Circuit Theory

Chapter 7 : First and Second Order Circuits

e Here, order refers to the number of capacitors and inductors

e First Order Circuits : The circuits which contain only one capacitor

or only one inductor.

e First Order RC Circuits : Such circuits contain independent and

dependent sources, resistors + one capacitor.
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e KVL : vy = Rpie + ve o= C% = U1 = RTC%+UC

® Vo = Vg, ic = C% Z'C = is, Ve = UC@O)"‘%ftto i5<7>d7



e First Order RL Circuits : Such circuits contain independent and

dependent sources, resistors + one inductor.
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e KCL : iy = Gyvp + 11, UL:Lm éiN:GNL%—HL

dip | 1 . 1 . 1
dt TaNL'E = Gy Gy =7,

e Result is a first order ODE
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e Step Response of First Order RC / RL Circuits :

e Here we have DC' sources, i.e. Vp and 75 are constants

1

dvc dig,

1 . dZL 1 . . 1 .
® it TR CVC = R 'T dt TGNLYE T GNLNY

e These two equations can be combined into a single equation :

de 1. _ 1
¢ dt 77T = T

e For RC circuits, x = v, 7 = RpC, xoo = Vi
L

e For RL circuits, x = i;, 7 = GyL =Ry Too = IN

e 7 : Time Constant.

e Unit : [1] = Q°5" (for RC case) :Qgec (for RL case) = sec

e Solution of the ODE : Since x, is constant, d‘fToo =0

° d(:z,;t%o) —I—%(a: — X)) =0

e Define a new variable y(t) = x(t) — 2 = CC% _|_%y =
e Solution is : y(t) = y(to)e—t_fo

° z(t) — roo = (x(to) — g;oo)e—tjo

e For RC Case : ve(t) — Ve = (ve(ty) — VT)G_%

e For RL Case : ir(t) — iy = (ig(to) — iN)e_é';\f%



e Why x, 7 assume that 7 > 0 and take limit as ¢ — oo

o lim; . x(t) = 2o + limy_ oo (x(t) — aroo)e_t;to = Too

X(t)

6 7 8 9 10

e Question : Practically, how long should we wait till we safely assume

that z(t) & x. This is called the steady state

e Practically, we have z(t) = x4, for t —ty > 57
. 2(t) — Too = (2(tg) — Too)e™ = 0.006(z(ty) — Too)

e In the above figure, we have 7 =1 sec.



e For RC Case : lim; . ve(t) = Vp = lim; o ic(t) =0

e In the steady state, capacitor behaves like an open circuit.

e For RL Case : limy . ir(t) =iy = limy oo vp(t) =0

e In the steady state, inductor behaves like a short circuit.

e Example 1 : Example 7.8. p. 300.
e Since the switch is open for a long time, we may assume that inductor
reaches its steady state — short circuit!

__Va
- Ri+Ry

e By shorting the inductor — i7(0)
e This shows a way to set up the initial condition for inductors.

e For ¢t > 0, the switch is closed. If we wait long enough, we may assume

that inductor reaches its steady state — short circuit!

. , 1%
0 if(00) = o = iy ="
e For t > 0, the switch is closed — 7= G L :é

; _ s V4 Vay -5 Vy Vy Vg —Baliztg)

o up(t) =L M0 — LV Seat



e Example 2 : Example 7.9. p. 301.

e Since the switch is closed for a long time, we may assume that capacitor

reaches its steady state — open circuit!

e By opening the capacitor — v¢(0) :R‘iﬁR}%Q

e For t > 0, the switch is opened. If we wait long enough, we may assume

that capacitor reaches its steady state — open circuit!

o Vo(00) = = Vp =V

e For t > 0, the switch is opened — 7 = RyC

o vo(t) =Vy+( R‘?EFR]% —Va)e 7€ — Vy
. dvc(t 1, V4R _iig
oic(t)=C §t<>:_R2(R£4+}%2 Ve me 0

o After finding ve(t), ic(t), vi(t), ir(t), how can we find the remaining

voltages or currents 7

e By substitution. i.e. Replace the capacitor/inductor by a voltage

and /or current source with the found solution.



