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Abstract

A numerically e�cient technique, based on the spectral-domain method of moments

(MoM) in conjunction with the generalized pencil-of-functions (GPOF) method, is de-

veloped for the characterization of 2-D geometries in multilayer planar media. This

approach provides an analytic expression for all the entries of the MoM matrix, explic-

itly including the indices of the basis and testing functions provided that the Galarkin's

MoM is employed. This feature facilitates an e�cient modi�cation of the geometry

without the necessity of re-calculating the additional elements in the MoM matrix. To

assess the e�ciency of the approach, the results and the matrix �ll times are compared

to those obtained from two other e�cient methods; namely, the spatial-domain MoM in

conjunction with the closed-form Green's functions, and a FFT algorithm to evaluate

the MoM matrix entries. Among these, the spectral-domain MoM using the GPOF

algorithm is the most e�cient approach for printed multilayer geometries.
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I. Introduction

Advances in high speed digital computers have led to the development of more

sophisticated numerical methods to solve large electromagnetic problems of practi-

cal interest which, by classical techniques, would be virtually impossible. Common

numerical techniques that are used in electromagnetic problems are the method of

moments (MoM) [1;2], �nite element methods (FEM) [3] and the �nite di�erence

time domain (FDTD) methods [4], all of which basically transform integral, di�eren-

tial or integro-di�erential equations into algebraic equations. Therefore, the compu-

tational e�ciency of these techniques is dependent on the e�ciency of forming a set

of linear equations and on the number of unknowns. Among these techniques, the

Method of Moments plays an important role for the solution of open �eld problems,

particularly for printed geometries in planar strati�ed media.

Recently, for 2-D geometries, there has been several interesting studies to char-

acterize scattering and propagation nature of printed strip and slot structures in

layered environment [5]-[10]. In this paper, two new MoM based approaches are

developed for 2-D planar geometries, and compared to the most e�cient approach

available in the literature, namely the MoM using an FFT algorithm. These new

approaches are based on the MoM; one employs the closed-form Green's functions

of 2-D planar geometries in the spatial domain, and the other uses the Generalized

pencil-of-functions (GPOF) method in conjunction with the spectral-domain MoM.

It is observed that the spectral-domain MoM with the GPOF method performs the

best as far as the e�ciency of the methods are concerned, of course with the same

level of accuracy in all approaches.

The �rst step of the MoM formulation is to write an integral equation describing

the electromagnetic problem, which could be the mixed potential integral equation

(MPIE) or the electric �eld integral equation (EFIE) for the printed geometries
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[11]. These integral equations require related Green's functions, either of the vec-

tor and scalar potentials (for MPIE formulation) or of the electric �elds (for EFIE

formulation). Since the spectral-domain Green's functions for planar geometries

are available in closed forms, their spatial-domain counterparts are obtained via

an e�cient inverse Fourier transform algorithm. Once the spatial-domain Green's

functions are obtained, the solution due to a general source in 2-D can be obtained

by the principle of linear superposition. The next step in the MoM formulation is

to expand the unknown function in terms of known basis functions with unknown

coe�cients, then the boundary conditions are implemented in integral sense through

the testing procedure. Following these steps, the integral equation is transformed

to a matrix equation, whose entries are double integrals for general 2-D geometries,

one for the convolution integral to �nd the electric �eld, and one for the testing pro-

cedure to apply the boundary condition. However, for planar 2-D geometries, the

MoM matrix entries can be reduced to single integrals, by transforming the convo-

lution integrals onto the basis and testing functions and by evaluating the resulting

integrals analytically [12]. In the spectral-domain application of the MoM, since

the Green's functions are known in closed forms, the matrix entries become single

integrals over in�nite domain. Consequently, in either domain, the computational

e�ciency of the MoM lies in the evaluation of the MoM matrix entries, of course for

moderate size geometries. For a geometry requiring a large number of unknowns, the

matrix solution time dominates the overall performance of the technique, therefore

the e�ciency of the method is de�ned by the e�ciency of the linear system solver

[13].

Recently, for the characterization of 2.5-D microstrip structures, the spatial-

domain MoM has become the most e�cient tool, because of the availability of

an e�cient algorithm for the derivation of the closed-form spatial-domain Green's
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functions [14]-[20]. With this in mind, we have �rst derived the closed-form ap-

proximations of the Green's functions for 2-D geometries as a �nite sum of the

Hankel functions. Then, the MoM matrix entries, which are single integrals over

�nite domain, are evaluated numerically, thinking that the spatial-domain MoM in

conjunction with the closed-form Green's functions would be more e�cient than the

spectral-domain MoM in conjunction with the FFT algorithm. However, this ap-

proach has become computationally more expensive than the MoM using the FFT

algorithm for the evaluation of the matrix entries. This is mainly due to the fact

that the latter approach calculates all the entries of the MoM matrix at once while

the former calculates the entries one by one. While formulating the spectral-domain

