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ABSTRACT scheme to generate truly loss-less non-linear integer-to-

) S integer wavelet transforms [7-9].
Decomposing the wavelet transform in lifting steps allows a

simpler implementation of the transform filters and provides BY using a signal flow-graph approach, the paper presents
the flexibility necessary to satisfy other requirements, e.g., the lifting scheme as a simple and flexible tool for
generating non-linear integer-to-integer wavelet transforms. constructing pairs of forward and inverse wavelet
The paper presents a flow-graph approach to the lifting transforms that can be adjusted to acquire various desired
factorization that gives a better insight to the main features of features while retaining the basic property to perfectly
single-phase and two-phase wavelet transform representationsyeconstruct the initial signal. In particular, the lifting

on th.'st basis, trullyt Itoss-lfess agnzl Zom_predssmn algorithms gcheme largely simplifies obtaining integer-to-integer true
using integer wavelet transiorm can be devised.. wavelet transform.

1. INTRODUCTION 2. PERFECT RECONSTRUCTION

Lossless compression schemes with multi-functionality CONDITION
support play a key role in medical image storage, retrieval
and transmission, when fast interactive handling of large
data sets over networks with limited and/or variable
bandwidth is required, and when the option of

Figure 1 shows the single-phase and the equivalent two-
phase analysis step of a wavelet multiresolution
representation of a signal [6, 8, 13-16].

decompression without distortion has to be retained. The Anflysi Down-Samping
analysis of the basic compression methods reveals that the _ )= of  (2) o»@-» f.(2)
embedded coding techniques based on the discrete he(z *)+2 hy(z7%) L

wavelet transform fulfil the most important requirements fﬂ,

for medical image compression. Moreover, the definition e
of a "medical” profile for JPEG2000 and the decision of ~—>_gz(z ): _zﬁofBB(z)w@—» fz(2
DICOM [1] to join the efforts of the JPEG committee [2, Je(2™)+2 go(z™)

3Jare turning wavelet based compression techniques into Splitting Analysis Filtering

good candidates for a widely accepted standard within the
medical community. Several coding techniques [4]
featuring multi-functionality support, able to produce a  f(2)
compressed lossless embedded data stream that allows the
progressive refinement of the decompressed image or of a
certain set of user-defined regions of interest, have
recently been developed based on the integer-to-integer
wavelet transforms [6-8]. In medical imaging the lost of Figure 1. Equivalent single- and two-phase wavelet
any information when processing or transmitting an analysis steps

image is not eceptable because minutmage details |n the two-phase wavelet analysis, the low resolution--
might be essential to signal a pathological state. Standarg| (7) and detail --fs(z) components of the signal are
wavelet compression techniques [6] cannot reconstruct thexxpressed in terms of the evenfgz) and odd --fy(2)
lossless version of the original image, even when loss-lesgomponents, by the relation:

fLl@)

fa(2)

in principle and when retaining all the coefficients of the b, (2)0 - b .(2)0
wavelet transform, because these coefficients are %"( )D: P’ (z '1)%9( )D (1)
generated as real (floating point) numbers. Coding rounds 8(2)0 o(2)0

up or down the wavelet coefficients to integers, so thatwhere
losses result. The alternative is the use of the lifting



BT (74 = Tho(z ™) hy(z™HO 3. PRIMAL AND DUAL LIFTING STEPS

(z7)= % zY 6.2 —1)5 2) The liting scheme [10-13] allows to change one of the
. ¢ o . analysis or synthesis filters, keeping unchanged its
is the transposed of the analysis two-phase matrix [13'complementary fiter and conserving the perfect
15]. reconstruction condition. In the following, a pair of filters

Similarly, for the s,_ynthe5|s step, th_e even and odd (h,g) is called complementary if the corresponding two-
components of the signal are restored in terms of the low i : :
resolution and detail components with the relation: phase matrix P(z) has the determinant one, i.e.,

detP(z) =1. From (5) it results that, if the pair of filters

0.(2)0 . (z)O -
SQ(Z)D: P(Z)S ) ) 3) (h,g) is complementary, so are the filtets g) . Figure 3
h o/l B0 shows the two phase representation gfrimal lifting
where step which maintains the complementarity of the filters
P(z) = [he(z) ho(Z)E @ and the perfect reconstruction condition.
Be(@) 90(2)0 LD R g
is the transposed of the synthesis two-phase matrix, dual —*@-’ fL(2)
toP'(z™). f@)) G.(2")
Figure 2 shows the equivalence of the single- and two- hy
phase synthesis steps. | _,@_, — o f3(2)
Up- Synthesis f.(2 3.(z") 1
h(z) = - =1, 1
fL(Z) °_)Ga_)ofL(ZZ)he(ZZ)_'_Z—th_’(ZZ) PT(Z l) ST(Z )
f(2) 1 he(2)
Nk i@ ——
fed B 75 s/ @ (2
%e(Z
SynthesisFiltering Merging fB(Z) _)( é)
h(2) 1 %@ 1@
fL(Z) fe(z) ©
hy(2) S(2) A2
9(2) Figure 3. Primal lifting step in the two-phase wavelet
fs(2 ) fo(2) multiresolution representation
_ ° ) , The new synthesis and analysis two-phase matrices are:
Figure 2. Equivalent single- and two-phase wavelet 1 s@z)0
synthesis steps P(2)=P) g ) O=P@) S2) | ®)
O