N

e Here v(t) = vo(t), i(t) = ic(t), which are already found.

e Here v(t) = vp(t), i(t) = iL(t), which are already found.
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e Example :

1
% 2
4A 1 2 1F— C
Reg=R
_ =Ry
\L 1 io
Rt

VTC

e Rpr =1, By current division = 75 = i4: 1A= ve=vr=2V

o 7= RpC =1 sec, vo(oo) = vpr =2 V. Assume that vo(0) =1 V.

t—tg

® vc(t) — ve(o0) = (ve(0) — ve(oo))e

dve (t) _ —t

o= uc(t) =2—e'=ic(t) =C=2" =e

e Suppose that we want to find out, say, 7; and vy. = Use substitution.

V2

4 A 1< 2% GR

e Here, vo = 2 — e, Simple node analysis yields :

e i1(t) =3—0.5e" vy(t) =1+ 0.5e".



e Example :

N () Ry 2H N — - l 1

e R =1Q, By KCL=2=v1+iyn, in=v1 = iy=1A.

o 7 =GrL =2 sec,ig(oc0) =iy =1 A. Assume that i (0) =3 V.

t—tg

o ir(t) —ir(o0) = (ir(0) —ir(oo))e~

diL(t)

t
L _ L
i 2e7 2

e=it)=1+e2 =0 (t)=1L

e Suppose that we want to find out, say, i1 and i5. = Use substitution.

i .

2a (1) ! 1

e Here, iy =1+ ez, Simple node analysis yields :

eil(t)=1—e"2,iy(t) =14e 2.



e Response to a Pulse : This will depend on the relation between 7

and T :
v(t)
+
R
v(t) C) cT vC A
- t
-
0<t<T
t>T
+
R R +
vC
A C) c = c L vC

e If T'>> 7, vo(T) ~ve(oo) = A. Otherwise, vo(T) # ve(oo) = A

N

. :

Time Constant << T

Time Constant comparable with T

e Example: R=1kQ, C=1puF, A=10V,T =10 ms, vc(0) =0 V.
e=>7=RC=1ms<<T

e 0<t<10= ve(t) =10 — 107" = ve(10) ~ 10 V

o1 >10 = ve(t) = 10e~(t10)

e Example: R=10kQ, C=1uF, A=10V,T =10 ms, vc(0) =0 V.
e =>7=RC=10ms=T

00 <t<10= vc(t) =10 — 10e7 %" = v(10) = 10 — 10e™! = 6.32

ot >10 = vc(t) = 6.32e701(-10)
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e Sinusoidal Response of First Order RC / RL Circuits :

e Here, the source term in the Thévenin/Norton equivalent circuit is sinu-

soidal.

dr 1 1 _
° 3T T = “ %o Too = V4 coswt

e 2(t) = xn(t) + xp(t) = Natural Response + Forced Response

e This is the same as SUPERPOSITION. Natural response is due to initial
condition z(0) and is called ZERO INPUT RESPONSE. This is the solution
of ODE when the source term is set to ZERO.

e Forced response is due to source term and is called ZERO STATE RE-
SPONSE. This is the solution of ODE when z(0) = 0.

dep 1. _ 1
B TR = TVA cos wt

o 2p(t) = Vrcos(wt + ¢) = acoswt + bsinwt
ea=Vpcosgp , b= —Vpsing

e ip(t) = —awsinwt + bw cos wt

o (bw+% a) coswt + (—aw+% b) sinwt = %VA cos wt
o (bw+% a) = %VA (—aw+% b) =0

e Given 7, V4 and w Find a and b = Vp and ¢
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e Example 7-12, p. 307.

