transmitters areimizied, the proposed formulation
in (22) corresponds to the joint optimization of electrieald optical powers in the presence of
the additional constraint in (22f) and achieves the ovaatimal pulse design according to the
CRLB metric. The price paid for the improved performancehis tomputational complexity
since the dimensions of the optimization variables yeand 2V;, for the problems in [8] and
in this paper, respectively. However, the dimension ineeeaay not be crucial in most practical

systems since the problems are convex (please see Lemmaw) zeid they do not have to

2Such a scenario can occur only when a VLC receiver and an LEfsinitter cannot communicate, i.e., are not connected.
Such an LED transmitter can be excluded from the list of LE&h$mitters for localization of the VLC receiver. Hencesthi

scenario can be omitted from the theoretical analysis witthass of generality.
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be solved very frequently (i.e., location updates are noy W¥eequent in indoor localization
systems?§.

The reason for not considering the effective bandwidth tamg in (21) for the problem
formulation in (22) can be explained as follows: The CRLB regsion in (22a) does not
depend on th&; parameter in the asynchronous scenario (see (54)), whidiidtes the use of
sufficiently small values ofE; to to satisfy any given set of effective bandwidth constiain
(cf. Section IlI-E). In other words, suppose that any adbitrlimits exist for the effective
bandwidths in the system design. Then, some generic baselsifj.e.,s;(¢)’s in (38)) can be
chosen in an appropriate manner to satisfy those limitstlaga the scale and bias parameters of
those base signals can be optimized to determine the opsignal designs (see Section IlI-E).

In the following lemma, the convexity of the problem in (28)dstablished.
Lemma 1. The optimization problem if22) is convex.

Proof. The FIM for the asynchronous case is as expressed in (54) perdgix A. Using the
same argument as in Lemma 1 in [8], we conclude thate {Ja—sly(Ez)} is a convex function in
E,; hence, the objective function in (22a) is convex. Besidas,constraints in (22b)—(22e) are
linear (see (15)). In order to observe the convexity of thest@int in (22f), we can compute
the Hessian matrix for thé&h entry in the constraint as

9 72,(EY) Ty B EY

T(E) | -raB B (5)

(23)
which is a positive semidefinite matrix. Therefore, the obye function of the problem in (22)
is a convex function and its feasible set is a convex set. ,Timgsproblem in (22) is a convex

optimization problem [42]. [ |

The following lemma states that the optimal pulse desigampeaters attain the total electrical
power limit for the LED transmitters, i.e., (22c) is satigfieiith equality when there exists a

solution of (22) under the assumptions in Remark 2.

Lemma 2. When the problem i1§22) is feasible, its solution satisfies the inequality constrai

in (22c) with equality.

%In the absence of illumination constraints, localizatiam qerformed even though the LEDs are conceived to be off by

performing location updates occasionally.
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Proof. To prove the claim in the lemma via contradiction, suppﬁgés a solution of (22) with
17E, < E'°t (and satisfies all the constraints). Singg* < 17E® is assumed to hold (please
see (A2) in Remark 2), there exists a vecly = [ES", ... E{"]T such thatel” = E for
allie{l,....,N.}\{j} andEY) — EY) = A > 0. Here, A is chosen sufficiently small so as
to satisfy both (22b) and (22c) fd, = E,. (The constraint in (22f) is satisfied automatically.)

From (52) in Appendix A (withE{” = 0 Vi), the difference between the FIMs corresponding
to E, andE, can be computed as

RA .,

Ty (Ba) = Juy (B2) = 15~ & &; (24)

wherej is the index for whichEl) — E{) = A and&; £ [0a;/0l, 1, da; /Ol 5, Dav; Ol 5)T. By
invoking the Woodbury matrix inversion lemma [43], the &lling relations are obtained:

-1
Jasy(EZ) <Jasy(E2) + aj Y a?)
1 —1
_ E ~T ~T v ~
= Jasi/(EQ) - Jasy(EQ)a] ( Jasy(E2>a] + ’Y) 8% Jas;(EQ)

