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Abstract—In this paper, distance and position estimation prob- light communication (VLC) receiver. It is shown that the
lems are investigated for visible light positioning (VLP) ystems distance related information contained in the TOA paramete
with red-green-blue (RGB) light emitting diodes (LEDs). The  yhich can be utilized in the presence of synchronization)
accuracy limits on distance and position estimation are caulated . . . . .
in terms of the Cramér-Rao lower bound (CRLB) for three ~INCréases with the effective bandwidth of the transmitted
different scenarios. Scenario 1 and Scenario 2 correspondot Optical waveform. Therefore, synchronous VLP systems can
synchronous and asynchronous systems, respectively, wiknown provide performance improvements over asynchronous ones
channel attenuation formulas at the receiver. In Scenario 3asyn-  only for sufficiently high effective bandwidths.
chronous system is considered but channel attenuation foroas Regarding the position estimation problem in visible light

are not known at the receiver. The derived CRLB expressions t both th tical limit d ical .
reveal the relations among distance/position estimationauracies systems, bo eoretical limits and practical estimates

in the considered scenarios and lead to intuitive explanatins for ~ investigated in a multitude of studies such as [13]-[21]. In
the benefits of using RGB LEDs. In addition, maximum likelihood [14], the CRLB is derived for three-dimensional localipati
(ML) estimators are derived in all scenarios, and itis showrthat  jn an indoor VLP system based on RSS information by
they can achieve close performance to the CRLBS in some caseg;onsidering a generic configuration for LED transmitterd an
for sufficiently high source optical powers. ; deali VLC receiver. In [15] and [16], two-dimensional RSS-based
Index Terms—Cramér-Rao lower bound, maximum likelihood Rt i ) ' ;
estimation, LED, positioning, RGB, visible light. localization is studied under the assumption of a known re-
ceiver height, and an analytical CRLB expression is derined
the considered setting. The work in [13] provides the CRLBs
|. INTRODUCTION for three dimensional position estimation in synchronoug a
Visible light positioning (VLP) systems have attracted-sigasynchronous VLP systems by employing RSS and/or TOA
nificant attention in recent studies due to their low-codd aparameters. In addition, it presents the maximum likeldhoo
high-accuracy characteristics ([2], [3], and referenbesdin). (ML) estimators for synchronous and asynchronous settings
In addition, they incur very low deployment cost as they afgy employing direct and two-step positioning approaches.
already employed for illumination. VLP systems with highnstead of the RSS and TOA parameters, angle-of-arrival
localization accuracy can facilitate various applicasimuch (AOA), time-difference-of-arrival (TDOA), or a combinati
as real-time robot control, patient monitoring, and wareteo of multiple parameters are employed in [14], [22]-[26] for
management [4]-[6]. position estimation in visible light systems. For exampleth
Among various theoretical and experimental studies rélatAOA and RSS parameters are utilized in [14] to perform three-
to VLP systems, a group of them focuses on determination difnensional localization of VLC receivers. By taking a dire
accuracy limits related to distance and position estimdfi¢— positioning approach, [18] proposes an asynchronous VLP
[13]. Accuracy limits provide theoretical performance hda system in which a Bayesian signal model is constructed for
for a large class of estimators (such as unbiased estimatgrssition estimation based on the entire received signah fro
and they can present guidelines for system design undeultiple LEDs in the presence of obstruction of signals from
specific accuracy requirements. In [7], the Cramér-Racetowseveral LEDs.
bound (CRLB) is obtained for distance estimation based onAlthough the theoretical limits on distance and position es
the time-of-arrival (TOA) parameter in a synchronous VLEmation and corresponding ML estimators are investig&ted
system and the dependence of the CRLB on various syst¥inP systems with white LEDs in [7]-[11], [13], they are not
parameters is investigated. In [8], the CRLB is derived favailable for VLP systems with red-green-blue (RGB) LEDs in
distance estimation in an asynchronous VLP system, whéhe literature. Since RGB LEDs can provide additional besiefi
the distance related information in the received signaingfth for visible light systems [27], [28], analysis of theoreiic
(RSS) parameter is utilized. The work in [9] focuses ohmits and derivation of ML estimators are crucial for VLP
the distance estimation problem for both synchronous amdstems with RGB LEDs, as well. The aim of this paper
asynchronous VLP systems, and considers the cases of kndsvito provide a detailed analysis of the position estimation
and unknown channel attenuation formulas at the visibpgoblem in visible light systems with RGB LEDs. We focus
. . , ) on three scenarios where Scenario 1 and Scenario 2 corre-
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problem for VLP systems with RGB LEDs by considering he VLC receiver processes the incoming optical signalsfro

a specific setting with a known VLC receiver height, anthe LED transmitters via three parallel photodetectorss)PD
derive the CRLBs and ML estimators. Then, we considepnrresponding to red, green, and blue signals. It is assumed
the generic three-dimensional localization problem faible that a certain type of a multiple access protocol is empl@ated
light systems with RGB LEDs and derive the CRLBs anthe VLC receiver so that signals from the LED transmitters ca
ML estimators. The provided CRLB expressions and Mbe processed separately [13], [30]. Accordingly, the failig
estimators generalize the ones in the literature [9], [18] alectrical signals are observed at the VLC receiver:

there exist three parallel channels in RGB based VLP systems

In addition, Scenario 3, which is not considered in [13], kipy Tk g Jk(p_ -k k

is investigated for VLP systems with both white and RGB vy (1) Zhwﬁw i (t ! ) () @)
LEDs. The main contributions and novelty of this paper can

be summarized as follows: for k € {1,...,NL}, j € C andt € [T}, TF;], whereC
« The CRLBs and the ML estimators are derived foi as defined in (1)le7], and TQ’fj specify the observation
distanceestimation in VLP systems with RGB LEDsinterval for PDj related to the signal coming from theh
for the first time in the literature. The obtained resultsED transmitterﬁéﬁi is the channel attenuation factor for BD
generalize those in [9] to VLP systems with RGB LED$n( theith signal (color) of thesth LED transmitter k%, > 0),
and reveal the benefits of employing RGB LEDs fo. . is the responsivity of PD) to the ith signal (color),*
distance estimation. is the TOA parameter related to ttiéh LED transmitter, and

- The CRLBs and the ML estimators are derived fopk(y) is the noise at PDj during the reception of the signal
generic three-dimensionglosition estimation in VLP  f6m the kth LED transmitter.

systems with RGB LEDs for the first time in the lit-

ieC

The noise termsnf(t) in (2) are modeled as zero-mean

erature. In this way, not only the results in [13] arg i ; : :
. ite Gaussian random processes with a spectral density
extended to VLP systems with RGB LEDs but also fvel of ch2-, which are assumed to be independent for all

synchronous scenario with unknown channel attenuati(}%ne (1 Ni} and for allj € C. Theo? terms are modeled

formulas (Scenario 3) is investigated, which is not COMNs known parameters. The independer%ce for differémdices
sidered in [13].

Via the derived CRLB _ th lati is due to the processing at different branches (PDs) of the
+ Vvia the derived expressions, the relations amongy = racejver. Also, since a type of multiple access protocol
the distance/position estimation accuracies are revéale

) . ; _ ch as time-division or frequency-division multiple ess) is
the considered scenarlos and the benefits of using R Sé:ad for observing the signals from different LED transengt
LEDs can be quantified.

