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Abstract

We study online parameter estimation over a distributed network, where the nodes
in the network collaboratively estimate a dynamically evolving parameter using
noisy observations. The nodes in the network are equipped with processing and
communication capabilities and can share their observations or local estimates with
their neighbors. The conventional distributed estimation algorithms cannot perform
the team-optimal online estimation in the finite horizon global mean-square error
sense (MSE). To this end, we present a team-optimal distributed estimation algo-
rithm through the disclosure of local estimates for tracking an underlying dynamic
parameter. We first show that the optimal estimation can be achieved through the
diffusion of all the time stamped observations for any arbitrary network and prove
that the team optimality through disclosure of local estimates is only possible for
certain network topologies. We then derive an iterative algorithm to recursively cal-
culate the combination weights of the disclosed information and construct the team-
optimal estimate for each time step. Through series of simulations, we demonstrate

the superior performance of the proposed algorithm with respect to the state-of-the-
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art diffusion distributed estimation algorithms regarding the convergence rate and
the finite horizon MSE levels. We also show that while conventional distributed es-
timation schemes cannot track highly dynamic parameters, through optimal weight
and estimate construction, the proposed algorithm presents a stable MSE perfor-

mance.

Key words: Optimal estimation, distributed network, dynamic parameter, online

estimation

1 Introduction

Recently, due to advancements in information technologies, distributed learn-
ing and estimation techniques have attracted significant attention thanks to
their fast convergence and robustness properties for fast streaming data [1-5].
In a distributed estimation framework, we consider a network of agents ob-
serving a temporal signal about an underlying state, possibly coming from
different spatial sources with different statistics. Each agent in the network
is equipped with communication and processing capabilities. The aim of each
agent is to estimate the underlying parameter of interest, as an example, by
minimizing the expected Euclidean distance between the estimate and the
true value of the state (the minimum mean-square estimation (MMSE)). The
agents in the network are connected to a set of neighboring nodes and can
exchange information, i.e. observations and/or estimates, between them to
improve their learning process. To illustrate, assume a network of emission
sensors distributed over a greenhouse to monitor the C'Oy levels for a preci-
sion agriculture application [6]. Since the agents would collect different obser-

vations from different parts of the area, they can cooperate in the network to
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rapidly learn and track the true C'Oy levels for an enhanced intervention.

In this regard, the distributed learning and estimation has been extensively
studied in the signal processing and machine learning literatures [7-15]. How-
ever, the classical methods either do not consider the information diffusion
scheme among the agents and/or construction of the optimal combination
methods to obtain the MMSE performance or are not applicable for real-time
applications [11]. To this end, in this paper, we present an approach to ob-
tain a team-optimal distributed online estimation scheme by exploiting the
network structure and the information disclosure and combination when the

underlying state is non-stationary and time varying.

There exists an extensive research on distributed estimation of a time invariant
or a dynamic state parameter, which are mainly studied under centralized and
decentralized distributed learning frameworks [7-14,16,17]. In the centralized
frameworks, all the agents in the network are connected to a fusion center
and each agent transmits its information to the center for the construction
of the final estimate [7,16,17]. Since all the information is collected by a sin-
gle node such methods do not require any specific information sharing scheme
and constructing the global optimal estimate is straightforward. However, this
approach has serious disadvantages regarding communication and computa-
tion loads on the network, i.e. transmitting all the peripheral information to
a single node requires a huge communication bandwidth and processing all
the collected information on a single unit requires a significant computational

power [7,10].

In the alternative decentralized frameworks, each agent in the network has
a different set of neighboring nodes consisting of spatially close ones and
exchange information only with these nodes to overcome the former prob-
lems [18]. In these approaches, agents only disclose their local information on

the underlying parameter and combine the received information to produce



their final estimates. In this framework, the information efficiently propagates

through the network to improve the overall performance [19].

In the consensus approach of the decentralized frameworks, all the agents in
the network reach to a “consensus” on their estimates after collecting and
processing their information locally [13,14]. However, this approach either
requires a use of two time scales to reach to the consensus immediately or
decaying learning rate for constructing the consensus among the agents in
time [14,20]. The use of two time scales limits the performance of the network
on real-time applications. On the other hand, the use of decaying learning
rates hinders the ability of the system to adaptively adjust or learn in time

varying environments [11].