L(Eya, J E,) (25)

asy (

wherey £ R?2A/0? > 0 andk £ & J;!
Jasy(Ez). Then, we have

(E2)aj + 1/ > 0 due to the positive definiteness of

asy

trace{J o, )} = trace{J (E, )} - —trace{Jasy E,)a »NTJaSy(Eg)}

asy asy

< trace{JaSy Eg)} (26)

sincek > 0 and trace{J ;.
with M £ J

is shown thath cannot be a solution of (22) sinde, achieves a lower objective value and

(Es)&;&) J,.L(E)} > 0 due to the positive definiteness MM

asy

o (E 2). (Note thata; # 0 due to assumption (A4) in Remark 2.) Hence, it
satisfies the constraints in (22)This results in a contradiction to the initial assumptiord an
implies that a feasible vectdt, with 17E, < Et°t cannot be a solution of (22) under the stated

conditions. Therefore, solutions of (22) must satisfy tbastraint in (22c) with equality. B

“More generally, it is shown that the objective function i242is a monotone decreasing function with respect to thaesiées
of E-.
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Based on Lemma 2, the problem in (22) can be expressed adltheifg convex optimization

problem:
miéloi%gze trace {J ;;Y(Ez)} (27a)
subject to EY <E, <EY (27b)
17E, = B (27¢)
d(x)"Eg>Ty, (=1,...,L (27d)
Tovg(Eo) > i-avg (27e)
diag{E¢} Eq < diag{T,} E,. (271)

where the inequality constraint in (22c) is replaced witha dyuality constraint in (27¢), leading
to a reduction in the search space.
2) Synchronous CaseBased on the constraints in (8), (9), (14), (16), (19), ant),(2he

optimal pulse design problem for the maximization of theal@ation accuracy can be formulated

in the synchronous scenario as follows:

r%ior’lérlr’%%e trace {J1.(E1, Eo) } (28a)
subject to EP <E, < E (28b)
17E, < Ei (28c¢)
d(x)"Ey>1,, (=1,...,L (28d)
Tavg(Bo) > Tovg (28e)
diag{Eo}E¢ = diag{T,}E; (28f)
B, < 47 diag{B" }E, (289)

Compared to the formulation in [8] where only the electripalwers of LED transmitters are
optimized, the joint optimization over all the pulse paréeng (equivalently, electrical powers,
optical powers, and effective bandwidths) are performe({@B), leading to the overall optimal
pulse design according to the CRLB metric.

In the following lemma, the convexity of the problem in (28)stated.

Lemma 3. The optimization problem i28) is convex.
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Proof. Using a similar reasoning as in the proof of Lemma 1, we canvghat the feasible set
of (28) corresponds to a convex set. In order to show the cttyvef the objective function,
we define the parameter vector &g [E{, EﬂT € R?M. and reexpress the objective function
in (28a) as

f(6) = trace {J\ (E1,E,)}

syn

— trace{ [(T; @ Eo)"T + (I; ® E,)"T] 7'}, (29)

where we employ the FIM expression for the synchronous aga¢g5) in Appendix A.
For anyf* = [E;7, E;T]T € R?M., § = [ET, EI)T € R*M., and\ € [0, 1], we can obtain the

following relations:
FA0* + (1= N)8) = trace{ [(T; ® (\Ej + (1 — A)Ey))'T
+ (I, @ (AE} + (1 — MEy))'T] 7'}

< Atrace{ [(I; @ E3)'T + (I; ® E“{)Tf‘} _1}

+ (1= ) trace{ [(Ty ® By) T + (I, © B1)"T) '}
<AF(6") + (1= N f(6) (30)

where we use the fact thatace{M~'} is a convex function foM = 0. The relation in (30)
proves that the objective function is a convex functiordphence, ofE; and E,.
Since the feasible set of the problem in (28) is a convex seétthe objective function is a

convex function, the problem in (28) is a convex optimizatgroblem. |

The following lemma specifies the monotone decreasing eatfithe objective function in
(28a), which leads to the fact that the optimal pulse desigrampeters satisfy the inequality

constraints in (28c) and (28g) with equality.

Lemma 4. The objective function i{28a)is monotone decreasing with respectﬂ’ﬁ) and Eéi),
for all i € {1,..., Np}, and the solution of the problem {28), if feasible, satisfie§28c) and
(28g) with equality.