- ) _ ) individually, the noise terms depend on the LED transmitter
In addition, numerical examples are provided to illustrié® jngex and are modeled as independent processes for different
theoretical results and to compare the performance of th§ndices. The transmitted signasé (#) are nonzero over an
ML estimators against the corresponding CRLBs in varioygierval of [0,7%] for k € {1,...,Np} andi € C, and they
scenarios. (In the conference version of this paper [1} t/® 5re assumed to be completely known by the VLC receiver [7],

distanceestimation problem was investigated for VLP systemg 3]t Also, the TOA parameter in (2) can be expressed as
with RGB LEDs.)

The remainder of the paper is organized as follows: Sec- I, — lkH
tion Il introduces the VLP system model with RGB LEDs. rh= BT 22 4 AR ©)
Then, the derivations of the CRLBs and ML estimators for ¢

distance estimation are performed in Section Ill. In Sechig, wherec denotes the speed of light anif* is the time offset

tth[ %egergl case gf;fgee-dgm:ﬂns |ont§1I Iotcallz?_t;]on ISSIVE | otween the clocks of thith LED transmitter and the VLC
gated Dy deriving S an estimators. The numerlc%ceiver. For synchronous VLP systems, each LED tranamitte

examples are presented_ in Sec_tion V, which are followed Pé’ synchronized with the VLC receiver: henca* — 0
the concluding remarks in Section VI. for all £ € {1,...,Np}. On the other hand, there is no
synchronization among any of the the LED transmitters and
Il. SYSTEM MODEL the VLC receiver in asynchronous VLP systems, in which
Consider a VLP system that consists/éf LED transmit- caseA*'s are modeled as unknown parametesss in [9], it
ters at known locations (e.g., on the ceiling of a room) ari@ assumed that a coarse acquisition is performed suchhidat t
a VLC receiver at an unknown location. The VLC receivegignal component in (2) resides completely in the obsesuati
estimates its location by utilizing the signals emitted hg t interval [T, T ] for k € {1,..., N} andj € C.
LED transmitters (i.e., self-positioning [29]). L&t € R? and
I¥ € R represent the locations of the VLC receiver and the _ _ . o ,
. . In practice, the VLC receiver can either have this inforomatoeforehand
kth LED transmitter, respectively, where € {1,..., NL.}. (e.g., the LED transmitters can always send the same sifjagles) or learn
Each LED transmitter can emit red, green, and blue signélsased on preamble (training) signals sent from the LEDsimitters prior

(colors), which are denoted by?(t) for i € C and k ¢ to localization. o o _
1 N, ith 2Even in the absence of synchronization, high localizatieriqggmance is
{ IR L} wi possible in visible light systems as received signal powarscarry accurate

CE{rgb}. (1) location related information [13].



As in [7], [8], [13], a line-of-sight scenario is considerednain factor that determines the accuracy of location esiima
and the channel attenuation factors in (2) are modeled ds [19, Sec. VI]. Therefore, the purpose in this section is to

[31]-[33] determine the theoretical accuracy limits of distancevestion
& _ AT k1P kT and to derive the ML distance estimators for VLP systems with
= (m" + DA; [l = 1) nf] (l,f:s L) e (4) RGB LEDs, which have not been investigated in the literature
2m le - lfH As the aim is to estimate the distance between each LED
fori,j € Candk ¢ {1,...7NL},Wherem’“ is the Lambertian transmitter and the VLC receiver, we focus on one LED

order for thekth LED transmitter,4; is the area of PLj, and transmitter and drop the indek (superscriptk) from the

n, andn’ denote the orientation vectors for the VLC receive‘?aram?ters. in Section II. T_he system model for this scensro
and thekth LED transmitter, respectively. shown in Fig. 1, and the distance between the LED transmitter

For convenience of notation. we uééji- to represent the and the VLC receiver is represented bywhich is given by
’ T

overall channel attenuation factor and define it as L= 12 = Lefl2. As in [7]_[9]’ [34]'. it is assumed in th|s .
section that the LED transmitter points downwards (which is

hfl = Bf_’iﬁj,i. (5) a common scenario) and the VLC receiver points upwards
_ _such thatn, = —n, = [0 0 1] and —(I, — 1,)Tn, =
In Table I, the notations used throughout the paper aredliste; _ ; )Tn, = V in (4), whereV denotes the height of the
. . . . T t t !
It should be emphasized that the received signals in (2) §fep transmitter relative to the VLC receiver. In addition, i
real signals, and the VLC receiver will process them diyectly 5ssumed similarly to [7]-[9], [34] that is known by the

for localization purposes without any initial downcomiers ;| ¢ receiver; that is, possible locations of the VLC receive
process. are confined to a two-dimensional plane (e.g., to the floor of
a room). This assumption is made (only in this section) to
TABLE | provide intuitive and clear explanations for accuracy tamf
LIST OF NOTATIONS WHERE THE SUBSCRIPT$ AND r ARE USED FOR . . . . .
PARAMETERS RELATED TO TRANSMITTER AND RECEIVERRESPECTIVELY. d'StanFe estimation in VLP systems with RGB LEDs. (It al§0
(FOR DISTANCE ESTIMATION INSECTION I, N7, = 1 AND INDEX k IS holds in many practical scenarios; e.g., when the VLC rexgeiv
DROPPED. is attached to a warehouse vehicle or a robot; see Fig. 3 in
[4]). Under these assumptions, the overall channel attema
factors specified by (4) and (5) can be expressed as

Symbol | Meaning

N, Number of LED transmitters

mb Lambertian order of LED transmitte 1

Aj Area of PDj ) m

o3 Noise variance at PQ hji= M—;l) (K) Bii (6)
1{3 Position vector of LED transmittet 2z r

N Position vector of VLC receiver =; x~m3 (7
nk Orientation vector of LED transmitte

nr Orientation vector of VLC receiver
sifg) Transmitted time-domain signal of colbfrpm LED transmi_tterk: for i, c C, where the definition of Yj.i Y
hj.’i Chan. attenuation factor.for Ppar:ld colori of LED transmitterk Aj(m + l)Vm'Hﬁj i/(27T) is used obtain the second
hé‘l Overall channel attenuation factdrg?’iﬁj,i equalit 5

Bj,i Responsivity of PDj to color a Y-

Tk TOA parameter related to LED transmitter

AF Time offset between LED transmittér and VLC receiver

x Distance between LED transmitter and VLC receiver (Seg. Il

) A. Theoretical Limits for Distance Estimation
Remark 1:In VLP systems with RGB LEDs, each LED

transmitter emits three signals (colors) simultaneoushere- | this section, accuracy limits of distance estimation are

fore, in order to achieve the best localization accuracy, ajnyestigated for VLP systems with RGB LEDs under various
the three signals from all the LED transmitters should bgcenarios.

