Unstructured search problem

An arbitrary function f : {0, . . . , N − 1} → {0, 1} is given such that f(x) = { 1, x = ω 0, x ≠ ω where ω is unknown.

Goal: Find the “target” ω with as few evaluations of f as possible.

Example. Find whose Bilkent extension is 1347. Then, f(x) = 1 iff x =EA.

Classical complexity of unstructured search Worst case complexity = N function calls. BPP complexity = O(N).

On average, must perform Np checks f(x) ? = 1 for a success probability of p.

Quantum complexity of unstructured search

Complexity measure = No of calls to a quantum oracle that computes Uf : |x⟩|y⟩ → |x⟩|f(x) ⊕ y⟩

Bennett et al. (1994) proved BQP complexity is at least O( √ N). Grover (1996) found a O( √ N) BQP algorithm.

This is a square-root speed-up over classical algorithms.

The oracle operator

Assume N = 2n. Use an n-qubit system with basis {|x⟩ : x = 0, . . . , 2n − 1}. Oracle: Uf |x⟩|y⟩ = |x⟩|y ⊕ f(x)⟩. In particular, Uf |x⟩ ( |0⟩ − |1⟩ √ 2 ) = (−1)f(x)|x⟩ ( |0⟩ − |1⟩ √ 2 )

= Uω|x⟩ ⊗ ( |0⟩ − |1⟩ √ 2 )

where Uω = I − 2|ω⟩⟨ω|. is the sign-flip operator Uω|x⟩ = { −|x⟩ x = ω |x⟩ x ≠ ω.

Geometric interpretation of Uω

Uω|�⟩ can be visualized as a reflection of |�⟩ about the hyperplane orthogonal to |ω⟩.

To see this, write |�⟩ = α|ω⟩ + β|�⊥⟩ where |�⊥⟩ is orthogonal to |ω⟩.

−α|ω⟩ α|ω⟩

β|�⊥⟩

|�⟩

Uω|�⟩

Inversion about the mean operator Us = 2|s⟩⟨s| − I where |s⟩ = 1 √ N N−1∑ x=0 |x⟩, is the uniform superposition of all n-qubit states. For an arbitrary state |ψ⟩ = ∑ x ax|x⟩

⟨s|ψ⟩ = 1 √ N ∑ x ax = √ N⟨a⟩ where ⟨a⟩ is the mean amplitude. So, Us|ψ⟩ = ∑ x (2⟨a⟩ − ax)|x⟩ Thus, Us transforms the amplitudes as Us : ax → 2⟨a⟩ − ax This can be interpreted as the “inversion of amplitudes about the mean.”

Us is a reflection operator Write a given state as |ψ⟩ = α|s⟩ + β|ψ⊥⟩ where |ψ⊥⟩ is orthogonal to |s⟩. Then, Us|ψ⟩ = α|s⟩ − β|ψ⊥⟩

−β|�⊥⟩ β|�⊥⟩

α|s⟩

|�⟩

Us|�⟩

|s⟩

The Grover operator

Rg = UsUω = (2|s⟩⟨s| − I)(I − 2|ω⟩⟨ω|).

Given a state |�⟩, write |�⟩ = |�1⟩ + |�2⟩ where |�1⟩ is in the |ω⟩ − |s⟩ plane, |�2⟩ in its orthogonal complement.

We have Rg|�2⟩ = −|�2⟩.

On the other hand, Rg|�1⟩ is a rotation of |�1⟩ in the |ω⟩ − |s⟩ plane by 2θ radians where θ = | sin−1(⟨s|ω⟩)| = sin−1(1/ √ N) ∼ 1/ √ N.

Grover’s Algorithm

1. Initial registers → |s⟩ = 1 √ N N−1∑ x=0 |x⟩

2. Apply the Grover iteration Rg successively r = √ Nπ/4 times → R⊗rg |s⟩

3. Measure all n qubits → x0

Discussion

The algorithm works because the initial state |s⟩ is rotated by 2rθ = 2( √ Nπ/4)θ ≈ π/2 radians and becomes almost aligned with |ω⟩. We have

P (x0 = ω) = sin2[(2r + 1)θ] ≈ 1 − O( 1 N ).