Proof. From (55) in Appendix A, the objective function of the praflén (28) can be expressed
as f(Ey, Ey) 2 trace{ [(I; ® E5)"T + (Is ® E;)"T] "' }. In order to show the monotonicity of
this function with respect to the elementsky, we define a new vectdt, = [E\", ... BT,
where EY) = EW forall i € {1,...,N.}\ {j} and EY) = EY) 4+ A for A > 0. Then, the



18

difference between the FIMs correspondingipand E; can be found, via (53) (withe.” =
Vi), as

- R202A _
szn(Eb E2) - szn(Eb E2) = po_; Tj’r? (31)

with j is the index for whichEY) — EY) = A and7; £ (97, /0l,.,, 07, /O, 07, /01, 5]7. Then,

via the Woodbury matrix inversion lemma, we can show that
-1
sz“(El’ E,) = (szn(Ela E;) +7; 7??)

_ 1\ L
- szn<E17 E2) - szn<E17 E2)TJ (T szn<E17 E2)Tj + ;) Tszn(E17 E2)

1

E,E;) ——J

- szn( ]{7 syn(E17 E2>T]T szn(E17 E2) (32)

with v £ R2a2A /0% > 0 andk £ 7]
of Jyn(E1, E2). Then, we have

om(E1, E2)T; + 1/~ > 0, due to the positive definiteness

trace{J_ ( El,Eg)} = trace{J,(E1, Ey) } — —trace{JSyn Ey, Ep)7;7; szn(El,E2)}

< trace{J (Eq, Eg)} (33)

syn

h(ELE)T 7T

E,, E,).° This establishes the monotone decreasing property(Bf, E;) with

sincetrace{J
M £ 7]

n(E1, E2)} > 0 due to the positive definiteness Bf”M, with

syn(
respect to the elements &f;.

Similarly, we can defind, = [E{", ..., E"VIT, whereES) = ES” for all i € {1,..., Ny} \
{¢} and E;@ = Ey) + A for A > 0. Then, the difference between the FIMs corresponding to
E, andE, can be found, via (53) (WitlEéi) =0 Vi), as

szn(Ela EZ) - szn(Ela EZ) = (8718 %) (34)

with &y £ [day /0,1, 0cy /. 2, Oc /DI, 3)T . Following the same lines as in the proof of Lemma 2,
we observe thaf (E,, E,) is a monotone decreasing function with respeckEto

Overall, the objective function in (28a) is monotone desnaeg with respect to the elements of
E, andE,. Therefore, if a vectoE, is feasible for (28) withlTE, < E!°t, then the arguments in
the proof of Lemma 2 can be invoked to show that we can cortsainamther feasible vector that

achieves a lower objective value. Hence, a ve@tgwith 17E, < E!°* cannot be the solution

®Please note that; # 0 for each; since the VLC receiver cannot be at the same location as aitlyeof ED transmitters
(see (63)).
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of (28); i.e., (28c) must be satisfied with equality. Simitarf a vector E; is feasible for (28)
with E, < 472 diag{8" }E,, then there exists another feasible vediar= [E",..., E™)|T,
where B = EY forall i € {1,..., N} \ {j} and EY) = EY) + A with a sufficiently small
A > 0. Due to the monotonicity of the objective function in (28a}hwrespect to the elements
of E;, El achieves a lower objective function; hen&, cannot be a solution; i.e., solutions of

(28c) must satisfy (28g) with equality. [ |

As Lemma 4 claims, solutions of the optimization problem 28)( satisfy the inequality
constraints in (28c) and (28g) with equality. Hence, thebpm in (28) can equivalently be

expressed as the following convex optimization problem:

miél()i}élgze trace{J s_y; (47 diag{EUb}Eg, E,)} (35a)
subject to EY < E, < E (35b)
1"E, = B (35¢)
d(x)"Eg>Ty, (=1,... L (35d)
Tovg(Eo) > Log (35¢€)
diag{Eo}Eq =< diag{T;}E,. (35f)

where the equality condition for (289) is used to expissn terms ofE,, and (28c) is replaced
with the equality constraint in (35c). Comparing the orajiproblem in (28) and the equivalent
problem in (35), it can be observed that the number of opation variables is reduced by a

factor of 2/3, namely, from[El, ET, EI]” € R3M to [E], EI]T € R?M.