processed jointly in an optimal manner at the VLC receiver.
Since each LED transmitter emits only one optical signal ; ) . A
in VLP systems with white LEDs, the distance and positi ttefgg'?rgnzor;ﬂgra;nn d ttlp]'z \?fgnfgg. IérIZr:Sssunn(:r?rdor:haetd'
estimation approaches developed for such systems can St ! v y I1zed;

directly be applied to VLP systems with RGB LEDs. ence,A = 0 in (3). In addition, the \./LC recever 15
assumed to know the channel attenuation formula in (6)

with v;;'s being known constants. (In practicg, ;s can

be learned via calibration by placing the VLC receiver at
Before investigating the general case of three-dimensiok@own distances.) Under these assumptions, the logHited

real-time localization, we first focus on a special scenario function corresponding to the received signals in (2) (fiolyo

which the VLC receiver performs distance (range) estinmtimne LED transmitter) can be expressed, based on (3) with

with each of the LED transmitters, and then determines ifs = 0 and (6), as follows (please see [35, Sec. VII.B] for

two-dimensional location based on those distance estématiee derivation of the log-likelihood function for estimadi

[9]. In this scenario, accuracy of distance estimation 8 ttparameters of continuous-time signals embedded in zearme

1) Scenario 1: Synchronous System with Known Channel

IIl. DISTANCE ESTIMATION
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Fig. 1. VLP system model with RGB LEDs for distance estimatiowherei denotes the distance estimate.
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where K is a constant that does not dependaon

The CRLB provides a lower limit on MSEs of unbiased es
timators and can be obtained from the log-likelihood fumrcti
as follows:

s -
CRLB; (z) = <E { (%?) }) 9)
From (8), the CRLB in (9) can be derived as
—m—4 .
CRLB, ( (; /T [ ;m
2 —1
x ((m +3)s5(t — x/c) + (x/)sh(t — x/c))] dt) (10)

where s/(t) denotes the derivative of;(¢). After some ma-
nipulation, (10) can be expressed as

CRLB;(z) = <(m +3)2p 2By 4 2

-1
2 3
n (m + )x—zm—%/) (11)
c
where

éz ZZ'YJZ%ZEH (12)

ecC J ieC leC
= Z Z ZWJ, Y1 Ef (13)

jec J ieC leC
= Z Z Vi Vid B, 1 (14)

jec 7 ieC leC

with
Bt [ ssa (15)
A / si(t)s) (1)t (16)
E, & /OO si(t)s)(t)dt (17)

Via (11), we can quantify the contributions to accuracy from
both the RSS parameter and the TOA parameter. A kerm
in (12) depends only on the signal correlations (and engygie
hence, it is related to the RSS parameters. On the other hand,
the x” term in (14) depends on the correlations between the
derivatives of the signals; hence, it is related to the ¢ffec
bandwidths (hence, time resolution). Therefore, the firat a
the last terms in (11) specify the contributions from onlg th
RSS parameter and only the TOA parameter, respectively. On
the other hand, the second term in (11) is related to both the
RSS and TOA parameters.

As a special case, suppose that the PDs can completely
block the signals that are at different color than the inezhd
one. Then, thes; ; terms satisfys; ; = 0 for all j # 4, leading
to v;,; = 0 for all j # 4. Accordingly, the terms in (12)—(14)
reduce to

1

= p(%‘,j)Q Ej;
jec I

N 1 ’

K = ?(% J) E;;
jec I

" a 1 B

K = _2('7],7) 3.7
jec -7

In addition, in practice, the”’ ; terms are commonly zero as
the 5|gnals usually start and end at the same levels; that is,
fo ' s(t)s)(t)dt = 0.5(s5(Ts4) — 53(0)) = 0. Hence,

them term becomes zero. Overall ‘the CLRB in (11) reduces
to
p—2m—6 m”) -1

CQ
In this expression, we can gain the following insights: The
first term comes from the information obtained from the RSS
parameter based on the known channel attenuation formula
(as k is related to the total received power) and the second

CRLBy(z) = ((m +3)2p 28 4



term is due to the TOA parameter (singg is related to the [9], [29]. Also, as a special case, if = 0, then the CRLB
time resolution; equivalently, the effective bandwidthtbe in (22) become€RLB;(z) = ((m +3)22=2"~8k)~1, which
signals). In addition, with respect to distance, the infation corresponds to the first term in (11); i.e., the term due to the
from the RSS parameter decays faster than than that fr®8S parameter. In addition, it is noted that the CRLB formula
the TOA parameter. Therefore, for short distances andéor rén (22) covers the one in [9, Sec. IlI-B] as a special case if
sonably low effective bandwidths, the RSS parameter carridaere exists only one LED at the transmitter and one PD at
more information than the TOA parameter. (In RF localizatiothe receiver.
systems, due to fading, the information carried by the RSS3) Scenario 3: Synchronous System with Unknown Channel
parameter is lower than that contained in the TOA parame&tenuation Formula:In the final scenario, it is assumed that
in most practical cases.) the LED transmitter and the VLC receiver are synchronized
As a final observation, it can be shown that the CRLHB.e., A = 0 in (3)) but the VLC receiver does not know the
formula in (11)—(17) covers the one in [9] as a special cas®annel attenuation formula in (6). Then, the log-likebdo
if there exists only one LED at the transmitter and one PD finction corresponding to the received signals in (2) can

the receiver (cf. [9, Sec. IlI-A]). be expressed, based on (3) with = 0, as follows [35,
2) Scenario 2: Asynchronous System with Known Chanr&dc. VII.B]:

Attenuation Formula: In this scenario, it is assumed that T,

the LED transmitter and the VLC receiver are asynchronous; Alp) = / < (23)

namely, A in (3) is modeled as a deterministic unknown 7ec T

parameter. However, the VLC receiver is assumed to know

the channel attenuation formula in (6) with;'s being known — Z hji sl( — )) dt

constants. In this case; and = can be considered as the ieC

unknown parameters in the estimation problem. Then, the |
likelihood function corresponding to the received signal§)
can be expressed via (6) as [35, Sec. VII.B]

Q
\ﬁherecp = [& hry Brg hep hgr hgg hgb hor hog hb,b]T
is the vector of unknown parameters afidis a constant that
does not depend ogp.

Ts, In this scenario, the CRLB on distance estimation is stated
A(SC, T) A (18) as
jGC 1.J
2 CRLB;(z) = [Jp~! (24)
Y t_ﬂ) " 1+
icC wherelJr is the FIM, which has a size df) x 10. The elements

- of Jr are specified as follows:

where K is a constant that does not dependaoar 7. Then,

the CRLB on distance estimation is given3hy A B
CRLBs(z) = [Jr '], (19)

2
whereJr is the Fisher information matrix (FIM) defined as where A= E (%("”) , Bis al x 9 vector given by

E { (aAéz,T))z} E{aAéz,T) aAém,r)} B = [E{BAQ(I"’) 65}1("’) H for I,k € C, andD is a9 x 9 matrix
Jp = ’ ’ § 20 _ [ [ 95(e) 9A(0)
P o {985 Ao o] (2rm)? (20) defined ash = E{ T } for I, k,n,m € C. Based
oz or ~or on (23), the elements dfF in (25 can be specified as follows:
From (18), the gleme_nts of the FIM in (20) can be calculated A=— Z Z Z hjihj E (26)
after some manipulation as S o3 pyzy- ey
m+3)2272m 8k (m+3)x 2™ Tk
Jr = |:((m + 3))x72m77ﬂ/ ( x72)m76ﬂ// (21) = 2 Z hy K Ek il o l, kel (27)
91 ieC
wherex, x’, andx” are as defined in (12)—(14). E.. 1
: . . km L {i=n}
Based on (19) and (21), the CRLB on distance estimation D = [07] » LknmeC (28)
can be calculated as !
o 2mAS where Ej, ., E,’“., and E;fl are as defined in (15)—(17), and
CRLBy(z) = 32 - v (22) 1y—p; is the indicator function, which is equal to ond i= n
(m+3)2(k £ — (K)?) and zero otherwise.