In [12-14, 21] and [22], authors present diffusion based approaches for dis-
tributed estimation, where the network is able to respond to the fast-streaming
data in an online manner by using a single time scale. In the diffusion based
strategies, agents process their observations locally and disclose the corre-
sponding estimates to the neighboring nodes and improve their performance
through combining the received estimates. In [11], authors prove that the
diffusion based approaches outperform single time scale consensus strategies
regarding the global MSE performance. However, neither of these methods
consider the network topology or information disclosure procedures to obtain
a globally optimal solution. On the other hand, in [8,10], diffusion incremental
solutions are shown to reach to the optimal estimate by defining a certain path
through the network, which is not practical against the fast streaming data or

the dynamic configurations.

In [23], authors presented a novel approach to obtain the team-optimal dis-
tributed estimation of a static underlying parameter by exploiting the network
structure, and the optimal information disclosure and combination without

any incremental path requirements. However, in most of the real-life appli-



cations, the underlying parameter is subject to a change, i.e. it evolves in
time [24]. Although there exists different studies on the distributed estimation
of a dynamic parameter, these algorithms again do not consider the correla-
tion of the disclosed information between the agents in the network due to the
dynamic evolution of the underlying parameter. [2,24,25]. Hence, these algo-
rithms cannot achieve the team-optimal estimation and the problem requires

a different approach than the solutions available in the literature.

To this end, we work on the team-optimal estimation of dynamic parameters
over distributed networks. We first use the framework of [26] to establish
the model and the problem. Then, we introduce the efficient and optimal
distributed learning (EODL) algorithm for the online estimation of dynamic
parameters and prove that it is only applicable over certain network topologies.
We also show the superior performance of the proposed method compared to

the state-of-the-art methods through numerical examples.

We organize the paper as follows. In Section 2, we present the team framework
for the dynamic parameter estimation and show that the optimal estimate can
be constructed through diffusion of the time stamped information. Then, in
Section 3, we prove that the team-optimal estimation through disclosure of
local estimates can be achieved only under certain network topologies. Later
in Section 4, we provide an iterative algorithm to construct the optimal com-
bination weights and the estimate over such networks. We demonstrate the
performance of the proposed algorithm through series of simulations in Section

5 and conclude the paper with final remarks in Section 6.

2 Team Framework for Distributed Estimation

We consider a distributed network with m agents equipped with processing

and communication capabilities. We form the network as an undirected graph,



Fig. 1. First order neighborhood of the agent ¢ over a distributed network. The
agent ¢ only exchanges information with the nodes in this neighborhood.

where vertices and edges represent the agents and the communication links
respectively, as shown in Fig. 1. For each agent i, we denote the set of agents,
whose information is available to the agent 7 after transmission over k& com-

munication links (after k-hops) as Ngk). We define Ngk) as

Ngk) = {jla'” 7jﬁ(k>}7 (1>

where 7T§k) = \Ngk)| is the cardinality of the set Ngk). We assume that NEO) =
{i} and NZ(»k) = () for k < 0. In Fig.1, we demonstrate the first neighborhood
of the agent i, where N; = {j1, j2, js} and m; = 3. We drop the superscript on

the first order neighborhood for notational simplicity.

We choose the random walk for the modeling of the underlying dynamic state
since the random walk model is extensively used to model the behavior of
highly complex structures from biological systems to social networks [2,24,25].

Hence, the underlying state z; € R evolves according to
Tyl = YTt + W, (2)

where v € R is the expected rate of change. The term w, € R is the state noise

and it is an i.i.d. Gaussian random process {W,} with variance o2 . The initial



state is sampled from a Gaussian random variable such that X, ~ N(0,03) *.

Each agent in the network observes a noisy version of an underlying dynamic

state as
Yit = Ty + Ny (3)

fori=1,--- ,mand n;;, € R is a white Gaussian process {N;;} with variance
0,2”. We assume that the observation noise is spatially independent and the
variance of the noise signals are known to each agent (if they are not available,
then they can be estimated from the observations [27]). Correspondingly, v;
becomes a realization of a random process {Y;:}, where Vi = X; + ./\/;t At
each instant, an agent receives a local observation and diffused information
from the neighboring agents, while it also diffuses information to its neighbor-

ing agents.