D. Total Power Minimization Problems

The problem of ensuring minimum power consumption in LEDhsraitters in a VLP system
can be examined in the presence of practical power and #laticin constraints as in the
problems presented in Section IlI-C, with the addition oéquirement regarding the localization
accuracy [8]. Using the CRLB as a metric for the localizatoror performance, the total power

minimization problem can be investigated for asynchrorens synchronous cases as follows.
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1) Asynchronous CaseThe total power minimization problem for an asynchronousPVL

system can be formulated as

miéloi%gze 17E, (36a)
subject to EY <E, <EY (36b)
d(x)"Ey>1Ty, (=1,... L (36¢)
Tovg(Eo) > Log (36d)
diag{Eo}E( = diag{T,}E, (36¢€)
trace {J;S;(Eg)} < €asy (36f)

where €,,, stands for the maximum tolerable CRLB level for the locdlaa of the VLC
receiver in the asynchronous scenario. Using the facttthat {J, . (E,)} is a convex function
(Lemma 1), it is observed that the problem in (36) is a convatin@zation problem.

2) Synchronous CaseThe total power minimization problem for a synchronous ViyBtem

can be formulated as

minimize 17E, (37a)
Eo,E1,E2
subject to E12b < E; < Egb (37b)
¢(XZ)TEO Z:’Zfa (= 17"'7L (370)
Iavg(EO) 2 -:i.avg (37d)
diag{Eo} E¢ = diag{T;} E, (37e)
~ub
E, < 47° diag{8 }E, (371)
trace {Js_y;(El, Eg)} < €syn (379)

wheree,,, stands for the maximum tolerable CRLB level for the locdlaaof the VLC receiver
in the synchronous scenario. The problem in (37) is a conpéixndzation problem as well, since
its constraints are linear or convex and its objective fiamcts linear.

The proposed total power minimization problems in (36) aBd) (provide a more generic
approach than the total power minimization approach in [Bexe only the electrical powers of
LED transmitters are optimized. Therefore, improved poeficiency can be achieved via the

proposed formulations, as investigated in Section IV.
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Remark 3. In the proposed optimization problems in Sections III-C &, it is assumed
that the localization parameters are perfectly known. B tbcalization parameters are known
with some uncertainty (i.e., in the presence of imperfecwkedge), the robust formulations
of the proposed problems can be obtained similarly to thaseudsed in [8] and [23] in a

straightforward manner.

E. Calculation of Optimal Pulse Design Parameters

In this part, the main aim is to come up with signal shapes toatply with the optimal
values ofE,, E;, and E,, namely, Ej, E;, and E}, respectively, that are determined via the

solutions of the aforementioned optimization problemd. e choose the transmitted pulses as

si(t) = V/PE(t) + by, t €0, T, (38)
for i = 1,..., Ny, where3;(t) is a generic base signal, afd,} ", and {b;} ", respectively,

are the scale and bias terms. Here, we remark that our pro@g@oach to the problem in
terms of more general parameters related to signals Kg.E;, andE,) facilitates design of
transmit pulses with two and three degrees of freedom in fiyachronous and synchronous
cases, respectively, contrary to the power allocation@ggr in [8] employing only one design
parameter for each pulse, nameRy,

Using the definitions in (5), (6), and (11) for the signal mladg38), we obtain the following

relations:
EY = /BEY + 0T, (39)
E1 _p E1 (40)
B9 = PES) + 2/ PES + ., “

where £ fo‘”’ tydt, BV £ [T1(d5,(¢)/dt)* dt and ES” 2 [1(5,(4))* dt for i =
1,..., Vg, andE ) denotes theth component of; for k =0,1,2 andi =1,..., Np.
In the asynchronous scenario, for given optimal valE¢sand E3, the optimal pulse design
parameters can be calculated from (39) and (41) as
E;(i)Tsi . (Eg(i))Z

P=——" — 42
ES)TSJ . (E(()z))Q ( )

b, = ES(Z) . Eél) 2 ’ ( 0 )

— — 43
Ts,i EQZ)TS,i . (E.Oz))Q ( )



22

fori=1,..., N, considering any given set of base signals.