The perfect reconstruction condition results in a naturalgng
form for the two-phase scheme:

- - o ~ ~
P(2)=P(z) 1 =P@)32), ()

~ ~ ~ .\ =
PP (z =1 - PRz ). ) Qs 1H

To obtain FIR analysis and synthesis filtei&z)and SO that, for any Laurent polynomélz) :
P(z) must contain only Laurent polynomials, so that detP(z)=detP(z)=1and detP'(z) =detP(z) = 1

detP(z)=Cz* . By dividing 0.(z) andg,(z) with A dual lifting step is shown in Figure 4.
detP(z) , it can be arranged thaetP(z) =1 or The modified two-phase matrices are given by:
h.(z) g.(z)OO1 OO
he(2)90(2) ~hy(2)ge(2) =1. (6) P(z)= &f ) qe) 15 "@T@ . o)
e | 0(2) 9,(@)t(z) 17
Consequently, the analysis filters can be expressed man q

terms of the synthesis filters by the relations:
~ _ ~ _ ~ o~ O —tzhH0 -~ | =
he(2) =902, he(2) =-ge(z ™), (7) Pe=pa g T ERETE . ay

ge(z) = _ho (Z _1)7 go (Z) = he(z _l)-
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Figure 4. Dual lifting step in the two-phase wavelet
multiresolution representation.

so that again, for any Laurent polynomidl(z),.

detP(z) =detP(z) =1 and detP'(z) =detP(z) = 1

4. LIFTING FACTORIZATION
Consider a pair of complementary filtets ). According
to (6), detP(z)=h.(z)g,(z) —h,(z)g.(z) = Lso that
the Laurent polynomialsh,(z gnd h,(z )are relatively
prime. Thus, the Euclid  algorithm
GCD (he(2).hy (2))=

gives
Kz P, i.e., a monomial. Using the

24(2) 1%2 (2) ]E:D- O4( ) 1 OE
1 of1 ol 1 H@) af 4
so that relation (13) becomes:
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which factors P@(z) in ry pairs of primal and dual

lifting steps, followed by a scaling. An additional primal
lifting step (8) can always be included to brig§(2) to
the original complementary filtey(2):

Pz) = PO (2) él) S(lz)g. (16)

It results that a two-phase matrix corresponding to any
pair of complementary filterd,(g) that define a wavelet
multiresolution representation can always be factored into
m =n/2 +1 pairs of primal and dual lifting steps, followed
by a scaling:

20 s oK 90
POHlD 1 He @ g
where s4(2) = K? s(2) and t,(2) = 0. The Laurent

polynomialss(2), ti(2), fori = 1,...,m1=n/2, result from
applying Euclid algorithm to the pair of Laurent

non-uniqueness of the division on the ring of Laurent Polynomialshy(z Jand h,(z ).
polynomials, the quotients can be chosen to reduce th&’he decomposition oP(z) into lifting factors given by

GCD to a constarK, to obtain the factorization:

the(z)0_[? Fi @) ﬂ KD
tho(2)3 Hj 1 EHOE (12)
If |h,(z)|>|he(z)|, the first quotient is zerog,(z)= .0

We will considern = even; ifn = odd we multiplyh(2)

with z, andg(2) with z ,
changing deP(2) = 1. Given the low-pass filtdn(z) and
using the factorization (12), a complementgf(z) can
be obtained by taking:

he(z) 9 (@)
@) 9@2)d
n K 00O
g () 1EE 10
0= 1

O%HO kB

The last factor is taken to ensdetP®(z)= fdr n =
even. A pair of successive factors can be rewritten:

PO(z) =
51 (13)

so thatn becomes even, without

relation (17) generates the ladder structure of the two-
phase flow-graph shown in Figure 5, which corresponds
to a synthesis step of the wavelet multiresolution
representation.
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Figure 5. Lifting factor decomposition of a synthesis
step of the wavelet multiresolution representation.

Similarly, the dual two-phase matrix is factored as:

52) = [ ][1 e hOE- °f (s
sz 1 % KE’

to which corresponds an analysis step of the wavelet
multiresolution representation described by the two-phase
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