Via (22), we can quantify the distance estimation accuracyFrom (25)—(28), the CRLB in (24) can be obtained as
based on the system parameters as a function of the distance oz —1
. Itis observed that the distance estimation accuracy ibleis CRLBj(z) = (A-BD™'B") . (29)

light systems is significantly different from that in RF sstsis It is noted from (28) that th@ x 9 matrix D has a block

3In (19) and (24),X]11 denotes the element of matr at row 1 and diagonal structure; hence, the calculation of (29) reguire
column 1. inversion of three3 x 3 matrix blocks.



In this scenario, the distance related information in théATOwhere 7 is as defined in (35) and
parameter is utilized since the system is synchronous teut th ;. aj‘z >icc ViiRy,.s: (T) is assumed to be positive.
channel attenuation formula is unknown. As a special cése, i From (35) and (36), it is noted that the ML distance
E, ,=0forall k,i € C, thenB = 0 andCRLB3(z) = 1/A.  estimation is performed in two steps in Scenario 2. In the
In this case, unknown channel attenuation factérs,’s, do first step, the TOA parameter is estimated. In the second step
not affect the distance estimation accuracy. In all otheesa this TOA estimate is used to determine the RSS level, which is
distance estimation accuracy is affected by the presencetlidn employed in the distance estimation process by utiizi
unknown channel attenuation factors (as they influence héle known channel attenuation formulas.
accurately the TOA information can be extracted). 3) ML Estimator for Scenario 3:The ML estimator in

Scenario 3 is defined as

B. ML Estimators for Distance Estimation

p = argmax A(yp) (37)
In this section, the ML estimators are derived for the ®
scenarios considered in the previous subsection. where A(¢p) is given by (23). After some manipulation, the

1) ML Estimator for Scenario 1:The ML estimator in i estimator in (37) can be stated as
Scenario 1 is stated as )
FoN T T
71 = argmax A(x) (30) Y= arg;nax Z pel (hj R;(z) - 0.5h; E hj) (38)
jec "

x

where A(z) is given by (8). Based on the expression iyhare p. 2 lhiy hi, hip)T and R;(z) 2
J - 7,7 7,9 Js J

(8), the ML estimator in (30) can be specified, after so R R T
manipulation, as "By, 0 (2) Byyay (@) Ry (@)

R o 1
Z; =argmax z~ ™3 E —5 E ViiBy; s
z jec %5 iec Err Erg Erp

—0.5272m 5 (31) E= \Eyr Egg9 Egp
Ey, Ey,, Eyy

with R, ., (z) being

given by (32). In addition,E in (38) is a3 x 3 symmetric

<§) matrix described as
&

wherex is as in (12) and
" (12) . whose elements are as defined in (15). For simplicity of
2,5

a e (4 the derivations,E is assumed to be positive definite in the
Byj0i(7) = /Tu ys(O)silt = m)dt. (32) remainder of the papér.

As noted from (31), a one-dimensional search is requir dThe_gradient of the QE’jeC“"e function in (3.8) with respect
to obtain the distance estimate. However, for each possiﬁ?ehj IS callculated aF; (Rj(x)l_ Ehj) for {16 C. Then,
distance, correlations of the received signals are peddrmfne ML estimates foh; are obtained ak; = E" R;(z) for
with delayed versions of the transmitted signals from th&sE J € C. Inserting these estimates into (38), the ML distance

(see (32)). estimate is derived as
2) ML Estimator for Scenario 2:The ML estimator in o 1 _r 1
Scenario 2 is defined as T3 = arg;naX; o7 R; (2)E™ Rj(z). (39)
J

(Z2,7) = argmax Az, 7)

(z,7)

(33)  Similar to Scenario 1, a one-dimensional search is perfdrme
_ ) ) _ to obtain the distance estimate and for each possible distan
whereA(z, 7) is as in (18). After some manipulation, the MLcorrelations of the received signals are calculated withyeel

estimator in (33) can be expressed as versions of the transmitted signals from the LEDs.
oo Cm—3 1 R 4) Modified ML Estimator for Scenario 170 utilize the
(T2,7) = arérf)ax T Z o7 Z'W 5,04 (7) distance related information in the TOA parameter effetyiv
’ e it can be required to evaluate the correlation function in
— 05z K (34) (32) for very high number of times (i.e., at very high rates).
whereR,, . (7) is given by (32). From (34); can be obtained Otherwise, the performance of the ML e_§t|mator in (31) may
as ‘ not get very close to the CRLB. To mitigate this problem,
1 a modified version of the ML estimator can be designed as
F=argmax Y — YRy, . (7). (35) proposed in [9]. In particular, the ML estimate calculateshi
T jec % iec (31) can be used as an input to the relation in (36); that is,
Then, 7 can be inserted into the objective function in (34)he modified ML estimator can be obtained as
and derivatives with respect te can be calculated to show s
that Z, is given by the following formula: ~ 1 1 z
Z2 g y g Ty = E Z ? Z'}/j,iRy]‘,si (%) (40)
= jec 7i iec
~ 1 1 ~
R JEZC cr_Jz iGZC%JRyj’Si (T) (36) 4t can be shown that as long as(t), s4(t), and s, (t) are linearly

independent signals, matrii¢ is always positive definite.



whereZ; is the ML estimate in (31). The main idea behind the Proposition 1 In Scenario 1, the CRLB on the MSE of any
estimator in (40) can be explained as follows: The objectivmbiased estimatot, for the location of the VLC receiver is

function in (31) is very sensitive to the optimization véale given by
z whereas the estimator in (36) is not as sensitiver tf9,
Sec. IV]. Therefore, by using the distance estimate fromn) (31

to obtain a TOA estimate, and then generating an updated E{[[t: — 1. H } > trace{J e, (44)
distance estimate via the closed form solution in (40), we
can achieve higher accuracy in the presence of computatioggere
complexity limitations. That is, the estimator in (40) idust
against the limitations in the computational complexitg, a Bh’“ Bh’“
observed in Section V. Tacerlnyms Z Z ZZ ( f,z
jec J k=1 ieC leC ey
IV. POSITION ESTIMATION B ah§7i o7k ok
In this section, we consider a generic three-dimensional Oly my Oly BT
localization scenario in which the LED transmitters and the ok OnF
. . . . Il 1k 1,k
VLC receiver can have any orientations and locations. In Al hi By
particular, the aim is to estimate the locatihnof the VLC o Zl e
receiver based on the received signals in (2); namél, for ort or* h’“lh . //lk> (45)
te[TF,,T5,], j € C, andk € {1,...,Np}. Based on these ey Oy W0
received signals, the Iog-likelihood functlon can be stads
[35, Sec. VII.B] for ny,ny € {1,2,3} with
NL 1
k=1 jeC 207 Elkl £ / (46)
T3 oo
X/Tk ( =D hsi(t—1") ) dt (41) E;;fé/ ))'dt (47)
ieC [eS)
where denotes the set of unknown parameters ahds a  E;;° £ / F(t))dt (48)
constant that does not depend on the unknown parameters. The
i i k lem l’C
set of unknown parameters varies according to the consideré™ _ (49)
scenario as specified below. The CRLB on the covariane.,. ¢||, —lf||
matrix of any unbiased estimatgs of ¢ can be expressed .., k m* -1
as [35] Onf; _ (m*+1)A;B;, (= 1) ny) (50)
r : Ol 2n It —l’“n’”k“‘"
E{(p — > — = 42
whereJ(p) denotes the FIM fokp and A = B means that (mF + 3)(zr7n _ lfn)

A — B is positive semidefinite. The FIM is computed as

I(e) = E{ (VoA @) (Voh(e)) " }

whereV, represents the gradient operator with respeapto
and A(y) is the log-likelihood function in (41).