In the synchronous scenario, as the optimal valuds;ofs; and E; are specified, we require
an additional pulse design parameter to adjust the effettandwidthB; of the ith base signal
s;(t), which is computed as

~ 1 N~
Bi= EVJEY i=1,... N, (44)

Then, for givenEj, E; and E3, this pulse design parameter is determined via (40) and 444)

=1 | BYE T, - (ED))
Co2r\ BV (BT, — (7))

fori = 1,..., N, while the other pulse design parametétsand b; are found via (42) and

(45)

(43), respectively.

IV. NUMERICAL RESULTS

In this section, we present numerical results that illustthe performance of the proposed
optimal pulse design methodology for the problems of CRLBiimization and total power
minimization. We simulate a VLP setup with parameters agmiv Table | [8] and compare
the results of the proposed approaches with the uniform atichal power allocation strategies
specified in [8f We also consider the uniform electrical power distributscheme which refers
to B\ = Ett/N,, fori=1,...,N,, subject to (22b)—(22f) as another baseline to evaluate the
outcomes. This approach is labeled as “Pulse design (umjifan the figures. For solving the
optimization problems in (27), (35), (36), and (37), therioon function of MATLAB is used
with the interior-point algorithm.

In order to be in accordance with the work in [8], we choose lmase signals as

- 2

5i(t) = 3 (1 — cos(27rt/Ts,i)) (1 + COS(27ch7it)), t€0,Ts,] (46)
As in [8], we calculate the average illuminance in (15) ove horizontal plane of the room at a fixed heightloh and

also convert the LED optical power limits in Table | to indivial electrical power limits in (8) by scaling their squareish
9T, /4 [8, Sec. VII-A].
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Parameter Value

Room dimensions 10x 10 x5m
Number of LED transmittersiVy, 4

Location of LED #1,I{ 115%m
Location of LED #2,I7 1957 m
Location of LED #3,1} 9157 m
Location of LED #4,I¢ 9957 m
Orientation of LEDsn!, i =1, 2, 3, 4 oo —1)7
Number of illumination constraintd, 4

Location of illumination constraint #1x; | [1 1 1]7 m
Location of illumination constraint #2. | [19 1]7 m
Location of illumination constraint #3¢3 91 1]T m
Location of illumination constraint #4¢xs | [99 1]7 m
Orientation of VLC receivern, [0.5 0 0.866]T
Photo detector responsivity, 0.4 mA/mwW
Area of photo detectorS 1 cm?

Noise spectral density leveh;? 1.3381 x 10722 W/Hz
LED Lambertian orderm;, i =1,2,3,4 | 1

LED luminous efficacyxi, i =1, 2, 3,4 | 284 Im/W
Pulse width, T ;, i =1, 2, 3, 4 1us

Min. LED optical power 5W

Max. LED optical power 20 W

TABLE [: Simulation parameters.

Then, the parameters of the base signals appearing in 39)eén be expressed as

. 2 Ts,i
Eé’) =3 (Tsﬂ- —|—/ cos(2m feit) (1 — cos(2mt /T ;) dt) (47)
0
s 1672 Tsi in(2mt Tsi ’
E® = Tﬂ (Sm(;#(l + cos(27 foit)) — feisin(2m foit) (1 — Cos(27rt/Ts,i))) dt
0 ER)

(48)
so _ 4 [ 2 ?
EY = 5 (1 — COS(27Tt/Ts,i)) (1 + cos(27rfc7l-t)) dt (49)

0

In the asynchronous scenario, for the obtained optimalesgakf E, and E, (i.e., Ej and

5, respectively), the signal design parametdfs,and b;, can be determined from (42) and
(43) based on the values in (47) and (49), whgrgs can be set to any desired values without
affecting the optimality (as they can be considered as fezarpeters in the asynchronous case).

For simplicity, when we sef.,’s to integer multiples oft /T ; except forl/T,; or 2/T;, (47)
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Fig. 2: CRLB on the MSE of location estimator versus averagyeqy consumption on LEDs in asynchronous scenario forrdiffe
receiver locations and different illuminance requirenseit;, Zave) () (Zz, Zave) = (50,10) Ix and (b) (Z¢, Zave) = (30, 30)
Ix for ¢ =1, 2, 3, 4.