MoM, we have recognized that the computational e�ciency of the evaluation of the

MoM matrix entries can be signi�cantly improved by using the GPOF method in-

stead of the FFT algorithm [21]. This new approach not only improves the e�ciency

of obtaining the MoM matrix, but also provides only one closed-form expression for

all the entries of the MoM matrix, explicitly including the indices of the basis and

testing functions. Hence, one can easily extend the geometry, for which the same

analytical expression is valid for the MoM matrix entries, without calculating the

MoM matrix entries corresponding to the modi�ed portion of the original geome-

try. Therefore, the contribution of this paper is to introduce two new approaches

for the calculation of the MoM matrix in 2-D geometries: i) the spatial-domain

MoM in conjunction with the closed-form Green's functions, ii) the spectral-domain

MoM with the GPOF method. In addition, these approaches are compared to a

well-known e�cient approach for 2-D geometries, namely the spectral-domain MoM

with an FFT algorithm. It is observed that the most e�cient one is the proposed

spectral-domain MoM using the GPOF algorithm.

The derivation of the closed-form Green's functions in 2-D planar geometries is

4



briey introduced and a typical set of Green's functions are demonstrated in Section

II. Then, the use of these closed-form Green's functions in the spatial-domainMoM is

discussed for the computational e�ciency, and the new spectral-domain MoM using

the GPOF method is developed in Section III. Also included in Section III is a brief

description of the well-known spectral-domain MoM using an FFT algorithm, for

the sake of comparison. In section IV, numerical examples and comparisons for the

computational e�ciency of the aforementioned three methods are included, which

is followed by conclusion in Section V.

II. Closed-Form Green's Functions for 2-D

Planar Geometries

For the sake of illustration, consider a planar multilayer medium shown in Fig. 1,

where it is assumed that the layers extend to in�nity in the transverse directions. A

line source, extended to in�nity in y-direction and polarized either in y-direction or in

x-direction, is embedded in region-i and the observation point can be in any arbitrary

layer. Each layer can have di�erent electric and magnetic properties (�ri ; �ri) and

thickness (di), and moreover perfect electric conducting planes and half-spaces are

also regarded as layers in this formulation.

First step in the derivation of the spatial-domain Green's functions is to obtain the

closed-form representations of the spectral-domain Green's functions. The deriva-

tion of the spectral-domain Green's functions for a dipole source (HED, VED, HMD,

and VMD) in planar media has been given in [22], [23], and the closed-form expres-

sions for the Green's functions have been provided in [17]. For the case of a line

source extending to in�nity in y-direction, the closed-form expressions obtained for

the dipole cases are still valid with a di�erence in the de�nition of the dispersion

relation, that is, k2i = k2x + k2y + k2zi of a dipole should be replaced by k2i = k2x + k2zi
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for a line source. This is because the �elds are invariant in y direction for a line

source extending to in�nity in y-direction in a planar multilayer medium. In other

words, we can use the same spectral-domain Green's functions for a line source as

those for dipoles, provided kzi =
q
k2i � k2x is used. For the sake of completeness, the

components of the Green's functions that are to be used in the following sections

are given in the source layer below:

~GA
yy =

�i
2jkzi

n
e�jkzi jzj + Ae

he
jkziz + Ce

he
�jkziz

o
(1)

for a line source �J = ŷ�(�)

~GA
xx = ~GA

yy (2)

~Gqe
x =

1

j2�ikzi

(
e�jkzi jzj +

k2ziB
e
h + k2iA

e
h

k2x
ejkziz +

k2iC
e
h � k2ziD

e
h

k2x
e�jkziz

)
(3)

for a line source �J = x̂�(�), where the coe�cients Ae
h, B

e
h, C

e
h and De

h are func-

tions of the generalized reection coe�cients ~RTE;TM , given in [17], and � over the

Green's functions and the �eld components denotes the spectral-domain representa-

tion. The other components of the spectral-domain Green's functions in the source

layer and the coe�cients used in these expressions can be found in [17], and the �eld

expressions in any other layer can be obtained iteratively as described in [17], [22].

Once the spectral-domain Green's functions are obtained as in Eqs. (1)-(3), their

spatial-domain counterparts are calculated by taking the inverse Fourier transform,

de�ned as

GA;qe =
1

2�

Z 1

�1
dkxe

�jkxx ~GA;qe (4)

where, G and ~G are the Green's functions in the spatial and spectral domains,

respectively. Note that this transformation cannot be evaluated analytically, except
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for a few special cases. Therefore, it requires a numerical integration algorithm,

resulting in a very time-consuming process for the calculation of the spatial-domain

Green's functions. However, if the spectral-domain Green's functions (apart from

1=kzi terms) can be approximated in terms of complex exponentials, the analytical

evaluation of the Fourier transform integral (4) becomes possible via the following

integral identity [22]:

H
(2)
0 (k��) =

1

�

Z 1

�1

e�jkxx�jkzjzj

kz
dkx (5)

Therefore, the crucial step in the derivation of the closed-form spatial-domainGreen's

functions is the exponential approximation of the spectral-domain Green's functions.