(43)

for all k € {1,.

k
[

( l’“) H"

,Np} andhf, is as in (4)

I, — 1T >

Proof: In Scenario 1, the log-likelihood function in (41) is
considered forp = 1., wherer” is given by (3) withA* =0

and (5). Then,

the elements of the FIM in (43) is stated as

A. Theoretical Limits for Position Estimation

In this section, accuracy limits of position estimation are
investigated for VLP systems with RGB LEDs under three
different scenarios.

1) Scenario 1: Synchronous System with Known Channel

[J(@)]n1,ns

O\ () OA ()
Ay Oy,

_E{

|

(51)

Attenuation Formula:in this scenario, the clocks of the vVLcor ni,n2 € {1,2,3}, wheredA(p)/0l;, is given by

receiver and the LED transmitters are synchronized (that is
AF =0forall k € {1,..., Ny} in (3)), and the VLC receiver
knows the channel attenuation formula in (4). Then, the et o
unknown parameters in (41) becomes= 1, = [I; 1 l; 2 l; 3]7;

i.e., the only unknown parameter is the location of the VLC
receiver. For this scenario, the CRLB is given by the follogvi
proposition.

8A

Oh*

o>

eC

(0

zz/

k=1 jeC

Jlk

< Zh“ s; t—T )
1€C
k
(t—7 )_hgi(sf(t_r’“))/(gf >dt (52)



for n € {1,2,3}. From (52), the elements of the FIM in (51)whereJ...2 denotes & x 3 matrix with the following elements:

can be obtained, after some manipulation, as follows:
h’“ ah’C Efl

e =Y (T T e e 2

JGC ieC leC ey Olie,ng

Z Z / 6hk / k 6hk / k
2257y, 2 (Cry st ) (o y e )
Ok Ok jEC ieC leC ! jeC ieC leC 2
j’ikt_k jlkt_k k 1k !k
( (= ) st o) STy h”hj,lEZl ) 55
Rk k €cC iec leC
T T (sh (1 7)) :
o e for ny,ny € {1,2,3}, with EF, EX}, E/}*, and ok, /ol ,,
_ Ohj, sE(t — TRVRE (sF(t — TF)) or* being defined by46), (47), (48) and (50) respect|vely
vy ! P Ol i, Proof: For the parameter vector given by =
otk ork (b1 lo s 74+ 7NU)T ) the partial derivatives of the log-
k (ok k k (ok k A b2 by,
+hya(si(t—7 ))Iazr ” hja(sp(t =7 ))/3lr m) (53)  likelihood function in (41) are calculated as follows:
. . Z Z / ( Z h] s’ t - T >
As the signalss¥(t — 7%) are assumed to be contained com- ben =1 7ec ieC
pletely in the observation interval§Y ;, Ty ;], the expression
in (53) can be shown to be equal to that (45) based on the X Z 81” skt —7%)dt (56)
definitions in (46), (47), and (48). Also, the partial detivas i€C
in (49) and (50) can be obtained from (3) witk* = 0 for vk N
all k € {1,...,Np} and (5) (via (4)), respectively. Overall, Z / ( - thsz (t-r )>
the CRLB on the MSE of any unbiased estimatprfor the jec ’ i€
location of the VLC recelverlr, can be expressed via (42) % Zh t— - ))'dt (57)
asE{||l —1,]|2} > trace{J(o) ' }. SinceJ(¢) in (53) and iec
:hcel in (45) are equivalent, the expression in (44) is reachef%.r ne{1,2,3) andk € {1,..., N.}. From (56) and (57),

N ) ) the FIM in (43) can be obtained as
Proposition 1 provides a closed-form expression for the

CRLB on location estimation in VLP systems with RGB I(p) = [J? JB:| (58)
LEDs based on a generic three-dimensional setup. From the Jg Jpb

expression in (45), it is noted that both the RSS informationhereJ is a3 x 3 matrix with elements
and the TOA information are utilized in Scenario 1, and A

their relative contributions depend on signal charadiess Bh , EF

’L
via the £}, Ef and E[}* terms. Also, different signals Jalnin. = Z S Z — (59)
(colors) emitted from each LED transmitter contribute te th k=1 j€C ieC leC s %

localization accuracy, as expected. In the special case 0;
single color at each LED transmitter and a single PD at th
VLC receiver, the FIM in Proposition 1 reduces to that in [13, onk, bk Ehk

e?nl,ng € {1,2,3}, Jg is a3 x Np, matrix with elements

Prop. 1]. UBlnk = ZZZ (60)
2) Scenario 2: Asynchronous System with Known Channel Jecec e

Attenuation Formula:In this scenario, the VLC receiver is notfor n € {1,2,3} andk € {1,..., N1}, andJp is an Ny, x Ny,

synchronized with the LED transmitters, and thé terms in matrix with elements

(3) are modeled as deterministic unknown parameters. There BEREEUE

fore, the TOA parameters are unknown and do not contributteJD A dec dicc 2iec = ;]2_ Ll if k= ko

to localization accuracy. Hence, the set of unknown parerset P 0, if k1 £ ko

in (41) is specified ag = [l,1 L2 I3 75+ 7] in this 61)

scenario. The CRLB in Scenario 2 is presented in the follgwin

proposition: for ki, ke € {1,....Np}. In (59)—~(61), EF,, E}, E!'},

Proposition 2 In Scenario 2, the CRLB on the MSE of anynd 8h /0., are as defined in (46), (47) (48), and (50),
unbiased est|matot for the location of the VLC receiver is respectlvely

expressed as From (42), the CRLB on the locatidn of the VLC receiver
can be expressed as [35]
B{T — L} > trace{J L, (54) B{[L 4]} 2 trace{ 17 ()]s} 62)



where 1, is any unbiased estimator fot,. From (58),
[37'(#)],, 5 can be computed as

7 = (3n - In3gaaT)

SinceJp in (61) is a diagonal matrix, the elements.bf —
JpJp'Jp can be stated as

(63)

[JDk k
(64)

Ny,

_ JB]n k[ IBns.k

[JA _ JBJDIJBT]nhnZ _ [JA]nl,ng _ Z M
k=1

By inserting (59)—(61) into (64), the expression in (55) is

obtained. This observation together with (62) and (63)fieari
the expressions in (54) and (55) in the proposition. MW

Proof: In this scenario, the partial derivatives of the log-
likelihood function in (41) are computed as

M) _ g L[
oL —ZZ§/k vy () = Y hyasi(t=7")
tn k=1jec J JTr; ieC
k or* k k
x Y Rk, o (sh(t — %)) at (68)
ieC T
k
ON(p) [T ( 4 kok i\ si(t—7%)
ot / ) (yj (t) ;hﬂ sh(t—7F) = dt
(69)

for n € {1,2,3} and{k,j,i} € {1,...,Np} x C x C. After
some manipulation, it can be derived from (68) and (69) that

Proposition 2 presents a generic closed-form expression fRe FIM in (43) is in the form of
the CRLB in Scenario 2, which illustrates that the location

relation information in extracted only from the channeéatt

uation factors (RSS parameters) in this scenario as théi®e ex

J(p) =

Ja Jg
iz Jp

no synchronization between the VLC receiver and the LED o }
transmitters. The expression in Proposition 2 covers theBCRwhere J5, Jg, and Jp are as in (65), (66), and (67),

expression in [13, Prop. 3] as a special case when singte-calespectively. Sincﬁ{Hfr—er?} > trace{ [J7'(¢)]
LEDs and a VLC receiver with a single PD are employed.