Average electrical power limit | 100 W 250 W 400 W

Py, Py, Ps, Py (proposed) 2.143,27.29, 23.56, 1.967 | 35.08, 185.2, 157.2, 6.042 86.4,405.7, 341, 15.83

b1, b2, b3, by (proposed) 6.97,7.97,7.35,7.01 4.79,9.91,8.77, 5.89 4.21,9.58,8.49, 4.95

Pi, Py, Ps, Py (in [8]) infeasible 143.71, 386.04, 328.2, 142.04 | 147.41,728.1, 601.16, 123.32

TABLE II: Sample pulse design parameters for an asynchrendlP setup withZ, = 50 Ix for
(=1,2, 3,4, favg = 10 Ix, and receiver locatioth. = [3,3,0.5] m.

and (49) reduce t&&\) = 27T,,/3 and EY = T, respectively. On the other hand, for the
synchronous scenario, in the light of the discussion iniGedtl-E, we regardf, ;s as design
parameters, which modify the bandwidthssgft)’s. In this case, for the obtained optimal values
of Ey, E;, andE, (i.e., E{, Ej, andE3, respectively), the signal design parameté?s,b;, and
f-i, are determined from (40), (42), and (43) via (47)—(49).

In the numerical experiments, we first investigate the CRLiBimization problem for both the
asynchronous and synchronous VLP scenarios under the \AtBrsyconstraints related to power
consumption and ambient illumination levels. The optimBRIL® levels achieved by the solution

of the asynchronous CRLB minimization problem in (27) verslifferent levels of average
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Fig. 3: CRLB on the MSE of location estimator versus averagegy consumption on LEDs in synchronous scenario for
different effective bandwidthss"™® = 5.77 or 57.73 MHz for i = 1, 2, 3, 4, receiver locationl, = [3,3,0.5] m, and

illuminance requirement; = Z.,, = 30 Ix for £ =1, 2, 3, 4.

Average electrical power limit 100 W 250 W 400 W

Py, P2, P, Py (proposed)

3.24,0.116, 2.069, 0.0745

272.1,23.45,183.7,13.78

258.2,5.628,174.2, 3.489

b1, b2, b3, bs (proposed)

11.6, 7.669, 9.401, 7.782

7.463,5.285,6.65, 5.694

16.04, 5.849, 14.19, 6.193

fe1s fe2, fe.3, fe.a [MHZ] (proposed)

71.45,232.1,72.36,291.7

13.4,19.06, 13.72,23.2

18.2,32.16, 18.91, 40.48

Py, P, P3, Py (in [8])

infeasible

432.2,138.6,288.1, 141.1

737.5,170.2,539.2, 153.2

TABLE llI: Sample pulse design parameters for a synchrongu® setup withZ, = 50 Ix
for £ = 1,2, 3,4, Zoyg = 10 Ix, 8" = 5.77 MHz for i
l, =[3,3,0.5] m.

1, 2, 3, 4, and receiver location

electrical power consumption are illustrated in Fig. 2 €lgld as “Pulse design (optimal)”) for
various VLC receiver locations and various illuminatiomilis, together with the other methods;
namely, the optimal and uniform power allocation algorithin [8], and the uniform pulse
design approach. (The square-root of the objective fundtio22a) achieved by each approach
is presented in thg axes.) It can be observed from the figures that the introdncif a second
degree of freedom on the transmit pulse design leads to wedrperformance in terms of the
CRLB for relatively low values of total available power. Maver, the proposed approach yields

a feasible solution even for lower total power limits whdre bptimal power allocation approach
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Fig. 4: Average power consumption on LEDs in asynchronoesato for receiver locatioh = [3, 3,0.5] m and illuminance
requirementZ; = Zay = 30 Ix for £ =1, 2, 3, 4.
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Fig. 5: Average power consumption on LEDs in synchronousate for receiver location, = [3,3,0.5] m, illuminance
requirementfe = favg =30 Ix for £ =1, 2, 3, 4, and effective bandwidth limitatio"> ) = 57.73 MHz for i = 1, 2, 3, 4.