Since the exponential approximation technique (GPOF) together with the two-level

approach, to sample the function to be approximated along the integration path, is

detailed and applied to the Hankel transformation of the spectral-domain Green's

functions for a dipole source in a strati�ed medium in [24], it is not given here for

the sake of brevity. Instead, the procedure to obtain the closed-form Green's func-

tions starting from the spectral-domain representations is given here for a typical

Green's function, GA
yy. Note that the spectral-domain Green's functions are obtained

as referenced to Fig. 1, where the origin of the coordinate system is at the source

location. However, for the application of the MoM, the origin is set to the bottom of

the source layer, then h and z are replaced in all spectral-domain Green's functions

by z0 and z � z0, respectively. Hence, the Green's functions would be the explicit

functions of z and z0. The steps of getting the spatial-domain Green's functions,

with explicit z and z0 variables, are given as follows:

� Write the spectral-domain representation of GA
yy in terms of exponentials of z

and z0 as

~GA
yy =

�i
j2kzi

�
e�jkzi jz�z

0j + ~Ri;i+1
TE MTE

i e�jkzi2diejkzi(z+z
0)
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+ ~Ri;i�1
TE

~Ri;i+1
TE MTE

i e�jkzi2diejkzi(z�z
0) + ~Ri;i�1

TE MTE
i e�jkzi(z+z

0)

+ ~Ri;i�1
TE

~Ri;i+1
TE MTE

i e�jkzi2die�jkzi(z�z
0)
�

(6)

� Approximate the coe�cients in Eq. (6) by the complex exponentials of kzi via

the GPOF method and two-level sampling approach [24],

~GA
yy =

�i
j2kzi

8<
:e�jkzi jz�z0j +

N1yyX
n1yy=1

Cn1yye
��n1yykziejkzi(z+z

0)

+
N2yyX
n2yy=1

Cn2yye
��n2yykziejkzi(z�z

0) +
N3yyX
n3yy=1

Cn3yye
��n3yykzie�jkzi(z+z

0)

+
N2yyX
n2yy=1

Cn2yye
��n2yykzie�jkzi(z�z

0)

9=
; (7)

where Cniyy and �niyy(i = 1; 2; 3) are the complex coe�cients and exponents

of the complex exponentials, respectively, approximating the three terms in

Eq. (6).

� Take the inverse Fourier transform of the spectral-domain Green's function ~GA
yy

analytically using the integral identity given in Eq. (5),

GA
yy = �

j�i
4

8<
:H(2)

0 (ki �) +
N1yyX
n1yy=1

Cn1yyH
(2)
0 (ki �n1yy) +

N2yyX
n2yy=1

Cn2yyH
(2)
0 (ki �

(1)
n2yy

)

+
N3yyX
n3yy=1

Cn3yyH
(2)
0 (ki �n3yy) +

N2yyX
n2yy=1

Cn2yyH
(2)
0 (ki �

(2)
n2yy

)

9=
; (8)

where

� =
q
(x� x0)2 + (z � z0)2

�n1yy =
q
(x� x0)2 + (z + z0 + j�n1yy)

2

�(1)n2yy
=

q
(x� x0)2 + (z � z0 + j�n2yy)

2

�(2)n2yy
=

q
(x� x0)2 + (z � z0 � j�n2yy)

2

�n3yy =
q
(x� x0)2 + (z + z0 � j�n3yy)

2 ;
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which are mostly complex numbers, and therefore, their branches must be chosen

such that the zeroth order Hankel function of second kind should be a decaying

function for large values of arguments. Note that GA
xx is equal to G

A
yy, and the other

components of the Green's functions can be obtained in closed forms following the

same procedure.

To give an idea how these closed-form Green's functions behave, an example is

provided for a two-layer medium: the �rst layer has a relative permittivity of 4

and the second layer is free space, the source is placed at the interface, and hence

z = z0 = 0. The plots of the Green's functions GA
yy and Gqe

y are given in Figs. 2 and

3.

III. Formulations of 2-D Problems via

Method of Moments

The �rst step in the application of any form of the MoM is to derive an operator

equation, i.e., integral equation for this study, that would describe the problem

mathematically. Therefore, before giving the details of the application of the MoM,

the scattered electric �elds from a typical 2-D planar geometry (@=@y = 0), as given

in Fig. 4, are written as

Es
x = �j!GA

xx � Jx +
1

j!