3) Scenario 3: Synchronous System with Unknown Chan
Attenuation Formula:In the last scenario, the LED transmit-

ters and the VLC receiver are synchronized (i&% = 0

for all k € {1,...,Np} in (3)) but the VLC receiver does

1T 3><3} and
Jfl(c,o)}gX3 = (Ja —JBJp JB)fl, the expressions in the
%position are obtained. |

Via Proposition 3, the theoretical accuracy limit on lo-
calization can be calculated for synchronized VLP systems
with RGB LEDs, where the VLC receiver does not know the

not know the channel attenuation formula in (4). Thereforghannel attenuation formula in (4) due to certain reasonk su

only the TOA parameters contribute to localization accyra

and the set of unknown parameters in (41) becompes-
(o1 b2 s {hii}gil_’jec_’iec]T. Namely, there existNy, +3

C

as unknown transmitter parameters or calibration problems
It should be noted that localization of VLC receivers in
Scenario 3 has not been considered in the literature even in

unknown parameters. The CRLB in this scenario is providge special case of single-color LEDs and a VLC receiver with

in the following proposition:

a single PD. In that special case, the CRLB can be calculated

Proposition 3 In Scenario 3, the CRLB on the MSE of anyq in the following corollary.

unbiased estimato?rr for the location of the VLC receiver can

be stated as
B{T. ]} > trace{J L)
Joces =Ja — ijI_Dljg
whereJ 4 is a3 x 3 matrix with elements

- |DLYYS

jec 7 k=1ieC leC

ork  ork

1% hE B
Oy, Oy, 7

J,875,1

(65)

for ni,ns € {1,2,3}, Jg is a3 x 9N}, matrix with elements

~ 1 ork
Jg=|-= nk Bk

o ki (66)
Jgec O
forn e {1,2,3}and{k,j,i} € {1,...,NL.} xCx C, andJp
is a 9N, x 9N, matrix with elements

(67)

for {k,j,i} € {1,...,N.} x C x C and {k,j,I} €
{1,...,NL} x C x C. In (65)H67), EF,, E/Y, E}", and

otk /ol, ,, are as defined by46), (47), (48), and (49), re-
spectively, andl, _; ._5, denotes the indicator function.

Corollary 1. Suppose that each LED has a single color,
say red, and the VLC receiver has a single PD for that color.
Then, in Scenario 3, the CRLB on the MSE of any unbiased
estimatorl, for the location of the VLC receiver is given by

E{Hir — er2} > trace{JS_Cig}

wherelJg..3 is a 3 x 3 matrix with the following elements:
k)2 E \2
E//,k _ (E;“,T) (hT,T)
T UEE,

o7
for n1,nq € {1,2,3}.

Proof: When each LED transmitter emits only the red
color (signal) and the VLC receiver has a single PD for that
color, the matriced », Jg, andJp in (65), (66), and (67) of
Proposition 3 become

Ny,

D

k=1

ork ok
Olyny Oly o

[Jsce3]n1,n2 =

Ny k k
~ 1 ot or
Ja=|5> hk nE E"E 70
A [03 P 8lr,n1 8lr,n2 ror' e e ey ( )
for ni,ns € {1,2,3},
= 1 orFk
Jg=|-= "B 71
B [ O_JQ_ 6lrn ror-rr ( )
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forn € {1,2,3} andk € {1,..., N}, and whereh§ are functions of, as in (4) and (5), an&,+ i (7*)
o is given by (75). The ML estimator in (77) can "also be

ﬁﬂ{k:k} (72) implemented as follows:

for k,k € {1,..., Np.}. Then, the result in the corollary fol- L= = arg max ZZ (thzRyk sk( (lr))

lows from the relatlonE{Hl —L[]*} > trace{ [T (¢)];, 4} b k=1jec T\ i
and [J74(¢)],,, = (Ja — JsJp Jg) ' based on the —0.5221@;1.1;’;7@51) (78)
expressions in (70), (71), and (72). | ieC lec

where

B. ML Estimators for Position Estimation

In this section, ML estimators are derived for localization ) = arg max Z th,zRuk sk ) (79)
of the VLC receiver in the scenarios considered above. jec J e

1) ML Estimator for Scenario 1The ML estimator for the for k ¢ {1,...,Np}).
location of the VLC receiver in Scenario 1 is expressed as The ML estimator described by (78) and (79) indicates
(73) that a three-dimensional search over all possible location

of the VLC receiver should be implemented together with

N1, one-dimensional searches for each possible location

uring each one-dimensional search in (79), the correiatio
érm Ry (7%) should be calculated for all possible delay

values 7% (considering exhaustive search). N,. denotes
the number of possible values fof, the correlation terms
T, = argma ZZ (zhk Ry ( ;
J

1, = arg max Alp)
I
where A(p) is given by (41) andp = .. Based on the
expression in (41), the ML estimator in (73) can be state
after some manipulation as follows:

should be calculatedVr, chv; N, times for eachl,, and

9N, Ny fo;l N, times in total (with Ny denoting the

_ 0522@@@,@51) (74) number of possible values df). Hence, the ML estimator
ieC leC in Scenario 2 has higher complexity than that in Scenario 1

Whereh;?- and 7" are functions ofl, as in (5) (via (4)) and (see (74). . . .
LI . In the special case of single-color LEDs and a VLC receiver

(3) (with A® =0 for all k € {1,..., Nu}), respectively, and with a single PD [13, Sec. IV-B], the one-dimensional search

( k) N /Téij in (79) becomes independent of the VLC locatidn In
A7) =

L k=1 jeC ieC

k

yy(t)sy (t—7")dt . (75) that case, the complexity of the ML estimation in (78) and
(79) reduces significantly. Namely, a three-dimensionatce
Itis noted from (74) that the ML estimator for Scenario 1 resver I, is performed and, in total, the correlation terms are
quires a three-dimensional search over all possible locaf calculatedZNL NF times only.
the VLC receiver. For each possible locatipnthe correlation  3) ML Estimator for Scenario 3:The ML estimator in

k
Tl,j

termR,. k( *) should be calculated forali € {1,..., N}, Scenario 3 is formulated as

j € C ‘andi € C (i.e., 9Ny, times), which constnutes the ~1 Y NL

operation with the highest complexity. Hence, by consugri (lr’ {h.7'7i}k:1,j€C,i€C) = arg max Alp) (80)
the exhaustive search method (due to the non-convexityeof th L{hE Y ecuice)

problem), the correlation terms should be calculai®d, Nv N T )
times in total, whereVy denotes the number of possible value¥Nereé® = [le1 bz bes {5 1 jeciee] andA(e) is as
of I,. In addition, the ML estimator in (74) reduces to that i (41). From (41), (80) can be expressed as (cf. (38) and (74)
[13, egn. (19)] in the special case of single-color LEDs and a_
VLC receiver with a single PD. ( . {h o Jec) arg max Z Z (81)
2) ML Estimator for Scenario 2.The ML estimator in ’ (Lo niydr, o) k=1 jec @