e Note that since the switch is open for a long time — v(0) = 0.
e For Thévenin Equivalent circuit : Rr =4 kQ || 4 kQ = 2 kX

o vr = 0.5v,(t) = 10sin 1000t — 7 =2 .10°> x 107% =2 .10 sec.

t

o uy(t) = Ke 7= Ke 0

o 2p(t) = Vpcos(wt + ¢) = acoswt + bsinwt w = 1000 Hz.
1 1 1
o (bwt+-a)=0 (—aw+2 b) =~V
e 10000 + 500a = 0 —1000a + 5006 = 5000 — a = —4, b =2

o v(t) = Ke ™ — 4cos 1000t + 2 sin 1000t
ev(0)=0=K—-4—K=4

ea=Vpcosp=—4, b=—Vpsing =2

o Vi = Va2 + b2 =447, tan = —2/—4 — ¢ = —153 deg.
o v(t) = 4e7°% 4 4.47 cos(1000t — 153)

e Note that as t — oo, — v(t) — 4.47 cos(1000t — 153)

e This is called Sinusoidal Steady State. We will find it directly in

Chp. 8 in a simple way — Phasor Analysis.
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e Second Order Circuits : The circuits which contain total of two

capacitor- inductor combination. — 2 capacitors, 2 inductors, or 1 capacitor—+

1 inductor.

e Before considering the most general case, we will first consider two im-

portant cases : series and parallel RLC circuits.

e Series RLC circuits

C
i C ; R
CH i T |
I + +y - 4 i *
Ve R Ve v
ng v S v L
T
e KVL : vp = v+ vo + vy, KCL :ig =1c =1

e From the first order case, we know that vo and 77 are state variables

(i.e. variables of ODE)

cio=C%—j —  Pe_y 00 ()

QUT:RTiR+Uc+UL:RiL+Uc+L%

e (1) and (2) are called state equations. They are first order coupled

ODE’s. They can be written in matrix form as :
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ve 0 1/0 Vo 0

i [ e
i —1/L —Ry/L i 1/L

e General form : — T = Ax + bu

e 1 :(vector) state variable, u : input, A : matrix, b : vector.

e Alternative form : Scalar second order equation. Differentiate (1), use

(1) and (2) to eliminate iy, :
.. Ry . 1 1
® U+ TT Vet TAVC = FAUT (**)

e So we have to either solve (*) or (**). Since they are equivalent, they

give the same result. Usually we are given v(0) and i7(0).
e To solve (**), we need v¢(0). This comes from (1) :  9¢(0) = i(0)/C

e Before finding the solution of (**), let us consider the other case :
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e Parallel RLC circuits

ic 'L IR 'c
= C <§L > iN R C—~ -
L
e KCL : iy =i+ ic+ iz, KVL : vg = ve = vy,

e From the first order case, we know that vo and 77 are state variables

(i.e. variables of ODE)

® UV — L%: v — iL :Uc/L (1)
o iy =Gug+ Cve+ip = Gue+ Cioc + i,

ODC:—G/Cvc—l/CiL+1/CiN (2)

e (1) and (2) are called state equations and can be written also as :

o[ e —G/C —1/C )\ ( ve 1/C
ir /L 0 ir 0

e Alternative form : Scalar second order equation. Differentiate (1), use

(1) and (2) to eliminate v¢ :
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- G - 1 . 1 .
® 17+ Iol 1+ IO = TOWN (**)

e So we have to either solve (*) or (**). Since they are equivalent, they

give the same result. Usually we are given v(0) and i7(0).
e To solve (**), we need ¢7,(0). This comes from (1) :  ¢1(0) = vo(0)/L
e Solution = zero input response + zero state response.
e Zero Input Response ( vy =0, iy =0)

° r+ax+bxr=0

OSeriesRLC:x:vC,a:%,b:Llc
o — N |
e Parallel RLC : z =i, a= &, b= 75

e £(0) and #(0) are given.

o Assume solution of the form z(t) = e’ = i(t) = se®! = i(t) = s%e*

o= (s24+as+b)et=0— (s>+as+b) =0

e This is called the characteristic polynomial of the circuit, here s

could be real of complex.
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° (32 + as +b) = 0 — roots are s; and s9

—a+va?—4b
2

e Roots can be found as : s;9 = &
e Case 1 : Distinct Roots, s1 # s9

o 2(t) = Kje®'' + Kye?!

e Here K and K> are constants (real or complex) to be found from the

initial conditions.