Obviously, each agent can alone track the underlying state in the MMSE sense
under certain regulatory conditions [28]. However, the use of distributed co-
operation can greatly enhance the learning rate and the robustness of the
system [27]. To this end, we aim to find an optimal estimation strategy re-
garding the MSE performance for a team of distributed agents. To provide a
lower bound on the performance of the team, we first consider a case where
the agents in the network disclose the stamped versions, with time and the
agent ID, of their observations and the received information. Thus, each agent
has access to the observations of all the other agents in the network. How-
ever, we note that only the observations from the neighboring agents can be
directly received. The observations from the non-neighboring agents can only

be accessed after going over certain number of communication links, i.e. the

! In this paper, all random variables are represented as uppercase calligraphic let-
ters, i.e. X, and all the realizations of these variables are presented as their lowercase
characters, i.e. x. All the vectors are column vectors and denoted by boldface low-
ercase letters.



Fig. 2. Information from the agent in IN; can be directly received by the node 1.
Information coming from the agents in N§2) and Ngg) can be accessed with a certain
delay.

information of the agent j € NEQ) can be accessed by the agent i after being
transmitted over 2 communications links. We illustrate this behavior of the
distributed networks in Fig.2, where we show Nj, NZ@) and NE?’) for the node
1. Only the information from N; can be directly received by node #, otherwise
the information have to follow the described neighborhood path to reach the

node 7.

We define the team cost of the network for a time horizon 7', when each agent

t makes the estimate Z;; as
T m 5
ZZ]E || — Ziel|”
t=1i=1

We also emphasize that due to the connected structure of the network, each
agent will have access to all the observations in the network, although with
certain delay. Therefore, we denote the information aggregated at the agent ¢

at time ¢ as

r r<t—1 r<t—2
Di,t = {{yi,T} St, {yj,f}je_lih ) {yj,T}je_;-(Q)’ S {yjﬂ'}jGNENi)}’ (4)



where k; denotes the communication link delay for the furthest node from the
ith node. Note that {y;, ]TES;—(S) is the set of observations received from t; hop

away neighborhood of the agent 7, which is explicitly defined as
<t—t; A
{ijT};gN<ti) - {yjlvt*tz‘v ceo Yi0s e 7yjﬂgti):t*ti7 T 7yjﬂ(ti),0}' (5)

With this aggregated information, we construct the team optimization prob-

lem as

{yiﬂ' - yi,T}TSt7

T m
ZE[IIXt—:rHQ
=1

=1

min
x
t
T7<t—1 _ T<t—k;
{yjﬂ— = yjﬂ_ JENG 0T {yj,ﬂ- — yj,T jGNE”iZ)] s (6)

which corresponds, for each agent, to solving

T
mmeElHXt —2|P{Vir = vir } 7,
=1

Vir =virtion o AV =y} o0 ] (7)

jeNE“i)

The solution to the optimization problem in (7) at each time step ¢ gives the

MMSE estimate for the agent ¢ such that

i‘i,t - ]E |:X}/

Dir = 0l = e = 03 Ao e = w3 ] -

]EN(M)

Therefore, the estimate in (8) produces the team-optimal solution in an MSE

sense and creates the lower bound for the team-framework.

Remark 2.1 The presented case provides a lower bound on the error perfor-
mance of the team in an MSFE sense through the disclosure of the time stamped
observations. This scheme requires excessive amount of storage on the nodes
and the communication load for the network, especially for larger networks.

Note that the reduced storage and the communication load are essential for the



applicability of the distributed networks to real life problems [29,30]. Therefore,
we develop team-optimal estimation strategies for the distributed networks that
achieves the error performance lower bound of (8), albeit the nodes only store
and diffuse their current local estimates. However, in the next section, we show
that such an error performance with the disclosure of local estimates can only

be achieved over certain network topologies.

3 Optimal Estimation with the Disclosure of Local Estimates

In this section, we show that the team optimal estimation lower bound for
dynamic parameters can be achieved over tree-networks through disclosure of
local estimates and such performance cannot be achieved over cyclic networks

126].