Scenario 2 is given by & Bk T ky
x ( ()" RE(7%) - 0.5(R})" E*R}

(I,,7) = arg max A(¢p) (76)
lrvT)

. ( where 7% are functions ofl, as in (3) (withA* = 0 for all

wherer £ [r1... 7™M o = (I,,7), andA(y) is given by k€ {1,...,N.}),

(41). From (41), (76) can be expressed as kapk pk o pk 1T
hi = [hje h g il

(lr,T = argmax ZZ (thzRyk Sk R?(Tk) = [R k sk( k) Ry;,cysk( ) Ry;c s’g( k)]T

(1) 7 i
k=1 jeC eC . Evz,r E;l;c,q Egb
—053 S nkak EE) (77) E"= 1By, Egq Egy
- o Ef EF E
ieC leC b,r b,g b,b



< Scenario 1, f, = 10 MHz

Scenario 2, f. = 10/100 MHz
—<&— Scenario 3, f. = 10 MHz
—%— Scenario 1, f, = 100 MHz
—6— Scenario 3, f. = 100 MHz

Room Height (m.)
w
/

CRLB (m.)

— LED transmitters
——@ VLC receiver

6

4 o)
Oe@‘“ A

10°°
10? 10° 10*
P, (mW)

@

. ) ) ) ) o Fig. 3. CRLB vs.P, for z =5m. andTs = 0.01 sec.
Fig. 2. Configuration of LED transmitters and VLC receiver fmsitioning

simulations.
The objective function in (81) is a quadratic expression i 10t
terms of k¥, and E* is positive semi-definite by definition. oo
Hence, the gradients with respecth§ can be set to zero to . Scenario 3
characterize the ML estimator as follows: 1078 ]
Lok & kpk
Vh;?A(cp) = ﬁ(Rj (") - E hj) =0 (82) - ]

J

for k € {1,...,Np} andj € C. Assuming thatE" is g

invertible, the relation in (82) becoméd = (E*) ™' R (%), SREEEE aEna B f
which reduces the ML estimator in (81) to the following TN
problem (cf. (39)): 102k |
Ny
T 1 k( k\\NT ( gk~ pk(_k
I, = arglmaxzz 52 (B (%)) (EY) "Rj(v") (83) - | ‘ ‘
r k=1jec ~ 7 10° 108 107 108 10°

. (Hz
The ML estimator in (83) for Scenario 3 requires a o

three-dimensional search over all possible locations ef thig. 4. CRLB vs.f. for = = 5m., T5 = 0.01 sec.,P, = 0.1W
VLC receiver, andd Ny, evaluations of the correlation terms
Ry o (7%) for eachl,. Hence, the complexity order of the
ML estimator in Scenario 3 is the same as that in Scenario *
Remark 2: Both the theoretical analysis and practical 10°
implementation of VLP systems are different from those in k e
positioning systems [29] due to the distinct charactetistof —&— Scenario 3, /, = 10 Mz
.. . . —%— Scenario 1, f, = 100 MHz
the visible light channel. In particular, VLP systems comiyio —©— Scenario 3, /, = 100 MHz
have line-of-sight paths between LED transmitters and VL Wik
receivers and diffuse components are considerably weak
than the line-of-sight components [3, Sec. I-C]. Therefore
the received signal power does not fluctuate much in visib
light systems, and it can accurately be characterized b
the Lambertian formula, which is not valid for RF systems
Accordingly, the RSS parameter can carry significant lagati
related information in visible light systems.

1078
V. NUMERICAL RESULTS 10 10° 102 10

A. Simulation Setup T, (sec.)

In this section, numerical examples are presented to iNVegy. 5. CRLB vs.T, for = 5m. and P, = 0.1W.
tigate the CRLBs derived in Sections IlI-A and IV-A and the
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107 T \ ‘ ‘ ‘ . : : . 102
x  MLE - Scenario 1
{ MLE - Scenario 2
1[ o O  MLE - Scenario 3
107 ¢ O M-MLE - Scenario 1|
o CRLB - Scenario 1
CRLB - Scenario 2
100 — — —CRLB - Scenario 3 | |
. o
= ~ o
& - o o
M\ 101 X T e
g 10'g 0 =X« x 3 g
= <
= ~0_ S~
102 '\\%\\ g = =
R - e —s7— Scenario 1, f, = 10 MHz T 8\ -
,/*/* Scenario 2, f, = 10/100 MHz 3 —8_ \
—&— Scenario 3, f. = 10 MHz 107 ~©_ e
——— Scenario 1, f, = 100 MHz 4
—©— Scenario 3, f. = 100 MHz
10-4 1 1 1 1 1 1 1 1 10-4
3 3.2 3.4 3.6 3.8 4 42 44 46 48 5 102 108 10*
z (m.) P, (mW)
Fig. 6. CRLB vs.z for P, = 0.1W andTs = 0.01 sec. Fig. 7. RMSEs of ML estimators (MLEs) for distance estimatio different

scenarios, together with the CRLBs, where = 5m., f. = 10MHz,
and Ts = 0.1 ms., where M-MLE denotes the modified ML estimator in

performance of the ML estimators in Sections I11-B and [v-gSection II-B4.

For distance estimation, a similar setting to that in [9] is
considered; that is, the Lambertian order is setite= 1 and 109 ‘ ‘ ‘
V in (6) is taken a®.5 meters. The areas of the PDs at the © o Seenio ]
VLC receiver are set tel; = 1 cn? for j € C, and the spectral Scenario 3
density level of the noise components at different brandfies 107 ¢

the VLC receiver are? = 1.336 x 107> W/Hz for j € C [7],
[9]. For position estimation, a similar setting to that irB]1s — 102k
analyzed. We consider a room with width, depth, and height «
[8 8 5] m., respectively, wherd;, = 4 LED transmitters are
attached to the ceiling at positiofjs= [22 5|7, 12 = [6 2 5],

1> =1265]7, andl} = [6 6 5/” m. The orientation vectors
of the LEDs in (4) are expressed as 104k

CRLB (m.
/

k

ng = [sin 0, cos ¢y sin by sin @y cos Gk]T

for k =1,..., N1, whered,, and¢; denote the polar and az- . 100 o7 10? 0
imuth angles, respectively [36]. We consider the followarg Jo (Hz)

gle configuration for the transmitter&d;, ¢1) = (150°,45°),
(62, ¢2) = (150°,135°), (B3, d3) = (150°, —45°), (A4, ds) =
(150°,—135°). The VLC receiver is located ai, =
[4 4 1] m. looking upwards, i.e., its orientation vector is

given byn, = [0 0 1]7 [13]. (The configuration used in therepresents a coefficient related to the responsivity of e &
positioning simulations is shown in Fig. 2.) The transndittein [9], and the remaining numbers are adopted from eqn. (14)
signals from the LEDs are modeled as [7]: in [27].