@

@x

"
Gqe
x �

@

@x
Jx +Gqe

z �
@

@z
Jz

#
(9)

Es
y = �j!GA

yy � Jy (10)

Es
z = �j!(GA

zx � Jx +GA
zy � Jy +GA

zz � Jz) +
1

j!

@

@z

"
Gqe
x �

@

@x
Jx +Gqe

z �
@

@z
Jz

#
(11)

where the superscript s denotes the scattered �elds, and the current densities Jx,

Jy and Jz are the unknowns to be determined. Hence, the integral equation can
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be obtained by requiring that the tangential components of the total electric �eld

(Es +Ei) on conducting surfaces are to be zero. The incident electric �elds for TE

and TM to y polarizations are given, respectively, as follows:

E
i

te
=

1

w�i
Hi((�x̂kz + ẑkx)e

j(kxx+kzz) + (x̂kz + ẑkx) ~R
i;i�1
TM ej(kxx�kzz)) ; (12)

E
i

tm
= ŷEi(e

j(kxx+kzz) + ~Ri;i�1
TE ej(kxx�kzz)) ; (13)

where ki =
q
k2x + k2z , kx = ki sin �, kz = ki cos �. Note that we have used ~Ri;i�1

TM and

~Ri;i�1
TE in the expressions of the incident �elds for TE to y and TM to y, respectively.

This is because, in the derivation of the spectral-domain Green's functions where we

have de�ned these generalized reection coe�cients, TE and TM are de�ned with

respect to z-direction.

Note that, for the discussion in this section, 2-D geometries are considered to

be printed on x-y plane, and hence no z-directed current exists, as given in Fig. 4.

In other words, the only unknown is Jy for TM to y excitation and Jx for TE to

y excitation. In the application of the MoM, after having obtained the governing

integral equation, the unknown functions are expended in terms of known basis

functions with unknown coe�cients. Throughout this study, triangular functions

and pulse functions are chosen as the basis functions for Jx and Jy, respectively:

Bxn(x) =

8>><
>>:

1�
jx� nhxj

hx
if (n� 1)hx � x � (n+ 1)hx

0 otherwise
(14)

Byn(x) =

8><
>:

1 if (n� 1=2)hx � x � (n + 1=2)hx

0 otherwise
(15)

Since, in this study, both the spectral-domain and spatial-domain MoM are em-

ployed, the spectral-domain representations of both basis functions and the incident
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�eld expressions are given here for the sake of completeness. Here are the spectral-

domain representations of the basis functions,

~Bxn(kx) = hxe
jkxnhxsinc2

 
kxhx
2

!
(16)

~Byn(kx) = hxe
jkxnhxsinc

 
kxhx
2

!
: (17)

and of the incident �eld expressions (tangential components only),

~Ei
x = �

ki cos �Hi

!�i
2��(kx + ki sin �)

�
ejki cos �z � ~Ri;i�1

TM e�jki cos �z
�

(18)

~Ei
y = Ei2��(kx + ki sin �)(e

jki cos �z + ~Ri;i�1
TE e�jki cos �z) : (19)

3.1. MoM Formulation in Spatial Domain

Writing the total electric �eld as the sum of the scattered and incident electric

�elds, and implementing the boundary conditions for the tangential components on

the conducting body result in the following electric �eld integral equations:

(x̂Es
x)tan = �(Ei

te)tan for TE excitation (20)

(ŷEs
y)tan = �(Ei

tm)tan for TM excitation: (21)

With the application of the testing procedure of the MoM to these integral equations,

the following algebraic equations are obtained:

hTxm(x) ; E
s
xi = �

D
Txm(x) ; x̂ �E

i

te

E
for TE excitation (22)

D
Tym(x) ; E

s
y

E
= �

D
Tym(x) ; ŷ �E

i

tm

E
for TM excitation (23)

where m = 1 to N (=number of basis functions), and the unknown current densities

in the expressions of the scattered electric �elds, Eqs. (9)-(11), have already been

written in terms of known basis functions, B(x;y)n, with unknown coe�cients I(x;y)n.
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Since the right-hand sides of Eqs. (22) and (23) are simple to evaluate, the left-hand

sides are written for each m as

hTxm(x) ; E
s
xi = �jw

NteX
n=1

Ixn

��Z
dx Txm(x)

�
GA
xx �Bxn(x)

��

�
1

!2

"Z
dx

dTxm(x)

dx

 
Gqe
x �

dBxn(x)

dx

!#)
(24)

D
Tym(x) ; E

s
y

E
= �jw

NtmX
n=1

Iyn

Z
dx Tym(x)

�
GA
yy �Byn(x)

�
(25)

for TE and TM excitations, respectively, where integration by parts is used for TE

excitation to transfer the derivative onto the testing function [25]. The convolution

integrals over the Green's functions and basis functions can be easily transformed

onto the basis and testing functions, and then be evaluated analytically. As a

result, a typical MoM matrix entry becomes a single integral of the Green's function

multiplied with the analytical expression for the correlation of the basis and testing

functions [12]. Since the Green's functions in the spatial domain are approximated

as the sum of Hankel functions of second kind as in Eq. 8, they grow inde�nitely

for small arguments and subsequently the integrals can not be calculated e�ciently.