We define the tree-networks as graph structures, where the vertices are con-
nected with undirected edges without any cycles as shown in Fig.3. We also
note that for any arbitrary network topology, a minimum spanning tree of the

network can be constructed by eliminating the cycles [31-34].

Using the tree structure of the network, we partition the set of information
coming from a particular neighborhood. For the tree networks, a neighboring

set for the agent ¢ can be expressed as

N&) — U (N(k) N N(kfl))

i J
JEN;

and again due to the network structure, the intersecting sets are disjoint such

that
k k—1 k k—1
(NP ANFED) (NP ANED) = ¢
for all ji, jo € N; and j; # jo. Therefore, we partition the information received

10
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Fig. 3. Structure of a depth-4 tree network with the corresponding neighborhoods
of the agent i. Note that we eliminated the cyclic connections from Fig.2 to avoid
multipath information diffusion and obtain team-optimal estimation.

at the agent ¢ after k-hops as
T<t—k __ T<k—1 T<t—k
{yj,r}jengk) - {{yj’T}jeNEk)mNg.i_k)’ T a{yj,f}j€N§k>nN§if1)}-

Using this partitioning method, we define the set of new measurements coming

from agent j to ¢ at time ¢t = 2 as
Zjsip = {{yk;}keNmNgon {yk,T}keNl@)mNg_l) } 9)
Note that the expression in (9) can also be written as
Zjiz = D2 /{yj1, yir}, (10)

where y;1 = D;; and y;1 = D;1 = zij;1. Thus we can generalize the new

information expression for any time ¢ as
Zmip = Djp/{Dje-1U Zinja—}, (11)

11



Using (11), we write all the information aggregated at the agent i as

Di,t = {yi,t; Zj1—it—1 """y B, —it—1, Dz‘,t—l}v (12>

where z;_,;; is constructible from D, and D, . for 7 < t as we show using
(10) and (11). Therefore, using (12), we construct the optimal estimate again
with an abuse of notation as

: (13)

Yity Zj1—it—1s"" " s Zjr, —it—1, Di,t—l

3?1"15 - ]E [Xt

Considering z;_,;, is constructible from D, ; and D;; for 7 < t, we write the

optimal estimate in (13) as

i =E [Xt

{yiv T}Tgta {Dj,r 5213111]

- E[Xt

Yits Di,tfly {Dj,tl}jeNi‘|
and since ;1 = E[X;_1]|D, 1], we obtain

i‘i,t - E |:X¥

y@-,t,Emm,t_ﬂ,{E[X|Dj,t_1]}jem]
(14)
—E [Xt

Yits ii,t—h {ij,t—l}jeNi] .

Hence, we conclude that we can construct the optimal estimate through dis-

closure of local estimates over the tree-networks.

In the following, we introduce the efficient and the optimal distributed online
learning algorithm for dynamic state estimation. We propose a method that
iteratively constructs the team-optimal estimate in (14) for dynamic parame-

ters and achieves the error lower bound in (6).

12



4 Efficient and Optimal Distributed Online Learning

In Section 3, we show that over a tree network, the team-optimal estimate can

be constructed using the disclosure of local estimates as

Yit, ii,tfb {ij,tq}jeNi :

.’IAZ'Z"t - ]E lXt

Each local estimate 2;, is linear in previous estimates Z; ;1 and {Z;;—1}jen;,-
Therefore, instead of disclosing the local estimates, we constrain each agent
to disclose the information that was not included in the old estimates. Then
each agent extracts only the innovation terms, i.e. the new information in the
disclosed data that the agent has not received before. Although this opera-
tion imposes more computational load on the agents, it significantly reduces
the communication load on the network, which is more essential for highly-
connected larger networks that require more power for the transmission of

information [29].

