4.3 The Schmidt Decomposition

For any pure state |ψ⟩ of a composite system AB, there exist orthonormal bases {|i_A⟩}, {|i_B ⟩} for subsystems A and B, respectively, such that |ψ⟩ = ∑ i λ_i|i_A⟩|i_B ⟩ where {λ_i} are non-negative real numbers such that ∑ i λ^2 = 1.

Proof. Let |ψ⟩ = ∑ j,k c_{jk}|a_j ⟩|b_k⟩ in some basis for the joint system. Assume without loss of generality (we may pad zeros as necessary) that C = [c_{j,k}] is square. By singular-value decomposition, there exist unitary U, V , and a diagonal non-negative D such that C = UDV . Then |ψ⟩ = ∑ j,k,i u_{j,i}d_{i,i}v_{i,k}|a_j ⟩|b_k⟩

= ∑ i d_{i,i} λ_i ∑ j u_{j,i}|a_j⟩ |i_A⟩ ⊗ ( ∑ k v_{i,k}|b_k⟩ )

|i_B ⟩ .

4.3.1 A corollary The densities for subsystems A and B corresponding to a pure state |ψ⟩ = ∑ i λ_i|i_A⟩|i_B ⟩ have the form ρ_A = ∑ i λ^2_i |i_A⟩⟨i_A| and ρ_B = ∑ i λ^2_i |i_B ⟩⟨i_B |, namely, the same matrix form in the Schmidt basis.

4.3.2 State purification Consider a system A in state ρ^A = n∑ i=1 p_i|a_i⟩⟨a_i| where {|a_i⟩} is an orthonormal basis. Let B be an n-dimensional system (residing in a space orthogonal to system A). Let {|b_i⟩; i = 1, . . . , n} be some orthonormal basis for B. Consider the state |ψ_{AB} ⟩ = ∑ i √ p_i|a_i⟩|b_i⟩ for the joint system AB. It is easy to verify that ρ^A = tr_B (|ψ_{AB} ⟩⟨ψ_{AB} |). So, the mixed state ρ^A can be regarded as the reduced state of a pure state |ψ_{AB} ⟩ in the larger system AB. In this sense, |ψ_{AB} ⟩ is a “purification” of the mixed state ρ^A.