To perform a fair comparison among the Methods of Moments in the spatial and

spectral domains, one needs to apply all the available tools to make the methods as

e�cient as possible. Therefore, to circumvent this ine�ciency in the spatial-domain

MoM, a singularity extraction method is employed for small arguments.

With the use of the closed-form Green's functions, and the singularity extrac-

tion method for the evaluation of the integrals, Eqs. (24), (25), the e�ciency of the

evaluation of these integrals is signi�cantly improved. However, although this im-

provement is signi�cant for each entry of the MoM matrix, it is not su�cient when

it is compared to the e�ciency of a technique calculating the entire MoM matrix in

one step, like the FFT based MoM.
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3.2. MoM Formulation in Spectral Domain

The scattered electric �elds for TE and TM excitations can be re-written in the

spectral domain from Eqs. (9) and (10) for a planar geometry (printed on x - y

plane) as

~Es
x = �j! ~GE

xx
~Jx(kx) (26)

~Es
y = �j! ~GA

yy
~Jy(kx) (27)

where

~GE
xx = ~GA

xx �
k2x
!2

~Gqe
x ;

and ~GE
xx represents the spectral-domain Green's function for the x component of the

electric �eld due to the x component of the electric current density. Expanding the

unknown current densities in terms of known basis functions and implementing the

boundary conditions on the total electric �eld through the testing procedure of the

MoM, the following set of linear equations are obtained

�jw
NteX
n=1

Ixn
D
~T �
xm ; ~GE

xx
~Bxn

E
= � < ~T �

xm; ~E
i
x > for m = 1; :::; Nte (28)

for TE excitation, and

�jw
NtmX
n=1

Iyn
D
~T �
ym ; ~GA

yy
~Byn

E
= � < ~T �

ym; ~E
i
y > for m = 1; :::; Ntm (29)

for TM excitation. Note that all quantities, such as the basis and testing functions,

Green's functions and incident electric �elds, are in the spectral domain. Contrary

to the spatial-domain MoM, the Green's functions employed here are in closed forms

already, Eqs. (1)-(3). Due to the de�nition of the inner product, the matrix entries

are single integrals over in�nite domain, and are given, with the basis and testing

functions substituted, as

D
~T �
xm ; ~GE

xx
~Bxn

E
=
Z 1

�1
dkxe

�jkxhx(m�n)h2xsinc
4

 
kxhx
2

!
~GE
xx (30)
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< ~T �
xm; ~E

i
x > = �

ki cos �Hi

!�i
2�ej(ki sin �)mhx

�
ejki cos �z � ~Ri;i�1

TM e�jki cos �z
�
�

hxsinc
2

 
(ki sin �)hx

2

!
(31)

for TE excitation, and

D
~T �
ym ; ~GA

yy
~Byn

E
=
Z 1

�1
dkxe

�jkxhx(m�n)h2xsinc
2

 
kxhx
2

!
~GA
yy (32)

< ~T �
ym; ~E

i
y > = Ei2�e

j(ki sin �)mhx(ejki cos �z + ~Ri;i�1
TE e�jki cos �z)�

hxsinc

 
(ki sin �)hx

2

!
(33)

for TM excitation. If these terms were to be evaluated numerically for each m and

n, the spectral-domain approach would have been computationally very expensive

when compared to the spatial-domain MoM using the closed-form Green's functions.

This is because the domain of integration is in�nite, and the integrands are oscil-

latory functions. Instead of employing a quadrature algorithm for evaluating these

integrals, one may try to get an analytic expression for the value of each integral, or

to employ a numerical technique that would yield the whole set of the MoM matrix

entries.

3.2.1 Evaluation of MoM matrix entries with the FFT method:

As it was stated in the previous section, the ultimate goal is to get the unknown

coe�cients Ixn and Iyn of the current densities e�ciently, from the solution of the

matrix equations, given in Eqs. (28) and (29). This goal translates into the e�cient

evaluation of the matrix entries, given explicitly in Eqs. (30) and (32), due to the

fact that the most time-consuming step in the spectral-domain MoM algorithm is

the evaluation of these entries, at least for a moderate number of unknowns. This

is mainly because each entry of the matrix equation is a single integral of complex,
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oscillatory functions over an in�nite domain, and because there is no analytical ex-

pression for the results of these integrals. However, using the fact that these integrals

look like the Fourier Transform integrals, an FFT based algorithm can be employed

to evaluate these integrals very e�ciently. In this section, this approach is briey

outlined, for the sake of assessing the e�ciency of this algorithm and getting some

intuition for the comparison with other two approaches; namely the spatial-domain

MoM using the closed-form Greens functions and the spectral-domain MoM using

the GPOF method. The application of this FFT based algorithm for the evalua-

tion of the integrals, Eqs. (30) and (32), is explained for a strip with a longitudinal

direction in y-axis and located on x � y plane, requiring only the incident �eld in

x-direction for TE excitation and in y -direction for TM excitation. For the sake of

brevity, only the case for TE excitation is given here in detail, as it is similar for

TM excitation.