in [8] is not feasible for given illumination level requiremts. The main reason why the proposed
approach can ensure feasibility at a lower total electnmaler than the existing approach is

related to the flexibility of adjusting thE, and E, parameters (equivalently, the scale and bias
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Fig. 6: RMSEs of ML estimators (MLEs) an@RLB values (in meters) for different approaches versus avepmyeer
consumption on LEDs for receiver location = [3,3,0.5] m, and illumination requirements; = 50 IX, Zavs = 10 Ix for
£=1, 2, 3, 4, (a) for asynchronous scenario and (b) for synchronousasicewith effective bandwidth limitatio">®) = 5.77

MHz fori =1, 2, 3, 4.

terms) in the proposed pulse design approach. On the otimel, lnaly the amplitudes of the

pulse shapes are controlled in the optimal power allocajproach in [8]. It is also noted from

Fig. 2 that the significance of the performance improvemprasided by the proposed approach
depends on the location of the VLC receiver. Furthermtire performance of the uniform pulse
design (power allocation) can asymptotically approach t¢iidhe optimal pulse design (power
allocation) at high average electrical power consumptiocesthe electrical powers of all the

signals reach the upper limit on the individual electricalvers.

The CRLB performance in the synchronous VLP scenario, wincbbtained through the
solution of the synchronous CRLB minimization problem dimd in (35), is also investigated
for two different effective bandwidth limitations, as ifitrated in Fig. 3. Related to the statement
in Lemma 4 about the attainment of the upper bound on thetefiebandwidth to obtain the
optimal CRLB, it is noted that the usage of a higher bandwrétults in lower CRLB levels.
Besides, the same observations regarding the wider féfsiegion and the lower CRLB values

for the proposed approach than those in [8] can be made as @msimchronous case. Moreover,



28

it is noted that the algorithms achieve very close perforedior high effective bandwidths.

Example values for the optimal pulse design parametersitoasynchronous and synchronous
scenarios corresponding to the proposed pulse designagpas well as to that in [8] are shown
in Tables II and lll, respectively. The values in the tablibgstrate the flexibility provided by
the proposed pulse design approach. For example, in thel@®yrous case in Table Il, the
proposed optimal approach can optimize bdthand b; in (38) whereas the optimal power
allocation approach in [8] can adjust only (i.e., sets); = 0).

Next, the total power minimization problem is examined feyrechronous and synchronous
VLP configurations. For the asynchronous scenario, thetisalwf the minimum power con-
sumption problem in (36) is demonstrated as in Fig. 4. It iseobed that the optimal pulse
design approach achieves a lower total electrical powesuwoption than the optimal power
allocation approach and the uniform power allocation apg@hnofor a range of desired CRLB
levels. In Fig. 5, the minimum power consumption levels fog synchronous scenario, obtained
through the solution of the problem in (37), is illustrat¥de can observe that in the proposed
approach, the LEDs require lower electrical powers in otdesatisfy the desired CRLB levels
than the other approaches, and power savings can be arota/bén the required CRLB level
is not very low.

Finally, to evaluate the benefits of the proposed approacipractical estimators, we imple-
ment the ML estimators fok. in the synchronous and asynchronous scenarios, n&sryﬁlednd

[ respectively, which can be obtained as [35]

r

svn NL Tg’i .
Iry = arg mlaxz <ozi / ri(t)s;(t — ;) dt — O.5Rpozi2E§Z)) (50)
To=1 T
and
N _ ‘
™ = arg max Z (&iC;s - O.5RpozZ2E§Z)) (51)
"=l

whereC', £ 7? ri(t)s;(t—7;) dt and7; is the ML estimate of;, namely,7; = arg max, fT? ri(t)s;(t—
7;) dt. Based on the signal parameters obtained for differentoambes, the root MSE (RMSE)
values for the ML estimators (MLESs) together with the CRLBues are presented in Fig. 6 for
the asynchronous and synchronous scenarios. The resstify jine legitimacy of the CRLB as

a performance metric for the considered problem and inelidzt the proposed optimal pulse

design approach can provide lower RMSEs than the altematiethodologies. It is also noted
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that the ML estimators cannot converge to the CRLBs due tgptheence of upper limits on

the individual electrical powers of the LED transmitters.