We denote the innovation term extracted at the agent ¢ from the data disclosed
by the agent j at time ¢ as z;_,; ;1. With this definition, we define the random
vector collecting the previous estimate and the aggregated information on the

agent ¢ at time t as

T
di; = [yi,t X1 Zjisig— - Zjﬂ.m,tll ) (15)

so that we find the optimal estimate of the state with realizations of the

elements in d;; as

i’@t - E |:X;€

yz',t = Yit, Xz‘,t—1 = Tit—1, {Zj—n',t—l = Zj—>z‘,t—1}jeNi‘|‘

Due to the state-space model defined in (2) and (3), all the parameters in (15)

are jointly Gaussian. Hence, for the estimation of the next state at the agent

13



1, we have

Tip = pTip—1 + BinlYis + Z Cz(,Jj)Zj—n',t—L (16)
JEN;
Using the estimation equation in (16), the information disclosed by the agent

7 at time t is given by

Zjt = gt T Agelt-1
_ (k) (17)
= Bjtyje + Z Cjt Zh—jt—1-
keN;
Hence, we extract the innovation from the disclosed information on the agent

1 as

_ (4)
Rj—it = “4t — CjpRi—jt—1

_ (4)
= Zjt — Cit

oo (18)
s DD

i,t—1 Cj7tci7t_1zj—>z,t—2-
Remark 4.1 Some of the previously diffused information are received after
certain delays over the network due to multi-hops. Therefore, some of the
receied information will be the noisy versions of the previous instances of the
underlying state. Due to the random walk model in (2), the state noise on these
previous instances will become correlated with the more recent observations.

Hence, this situation requires a significantly more detailed approach than the

existing methods [235].

In order to calculate the parameters in the estimation recursion (16), we first
need to calculate the auto-correlation matrix of d;; and the cross-correlation
vector with the underlying state &}, where we define them as ¥4, ; and X4, ¢+

respectively. We first calculate the terms of ¥4, ; starting with

BE[X,Yi] = E[X (X, + Niy)] = E[X7]

(19)
= VQE[XE—J + 0-120'

14



Then, we calculate

]E[Xt)ei,tfl] = E[Xt(@i,tfl)ei,th + Bit—1Vig—1 + Z Cz(,];g)qzjw,tﬁ)]

JEN;
= ai,t—l]E[Xt‘)ai,t—2 + Bir 1 B[ Y]] + Z CE?B_JE[XI:Zj—n,t—z)]
JeEN;
= 72ai,t—1E[Xt—2/’€i,t—2] + '76i,t—1E[Xt2_1] + Z CE,Ji)—lE[Xthﬁi,t—2]'
JEN;

(20)

In order to calculate (20), we also need to calculate E[X;Z;_,;; o|. For that,

we first introduce

le,ﬂ
hio=v| : | E[A7]
Bir, 0
Then, with this initialization, for any time ¢, we find
5j17tE[Xt2] + C};,thjht—]. Cg'll),t hg'll),t—l
hiw=~ - © ;
/B‘]nﬂt]EI:XtZ] + Cz:rl ,thjﬂ'ivt_l Cg‘ji,t h‘gi)i,t*l
(k) (kT

where ¢;, s = {c. } .k € Nj,. Note that h;; can also be expressed

]171 oo jl,l

as

ElZj i1 4]

E[Z;, i)

15



Using this notation, we obtain

E[X.Z,it—2 = YE[X_12Z;i1—2]

= ’Yhz(,];t)—l-
Therefore, we can finalize the calculation of ]E[Xt/ft_l] as
]E[Xt-)et—l] = ’YQai,t—l]E[Xt—z?et—z] + 781 E[X2 ] + ’YCZt_1hi,t—1-

Additionally, we define the cross correlation term between the state and the

estimate as

57, 2 B[X,X,,]

= 7ai,t5§,t—1 + ﬁi,tE[Xf] + Cgthi,t

and the variance for the underlying state as

_ .22 2
=7"0i—1 7+ Oy,

which concludes our calculation for the terms in ¥4, ; such that

T
Sedit = [E[Xtyi,t] E[X, X1 JEXZj 0] - - EIX 25, vip]

T
|20 2 2 T
= [’Y O+ 0y V01 hiy

Next, we calculate the terms of ¥44, ;. First, we have

E[ z2t] = E[(X; +M,t)2] (21)
= Uf + 072“.