If the matrix entries in Eq. (30) are examined, it is seen that the exponential

term acts as the kernel of the transformation, and the rest is the function to be

transformed; hence, the function to be transformed is

F (kx) = sinc4
 
kxhx
2

!
~GE
xx (34)

where kx is limited between �K and K. Therefore, the matrix entries can be re-

written as

D
~T �
xm ; ~GE

xx
~Bxn

E
= h2x

Z K

�K
dkx e

�jkxd F (kx) = I(d) (35)

where d = (m � n)hx is used to denote the distance between the basis and testing

functions. With a simple transformation of variable, this integral can be cast into

the form of

I(d) = h2xe
jKd

Z 2K

0
dk0xe

�jk0xdF (k0x �K)

= h2xe
jKd

RX
r=1

F (k0xr �K)e�jk
0

xr
d� (36)
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where k0xr = (r � 1)� and � = 2K=R. Following this representation, a fast Fourier

transform routine from a scienti�c library IMSL (DFFTCF) is used to compute the

discrete complex Fourier transform of a complex vector of size R. Speci�cally, given

an R-vector Fr, DFFTCF returns in an R-vector Is,

Is =
RX
r=1

Fre
�2�i(r�1)(s�1)=R for s =1,...,R (37)

Using this transformation for the terms under the summation operator in Eq. (37),

I(d) can be written as

I(d) = h2xe
jKd� fIsg (38)

where fIsg is the set of spatial-domain representation of Fr. Note that fIsg is given

for the distances of ds = 2�(s� 1)=(2K) for s = 1; : : : ; R, and this set of distances

at which fIsg is calculated are �xed by the sampling frequency of FFT algorithm,

2K=R. However, these distances, in general, may not correspond to the distances

between the basis and testing functions, which are given by d = (m � n)hx, and

consequently, I(d) at the discrete points of ds are not the MoM matrix entries. Since

I(d = (m� n)hx) is a function of the distance between basis and testing functions,

it would be enough to �nd I(d = (l � 1)hx) for l = 1; : : : ; Nte. Hence,

I(d = (l � 1)hx; l = 1; : : : ; Nte) = h2xe
jK(l�1)hx� fIsg for s =

(l � 1)Khx
�

+ 1

(39)

is the MoM matrix entries. It is obvious that one application of an FFT algorithm

yields all of the MoMmatrix entries, resulting in a very e�cient approach. Although,

this is seemingly the best approach to analyze 2-D problems, the method that is

proposed in the following section results in a far more e�cient approach and yet in

a very suitable one for the optimization problems.
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3.2.2 Evaluation of MoM matrix entries via the GPOF method:

In this section, a novel approach, based on the spectral-domain MoM for EFIE,

for the characterization of 2-D geometries in multilayer media is proposed and its

formulation is given in detail. As for the evaluation of the MoM matrix entries via

FFT algorithm, this approach starts with the EFIE in the spectral domain and then

implements the MoM procedure to transform the integral equation into the matrix

equation. Therefore, the matrix entries used for this approach are the same as those

used for the FFT approach, Eqs. (30) and (32). The MoM matrix entries, which are

single integrals over in�nite domain, can be cast into close forms with the help of the

GPOF method. It is not that each entry can be represented by a di�erent closed-

form expression, but that there is one closed-form expression valid for all entries.

This is achieved by approximating the whole integrand of the MoM matrix entry,

Eqs. (30), (32), except for the exponential term, in terms of complex exponentials,

and by getting the inverse Fourier transform of the resulting terms analytically.

Remember that the GPOF method is a technique to approximate a function, or a

data, by a set of complex exponentials, and it was used for the derivation of the

closed-form spatial-domain Green's functions in Section II. Therefore, there is no

need for further discussion on the GPOF method, instead the procedure for the

evaluation of the MoM matrix entries is demonstrated for the case of TE excitation,

for which a general matrix entry is repeated here, from Eq. (30):

D
~T �
xm ; ~GE

xx
~Bxn

E
=
Z 1

�1
dkxe

�jkxhx(m�n)h2xsinc
4

 
kxhx
2

!
~GE
xx

where

~GE
xx = ~GA

xx �
k2x
!2

~Gqe
x

~GE
xx =

�ikzi
j2k2i

n
e�jkzi jz�z

0j �MTM
i

~Ri;i+1
TM e�jkzi2diejkzi(z+z

0)