$5(t) = P, (1 ~ cos (272”» (14 cos(2rfbt))  (84)

fort €[0,Ts], k=1,..., Ny, andi € C, wheref} is the cen- First, the CRLBs (in meters) for the considered scenarios
ter frequency for théth signal (color) coming from transmitterin Section 1lI-A are plotted in Fig. 3 with respect 8, in

k. fF's are specified through a constant center frequeficy (84) (equivalently, with respect to source optical powet)ere

as fF = kf;, where f, = 0.9f., fo = feoand fy = 1.1f.. = =>5m. andT, = 0.01 sec. It is noted that for small center
Note that in the distance estimation problem, we consider tirequencies (around0 MHz), the CRLBs in Scenario 1 and
scenario where there is only one transmitter, i/g, = 1, Scenario 2 are almost the same since synchronization does no
and drop the index: in the relevant definitions (implicitly bring any additional benefits in this case. In other words, th
settingk = 1). ParameteP, in (84) corresponds to the averagalistance related information contained in the RSS paramete
emitted optical power (i.e., source optical power). In &ddi is more significant than that in the TOA parameter. This can
the 5,; terms in (2) are taken a3, ., 5,4, Brs] = 0.4 x also be verified from the high CRLB values in Scenario 3 for
[10.0420.03], [Bg,r Bg,qg Bg.p] = 0.4%x[0.1940.665 0.277],and f. = 10 MHz as only the TOA parameter is utilized in that
[Bo.r Bo.g Bb,p] = 0.4x[0.009 0.084 0.421], where0.4 mA/mW  scenario. As the center frequencies are increased, the TOA

Fig. 8. CRLB vs. f. for Ts = 0.01sec. andP, = 0.1 W for position
estimation.

B. Distance Estimation
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the slope of the CRLB in Scenario 1 (see (11)) is almost the

10° ‘ ‘ ‘ = same as that in Scenario 2 for low center frequencies (as the
Seenario 2 RSS parameter is dominant in that case) and it is close to and
Ay +;cennrm.

higher than that in Scenario 3 for high center frequenciss (a
the TOA parameter is significant in that case, as well).
10t ¢ 1 Furthermore, the root mean-squared errors (RMSESs) of the
ML estimators derived in Section I1I-B are plotted versig
together with the CRLBs, where = 5m., f. = 10 MHz, and
T, = 0.1 ms. From Fig. 7, it is observed that the RMSEs of
102} 4 the ML estimators in Scenario 1 (see (31)) and Scenario 3 (see
(39)) are significantly higher than the corresponding CRLBs
The main reason for this is the finite sampling interval used i
the simulations (namely,.5 ns), which limits the utilization of
10° ‘ ‘ ‘ ‘ distance related information contained in the TOA paramete
10° 10° 10"‘T (SCC>10'3 10 10 (please see [9] for a similar observation). On the other hand
Y the ML estimator in Scenario 2 (see (35) and (36)) and the
Fig. 9. CRLB vs.T; for P, — 0.1W and f. — 10MHz for position Modified ML estimator in Scenario 1 (see (40)) achieve close

CRLB (m.)

estimation. performance to the CRLBs. The best performance is achieved
in Scenario 1 as both the TOA and RSS parameters are
utilized.

parameter becomes significant and the CRLB in Scenario 3
decreases rapidly. Since only the RSS information is used N o
in Scenario 2, its CRLB does not depend on the center Position Estimation

frequencies. On the other hand, the CRLB of Scenario 1 alsopgsition estimation is performed in a room with the setup
decreases with increased center frequencies as it uthats described in Section V-A by considering the scenarios speci
the RSS and TOA parameters in distance estimation. fied in Section IV. Figs. 8 and 9 present the CRLBs for the po-

Fig. 4 illustrates the frequency dependencies of the CRLdkion estimation problem with respect to the center freqye
expressions more explicitly, where= 5m., Ty = 0.01sec., parameterf, (for T, = 0.01 sec.) and the observation interval
and P, = 0.1 are used. As the center frequencies of the trang; (for f. = 10 MHz), respectively, where®, = 0.1 W. We
mitted signals are raised, the distance related informatio make similar observations to those for the distance estimat
the TOA parameter increases. Hence, the CRLB in Scenariosgnulations in Section V-B. Namely, for lower values of the
which only utilizes the TOA parameter, decreases with thenter frequency parameter, the CRLBs in Scenario 1 and
center frequency parametgr in Fig. 4. On the other hand, Scenario 2 are almost identical since the information doath
the CRLB in Scenario 2 does not change with the centgrthe TOA parameter is inconsiderable compared to the RSS
frequencies, as noted before. Since both the TOA and RB&ameter, and the CRLB for Scenario 3 is very high. As the
parameters are utilized in Scenario 1, the CRLB is almogénter frequency increases, Scenario 1 and Scenario 3enduc
constant for smallf.’s (as the distance related information inower CRLBs since they exploit the information contained
the TOA parameter is insignificant compared to that in tha the TOA parameter whereas Scenario 2 has a constant
RSS parameter in that region) and then starts decreasihg WViRLB since the information in the TOA parameter is not
fe (as the distance related information in the TOA parametgfilized. Also, the CRLBs in all the scenarios decrease as th
gets significant). observation interval of the signal%,, increases.

Next, Fig. 5 presents the CRLB versU$ curves in the  Finally, we obtain the RMSEs of the ML estimators derived
considered scenarios for two different center frequencigs Section IV-B and present them together with the CRLBSs in
wherex = 5m. and P, = 0.1. As expected, the CRLB Section IV-A in Fig. 10, wheref, = 10MHz and T, = 1us.
decreases as the duratidiy of the transmitted signals in Since f. is not very high, the CRLB in Scenario 3, where
(84) increases. In addition, the relative CRLB performancenly the TOA information is utilized, is the highest for all
in different scenarios carry similarities to those in Figd source optical powers in compliance with the previous tesul
to the same reasons. In addition, at high source optical powers, the ML estimsitor

Moreover, the CRLBs are plotted versus the distance achieve RMSEs close to the CRLBs and the RMSEs are
in Fig. 6, whereP, = 0.1 and T, = 0.01sec. As channel ordered in the same way as the CRLBs. On the other hand,
attenuation becomes more severe as the distance increésemw and medium source optical powers, the CRLBs do not
(see (4)), the CRLBs increase with distance. As expectedpibvide tight bounds on the RMSEs of the ML estimators (as
is observed that the CRLBs increase with distance. Howevexrpected) and the highest RMSEs are obtained in Scenario 2.
the slopes of the CRLBs with respect to distance are not threover, it is noted that the RMSEs can be lower than the
same. The slope of the CRLB in Scenatrio 2 is higher than tHaRLBs for low source optical powers since the search for the
in Scenario 3 since they are proportionaktét* and2™+3, position of the VLC receiver is performed in the specified
respectively (considering the CRLBs in meters) based on tteom whereas the CRLB derivations do no assume any prior
expressions in Sections IlI-A2 and IlI-A3. On the other handhformation about the position of the VLC receiver. Finally
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