16



Then, for the term IE[ -1 )it we get

E[X;-1Vi4] = E[X; -1 4]

=2
=70+

(22)

and note that we already found that E[Y; ;Z;_; ;1] = hl 1. We then calculate
the terms that include the random variable corresponding to the estimate of

the previous state. We begin with defining

&i2,t71 = ]E[Xi?tfl]

2
—E[(azt—xzt o+ Bit—2Yit—1+ Z Czt 1 —)i,t—2> ]

JEN;
_azt 1]E[X o] 200 1155 4— 2E[th 2Uit—1]
\—2’_/ e e—
; VO t—2

,t—2

+ 2041 Z Czt 1 [Xz}t—QZj—ﬂ',t—Q] +5¢2,t—2E[ i2,t—1]
———

JEN;

af_lJrJ%_
) 2
+ 28542 Z Ci,]tfl]ED}i,tfl i t—2 —HEK Z C'Lt 1 Zjsit— 2) 1
JEN; JEN;

T
ﬁ/ci’t_lhi,t72

(23)

and 67, = B2(0§ + 02,). We need to calculate IE[/'\A’@t_ng_)i,t_g] in order to

complete the calculation of (23). For that, we introduce a more compact form

17



of the term Z;_,;; as

Zi i =BV + Z Cg? (ﬁk,tlyk,tl + Z C;(i)t,l (ﬁl,t2yl,t2 + Z - ))

kEN, ki 1ENG I£]
a7
_ 1 0) 1
= Biet+— D, GilBrert— D th W\ Bri—e + — Z
7 keN; ki T 1eN £
1 1
_ |z Z C§-?<5k,t1+ Z th 1(5”2—!- Z ))
|7 ke ki 1EN 1%
1 .
i > jtckt 1(5” 2+ — Z ) Wt—Q_"'_["‘}Wt_,@i+1+<l.n.t.),
|V keN; ksti leNg 1]
(24)

where x; is the number of hops from the furthest agent and (i.n.t.) is the

abbreviation of independent noise terms. We point out that the term gi(? can

be calculated in a recursive form as in (24). Hence, using (24), we write the

term Z;_,;; as

Zi i = gi(,{f)‘)( (gzt B, IWi-1 — <gzt Bt — Z Cg?ﬁk,tl)wtz

keN; ki
. ( .. )Wt—m—i—l + (i_n.t,)
(25)

and we obtain
E[X1Zj 4] = g5 B[] — (97 — BB W] — -+ = (- JE[X Wi ],
The state noise W, is independent from previous states and we express the

18



term &, as

Xy = BigWi1 + <Oéi,tﬁz',t—1 + Z Cg?‘t)ﬁj,t—l)wt—2

JEN;

+ (ai,t@i,t—1ﬁi,t—2 + iy Z Cgﬁ)ﬁj,t—Q + Z Z Cgf;g)c;i)_15k,t—2) Wi_3

JEN; JEN; kEN; k#i
bt ( : ‘)Wt—mi—i-l +in.t..
(26)

Therefore, we conclude that

E[é\?i,th_,i,t] = g(Jt)E[)E'Z’tXt] + AO’?U,

2

where A is calculated according to the recursions in (25) and (26).

Finally, we calculate the remaining terms of ¥4y, ; as

2 )2 \,-2
E (Zj—n',t—l) = (97-1)07 1
1

2
k
+ [((gzt 1 ﬁ]t 1) (gzt 1 ﬁ], -1 = Z C;,t)—lﬁk,t—2)> - B‘]?,‘l - B]2,5 B]2m Ow

kEN; k#i

+(5j,t—1)20nj + Z ]t 15kt 2)0 + Z Z jt 1th 2Bk i—23,— 3)2072” + e

kEN; k#i kEN; ki lENy,l#]

+ Z Z e Z Z Z (cyct) 1C,gl)t 9" g?lmﬁk,t—2ﬁl,t—3 - ‘Bm,t—m)QUrzn

(ki—2) TTLEN(NZ 1),7717&

KEN; kAUEN AT o n(ries) seN!
(27)
and
E[Zjoﬁi7t—1sz%i,t—l‘| _gzt 19m 1Ut 1+ l( = Bijoi— 1)(9115 1 ﬁjp,t 1)
1 k 1 k
(gzt 1 /8]07t 11— Z Cg'o,)t—lﬁk,t—z) (gzt 1 53;7,16 1= — Z Cg‘p,)t—1ﬁk,t72)
kEN;, ki 7 keN,, ki
- Bj074BjPa e B]OaK/ZB]ZN'{'L‘| w?
(28)
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where o,p € {1,...,m},0 # p and B,; for t = 4,...,k — i represents the

remaining recursive terms derived in (25).