V. CONCLUDING REMARKS

In this paper, we proposed the approach of optimal pulseesbapign for LED transmitters
in asynchronous and synchronous VLP systems with the dgeof improved localization
performance under several system constraints regardiy p&wvers and illumination levels.
In addition, we formulated the problem of optimal pulse dasfor minimum total power
consumption in LEDs under a certain requirement on the iza@bn performance. All the
proposed optimization problems were proved to be convexcéi¢hey can be solved efficiently
via standard convex optimization tools. In addition, sonfighe inequality constraints were
shown to hold with equalities, which reduces the searchespadhe optimization problems.
Via numerical examples, performance gains in localizapenformance and/or power saving
were demonstrated, which are due to increased degree obfree the proposed optimization
problems in comparison to that in [8]. In particular, ele@l power consumption can be reduced
by around45% or localization accuracy can be improved by as mucR5 via the proposed
optimal pulse design approach in certain scenarios.

Overall, the main rationale behind the proposed approaishtbst under given practical con-
straints on electrical powers, illumination levels, amdffective bandwidths, we can design pulse
shapes in an optimal manner to maximize the localizationraoy (or, to minimize the energy
consumption). It is observed that significant improvemerats be achieved in some scenarios
by satisfying all the practical constraints. In additiohe tproposed optimization problems for
the pulse design approaches are convex and they can be selmedapidly via standard tools.
Moreover, the proposed optimization algorithms do not htvée solved very frequently as
location updates are not very frequent in indoor local@asystems. As an important direction
for future work, experiments can be conducted to assessiinefibs of the proposed pulse design

approaches.
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APPENDIX

A. FIMs for the VLP System

The (k1, ko)th element of the FIM for the asynchronous VLP system modellmaexpressed

as [35] 9 N (1)
Rz Mo v (B3 Oy Oay
Jas - _P E(Z) - 3- : Z 52
[ Y]khkz o2 ; < 2 E§Z) alr,kl alr,kz ( )

for ky, ke € {1, 2, 3}, with E 2 , andE( being as defined in (5), (6), and (7), respectively.

The (kq, k2)th element of the FIM for the synchronous VLP system model lmarfound as
[35]

2 Ny,
Oai 804,- i) 9 8’7}' 073 i) Oai 073 8’7}' 804,-
syn — E : _E i
[ Y kl ke 2 Z [ alr,kl alr,/@ R 8lr,k1 8lr,k2 3 8lr,lﬂ 8lr,kz " alr,kl 8lr,kz

(53)

for ki, ko € {1, 2, 3}
With the assumption in Section Ill-A induced, i.eEgi) =0, i=1,...,Np, the FIMsJ,,
andJg,, can be expressed as

Jasy(E2) = (13 ® EZ)T r (54)
and
Jon(Bp, Ey) = (It @ Ey)'T + (I; @ Ey)'T (55)
with
Y11 Y12 Y13
r= Y21 Y22 V23| € RN (56)
Y31 V32 V33
a [ )1t o
Yiiko = [Vkl,kzw'-v%l,kg] eR (57)
; R doy; Doy
(4) A Thp ) i .
= — =1...., NV 58
Teke = G Gl Dy (58)
’71,1 ’71,2 ’71,3
r= ’72,1 ’72,2 ’72,3 € RIS (59)
’73,1 ’73,2 ’73,3

T
~ ~(1 ~(IV;
Vit 2 [Tihar -] € R (60)
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;\y/(l) A R—Zoﬂ 073 073
k1,kz 0’2 ¢ 8lr,k1 8lr7k2 ’

for kq, ko € {1, 2, 3}, wherel; stands for the x 3 identity matrix andx denotes the Kronecker

i=1,..., Ny (61)

product. To compute the values in (58) and (61), we note

Oa; __(mit+1)S ( (=)™

(mi ni,k(lr — 19", 4+ n, (1 — |i)Tn1i;)

Oy 2 e — 13]jmat?
(mi +3) (L — 1) T\ i
N I — |iHmi+5t7 ((Ir - lt)Tnt) (I — It)an) (62)
r — Iy

and ,
87}' lrk_lzk

- : 63

T - (63)

fori=1,...,Nyandk =1, 2, 3 [35].
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