+MTM
i

~Ri;i�1
TM

~Ri;i+1
TM e�jkzi2diejkzi(z�z

0) �MTM
i

~Ri;i�1
TM e�jkzi(z+z

0)
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+MTM
i

~Ri;i�1
TM

~Ri;i+1
TM e�jkzi2die�jkzi(z�z

0)
o

(40)

= A0e
�jkzi jz�z

0j + A1e
jkzi(z+z

0) + A2e
jkzi(z�z

0) + A3e
�jkzi(z+z

0)

+A2e
�jkzi(z�z

0) : (41)

De�ning a set of new coe�cients like

A0
l = j2kzisinc

4

 
kxhx
2

!
Al for l = 0; : : : ; 3 (42)

Eq. (31) can be written as

D
~T �
xm ; ~GE

xx
~Bxn

E
=

Z 1

�1
dkxe

�jkxhx(m�n) h2x
j2kzi

n
A0

0e
�jkzi jz�z

0j

+A0
1e

jkzi(z+z
0) + A0

2e
jkzi(z�z

0) + A0
3e

�jkzi(z+z
0)

+ A0
2e

�jkzi(z�z
0)
o

(43)

where A0
ls are approximated in terms of complex exponentials. Hence, the matrix

entries are evaluated analytically, by using the integral identity (5), as

�jw
D
~T �
xn ; ~GE

xx
~Bxm

E
= �

!�h2x
2

8<
:

PxxX
pxx=1

CpxxH
(2)
0 (ki �pxx) +

P1xxX
p1xx=1

Cp1xxH
(2)
0 (ki �p1xx)

+
P2xxX

p2xx=1

Cp2xxH
(2)
0 (ki �

(1)
p2xx

) +
P3xxX

p3xx=1

Cp3xxH
(2)
0 (ki �p3xx)

+
P2xxX

p2xx=1

Cp2xxH
(2)
0 (ki �

(2)
p2xx

)

9=
; (44)

where

�pxx =
q
[(m� n)hx]2 + (jz � z0j � j�pxx)

2

�p1xx =
q
[(m� n)hx]2 + (z + z0 + j�p1xx)

2

�(1)p2xx =
q
[(m� n)hx]2 + (z � z0 + j�p2xx)

2

�(2)p2xx
=

q
[(m� n)hx]2 + (z � z0 � j�p2xx)

2

�p3xx =
q
[(m� n)hx]2 + (z + z0 � j�p3xx)

2 :
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It is worth mentioning that, since the terms A0
ls are independent of m and n, they

are approximated only once and all the elements of impedance matrix are obtained

from the same closed form representation, Eq. (44). In addition, since Eq. (44) has

m, n, z and z0 explicitly, adding new strips or extending the sizes of the strips do not

require any further manipulations, one just needs to evaluate Eq. (44) for di�erent

m, n, z and z0 values.

IV. Results and Discussions

In this section, some results obtained using the three approaches described in

the previous section, namely the spatial-domain MoM with the closed-form Green's

functions (spatial), spectral-domain MoM with FFT algorithm (FFT) and spectral-

domain MoM with the GPOF method (spectral), are given and discussed. The

terms in the parenthesis are used to denote these approaches in the legends of the

�gures. Note that, for the sake of consistency and brevity, examples of the current

densities provided in this paper are selected for the incidence angle of 0�.

Since the numerical e�ciency of the spectral-domain MoM in conjunction with

the GPOF method is the major issue of this paper, the method of assessment of the

e�ciency needs to be de�ned explicitly to show that no bias has been given in favor

of this approach. The assessment of the computational e�ciency is performed by

comparing the CPU times of these three approaches for the same problem as follows:

�rst, the current densities are obtained from the spatial and spectral approaches

using the same number of basis functions; and then, the current density for the

same geometry is obtained via the FFT-based algorithm with increasing number of

samples for the FFT application until the relative error between the result of the

FFT-based approach and those from the other approaches becomes less than some

prede�ned value. For the de�nition of the relative error, l2 norm of the di�erence
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vector, de�ned between the vectors consisting of the amplitudes of the basis functions

of the current densities obtained by any two of these approaches, has been employed.

It is obvious that such comparison favors the FFT-based algorithm, because the

number of samples is kept at minimum that would satisfy the relative error criterion.

Furthermore, this tuning of the number of samples for the FFT-based algorithm to

achieve the best performance has been the revelation of another disadvantage of the

algorithm.

These techniques are �rst applied to a single horizontal strip located near the

interface of two semi-in�nite half-space, Fig. 4, for which the presented formulations

of these methods in the previous section were based on. The following parameters

are chosen for this example, just to be able to compare the results to those found in

the literature [26]-[28], as: �ri = 1 and �ri�1
= 4 for the dielectric constants; 2w = 4�i

for the width of the strip; h = 0 for the distance of the strip from the interface. The

current densities on the strip for TE and TM excitations are obtained by using the

three approaches, and presented in Figs. 5, 6.