Next, we recursively calculate the parameters in (16). We define the vector

containing the parameters as
~ 1 '7r- T
pP= [Oéi,t Bis Cz(",]tl) Cz(]tl)}

In (13), all the conditioned parameters are jointly Gaussian with the state.
Therefore, we calculate the parameter vector as P = 2;;1, +2zd; - The estima-

tion and the variance recursions are given by

£k : (4) (4) 4
Tip = YTig—1 + Biy (yi,t - 7%’,15—1) + Z Cif \ Zj—it—1 — Gif Tigt—1 ),
JEN;

A2 2.2 2 T -1
Oip =7V 0ipq T 0y — Exdi,tzddi,tzwdi,t'
Hence, for the parameter a;; in (16), we have

Qi =7 — ’Y@z’,t - Z Cg,jt)gi(,]?a

JEN;

which finalizes the efficient and optimal distributed online learning algorithm.

We give the detailed pseudo-code of the overall algorithm in Algorithm 1.

In the following, we provide numerical examples to evaluate the performance
of our algorithm against several other distributed estimation algorithms under

different scenarios.

5 Simulations

In this section, we study the performance of the proposed algorithm under
different scenarios. For the network structure, we consider a depth 2 tree-

network. Each agent ¢ observes a noise corrupted version y; € R of an under-
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Algorithm 1 The Efficient and Optimal Distributed Online Learning Algo-
rithm (EODL)

1: for =1 to m do

2: JAZZ"O =

3: &30 = US

4: end for

5 for ¢t > 1 do

6 for : =1 tom do

7: Receive {zj;1}jen;

8: Extract Innovation

9: Ziyit—1 = Zjt— —c@_ +c(~i)_ c(j)_ Zisit—

j—i,t—1 j,t—1 jt—1 jt—1% t—2<j—i,t—3

10: Calculate X4, 1,244, ¢
11: Find Parameters: ‘

12: P £ [a;y By Cz(,]tl) e CE,Jtﬂi)]T

13: P 3, Se

14: Qip =7 — VBit — Ljen, Cz(,Jt)gz‘(,]t)

15: Update:

16: Tip = Oéz',tii‘i,tﬂ + BitYir

17 +2jen, Cz(',]t)zj—ﬂvt—l

18: &?,t = 72‘31‘2,15—1 +og - Efdi,txc?dli,tzl“di,t
19: end for
20: end for

lying state x; € R, where it evolves according to the random walk model in
(2) with v = 0.98. The state noise w; is driven by a Gaussian process, with
zero mean and variance o2 = 0.025. The observation noise is also zero-mean

white Gaussian random process.

We use the terminal cost function for measuring the team performance of
different algorithms. The terminal cost is a function of the time horizon T and

defined as [26]

J(T):ZEHXT—@,THQ, (29)

=1

which represents the impact of the final estimate on the horizon. We use en-
semble average over 200 experiments in order to approximate the cost measure

in (29).

We compare the performance of the proposed algorithm with the diffusion
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least mean squares (D-LMS), the diffusion recursive least squares (D-RLS)
algorithm and the diffusion implementation of the Kalman filtering algorithm
(D-Kalman) under different settings [10, 12,22]. We also use a distributed
consensus algorithm in our comparison framework [35]. We implement the
diffusion based distributed algorithms with the adapt-then-combine (ATC)
technique, where each agent first makes an estimate based on its local obser-
vation and discloses its estimate [35]. Then, the agents decide on their final
estimate by combining the local and the received estimates. For the combina-
tion step, we use the Metropolis rule, where the combination weight A, ; for

the estimate coming to the agent ¢ from the agent j is calculated as

WN@NJ) if © # j are linked,

Aij =190 for ¢ and j not linked,

1 — E]ENZ\Z )\Z,] fOI' ’L = j

We set the learning rates of the diffusion LMS and the consensus algorithm
to = 0.2. We select this learning rate so that these algorithms do not follow
the observation noise and capture the underlying parameter. Also, we set the
memory parameter of the diffusion RLS algorithm to n = 0.3. Note that we set
the memory parameter of RLS algorithm to a relatively small value in order
to put more emphasis on the recent observations and estimates. We choose
this parameter so that the diffusion RLS algorithm converges fast, but still be

able to track the underlying dynamic parameter.

In Fig.4, we compare the algorithms under a space-invariant noise over the
network, where each agent experiences the same level of disturbance. We se-
lect the random walk and observation model parameter so that each agent
experiences 0.5dB signal-to-noise ratio (SNR). We observe that the proposed
algorithm (EODL) achieves a superior performance regarding the global finite

horizon MSE measure and the convergence rate compared to the other dis-
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Time Evolution of Global MSE (Static Noise)
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Fig. 4. Comparison of the global MSE of the algorithms under space-invariant noise
with v = 0.98.

tributed estimation algorithms. The consensus algorithm performs the worst
since it has a decaying learning rate as the nodes reach to a consensus in time

and the network loses its adaptation capabilities against a dynamic parameter.

In another scenario, we evaluate the performance of the algorithms under a
space-variant noise statistics over the network. For this case, we randomly
sample the standard deviation of the observation noise of the each agent from
a folded Gaussian distribution so that signal-to-noise ratio of the network will
be around 0.5dB. In this case randomness is involved and some of the agents
will experience higher(lower) SNR levels. In Fig.5, we compare the algorithms
for the space-variant noise case. Note that the algorithms perform better than
the space-invariant noise statistics case. This is because, in this case, some of
the agents experience smaller noise levels while some others experience higher,
but through the communication between the agents, they all benefit from the
estimates of the agents having better observation channels. We also emphasize
that the EODL algorithm even performs better in this case since it utilizes the
optimal information disclosure and the estimate construction. Furthermore,
we observe a similar performance between the compared algorithms, where

the EODL algorithm achieves a superior performance regarding the global
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Terminal Cost vs. Time Horizon (Dynamic Noise)
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Fig. 5. Comparison of the global MSE of the algorithms under space-variant noise
with v = 0.98.

MSE measure and the convergence rate compared to the other distributed

estimation schemes.

We also investigate the effect of the random walk parameter v with a sim-
ulation under the space-variant noise framework, thus we select v = 1 for
another set of simulations. We emphasize that in this case the random walk
model diverges, however, as we will observe, our algorithm provides a bounded
estimation MSE. In Fig.6, we present the results for the case of no coopera-
tion between the nodes and for the case the cooperation occurs. We observe
that the D-LMS, D-RLS and the consensus networks become unstable, even if
individual nodes are stable and able to track the underlying parameter. Only
the D-Kalman and the EODL networks are able to achieve the convergence
for v = 1 case. We also emphasize that, with the EODL algorithm, we pro-
duce the optimal parameters and the combination weights for the network in
contrast to the D-LMS, D-RLS and consensus algorithms, where we need to
select their parameters beforehand. Therefore, the proposed algorithm over-
comes the issue of parameter selection and provides more stable solution for

this scenario.
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Terminal Cost vs Time Horizon (Dynamic Noise)
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Fig. 6. Comparison of the global MSE of the algorithms under space-variant noise
with v = 1. Even if D-LMS and D-RLS are stable when there is no cooperation
among nodes, the networks are diverging when they cooperate

6 Conclusion

In this paper, we introduce a novel approach for the distributed estimation
of dynamically changing parameters. We first construct a framework for the
estimation of dynamic parameters by a team of distributed agents. Here, we
provide a lower bound on the estimation error of the team of agents in the
MSE sense. We prove that the lower bound can be achieved for any arbitrary
network when the agents disclose the stamped observations. We also show
that this method imposes huge communication loads and requires excessive
storage on the agents. Therefore, we introduced an efficient method where the
agents only disclose the “new information” they have collected. We prove that
the error lower bound in this case can only be achieved over certain network
topologies. We introduce an algorithm to recursively extract the innovations
from the disclosed information and construct the optimal estimates. Through
series of simulations over different scenarios, we illustrate the significant per-
formance improvements introduced by our algorithm with respect to the state

of the art methods.
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