TABLE I

CPU times of the spectral-domain, spatial-domain and
FFT approaches for TE and TM excitations

CPU time (s)

TE TM

� = 0o � = �45o � = 0o � = �45o

Spectral 13.7 16.8 10.1 9.8

FFT 16.3 33.0 14.9 15.0

Spatial 361.7 416.5 107.5 108.2

The results are compared to those provided in [26] and found to be in excellent

agreement. The number of basis functions is chosen to be 107 for TE and 109 for

20



TM excitations for both spatial and spectral approaches. Table 1 shows the CPU

times of the three approaches for both TE and TM excitations, and for di�erent

angles of incidence. As a result, the spectral-domain MoM with the GPOF method,

for all the cases, has been the most e�cient approach.

For the second example, the same geometry as in Fig. 4, with the strip in the

dielectric layer i� 1, is considered to show that the approaches are general, as well

as the conclusions. The parameters of the geometry are as follows: �ri = 1 and

�ri�1
= 4; 2w = �i�1; h=-0.1�i�1, -0.2�i�1 and -0.3�i�1, meaning that the strip is

in the lower layer; and � = 0o. For this example, the current densities are obtained

for both TE and TM excitations for three di�erent values of h, and compared to

the results of Refs. [27], [28]. Excellent agreement is again observed between the

current distributions obtained by this study and found in the literature, except for

a slight deviation near the edges for TM excitations, which might be due to the

di�erence in number and form of the basis functions used in this study and in the

study of the references. The number of basis functions is 55 for the TE case and

57 for the TM case. Table 2 shows the CPU times of the spectral and the spatial

domain approaches and the FFT approach for the TE and TM excitations. Again,

the spectral domain approach uses less computation time as compared to the other

approaches.

The geometry of the next example is given in Fig. 7, where Medium 0 is PEC,

�r1 = 4 and �r2 = 1, the width of the strips 2w = 0:5�2, and h1 = h2 = �2. The

number of basis functions is chosen to be 110 for the TE case and 114 for the TM

case, and the angle of incidence � = 0o. Table 3 shows the CPU times of all methods

for the TE and TM excitations, and again the CPU time of the spectral-domain

approach is the lowest.
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TABLE II

CPU times of the spectral-domain, spatial-domain and
FFT approaches for

(a) TE excitation

CPU time (s)

h = �0:1�0 h = �0:2�0 h = �0:3�0

Spectral 10.5 9.7 9.7

FFT 26.5 54.9 53.7

Spatial 125.5 124.6 124.1

(b) TM excitation

CPU time (s)

h = �0:1�0 h = �0:2�0 h = �0:3�0

Spectral 11.4 11.2 11.6

FFT 25.0 24.4 24.4

Spatial 39.6 39.3 39.4

TABLE III

CPU times of the spectral-domain, spatial-domain and
FFT approaches for TE and TM excitations

CPU time (s)

TE TM

Spectral 109.2 63.6

FFT 142.2 166.5

Spatial 6980.2 2187.1

After having established the superiority of the GPOF based technique over the

other two techniques for planar geometries in multilayer media, next example, which
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is a three-strip geometry in a three-layer medium, is investigated by this approach

only. The geometry of the example is given in Fig. 8, where the angle of incidence

� = 0o, Medium 0 and Medium 2 are free space, �r1 = 4, the width of the strips,

2w = 0:2�2, and h1 = h2 = h3 = 0:1�2. The number of basis functions is chosen to

be 105 for the TE case and 111 for the TM case. The CPU time to �ll the impedance

matrix and the source vector is 106.4 sec. for the TE case and 71.9 sec. for the TM

case. The magnitudes of the current densities on the strips are given in Figs. 9 and

10 for the TE and TM excitations, respectively.

V. Conclusion

As it is well-known, the application of the MoM to 2-D planar multilayer geome-

tries transforms integral equations into matrix equations whose entries are double

integrals over �nite domains in the spatial-domainMoM, and single integrals over in-

�nite domain in the spectral-domain MoM. In this paper, three di�erent algorithms

to e�ciently evaluate those integrals have been studied, which are namely, i) the use

of closed form Green's functions for the spatial-domain MoM formulation, ii) the

use of generalized pencil of functions (GPOF), and iii) the use of FFT algorithm,

both in the spectral-domain MoM formulation. The �rst two approaches have been

developed in this paper and the results obtained for di�erent applications are com-

pared with each other and with the third approach. It is observed that there is no

accuracy problem in any of these approaches, but as far as the numerical e�ciency

of these algorithms are concerned the one using the GPOF formulation is the best,

which has been veri�ed for several examples by giving the CPU times for �lling the

MoM matrices.
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