° .I(O) = Ky + Ko, .%’(O) = 51K + s9 Ky

K, — 5120)=i(0)

§2—51 S1—52

e These formulas are valid even if s; and s, are complex.
e What if the roots are complex ?
es=5=5=—-a+718=> K =Ky,=r/2

o 1(t) = Kie' + Kye™' = Kyt + Ky = 2R( Kie® )

o 2(t) = 2R(( r/2)e =0 ) = re=at cos(Bt — )
e Need to find r and 8 by using initial conditions.
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o x(t) = re *cos(fBt — 0)

e 2(0) =rcos — ©(0) = —arcosd + [rsinb
e rcosf = x(0) — rsind :W

e Alternatively we could find the solution as :

o z(t) = Cre ™ cos Bt + Coe ' sin St

#(0)+az(0)

i x(O) - Cl ’ :E(O) — _0401 + ﬁCQ E— 02 = 3

e Case 2 : Repeated Roots, s1 =59 = s

o 1(t) = Kie™ + Kyte™

e x(0)=K; , #(0)=sK;+ Ky — Ky =(0) — sx(0)

18



e Stability of solutions

o 51 # 59 — xn(t) = Kie¥' + Kyes!

o 51 =5 =5— ay(t) = Kie® + Kste™

o If R(s;) <0 — zn(t) — 0 as t — oo — Stable Case.

e In this case, if the independent sources are bounded — solutions are

bounded.

o If R(s;) >0, 0r sy =359 >0 — xn(t) — o0 as t — co — Unstable

Case.
e In this case, solutions are unbounded.
e For practical reasons, we want stable systems.

e From geometrical point of view, the roots of characteristic polynomial

are in the open left half of the complex plane in the stable case.

e We will do further classification for the stable case, as explained in the

next example.

e Example 7-15, p. 318.

e Consider a series RLC circuit with no independent sources. (Hence we
find zero input response, i.e. only the natural response). Let C' = 0.25 uF,
L=1H,vc(0) =15V, i5(0) =0 A. Find the solution for : (a) R = 8.5 k€,
(b) R=4k, (¢): R=1 k.
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. Ry .
® Vo+ TT vo+ %Uc = %UT =0 (**)

e Characteristic polynomial :

0:>(s2—|—as—|—b):()—>a:%,b:%

—a+va?—4b
2

e Roots can be found as : s;9 =

e Case 1: a="T=8500, b= ;.= 4.10° = s, = —500, s, = —8000.

1
LC
e Roots are negative = Stable case.

o vo(t) = Kye 90 4 Jpe=8000

o vc(0) = Ky + Ky = 15.

e 0c(0) =1i.(0)/C =0= —500K; — 8000K5 =0

e =K1 =16 , Ky=-1 = vo(t) = 167500 — =800t 7
o Cdvo_ ip = —2.1073e 790 12107378000 4

e This is called Overdamped Case (i.e. two distinct real-negative roots)

Overdamped Case
T

0.9 1
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ML~ 4000, b = 7= 4.100 = 5, = s, = —2000.

e Case 2 : a 7C

° Uc(t) — Kle—2000t + K2t€—2000t

L] Uc(O) = K1 = 15,
e 0c(0) = iz(0)/C = 0 = —2000K; + Ky = 0 = K5 = 30000

e vc(t) = (15 4 30000t )e~200% 1/

o CUC_ i = 15te 2000 4

e This is called Critically Damped Case (i.e. two repeated real-negative

roots)

Critically Damped Case
T T T

e Case 3: a="T=1000, b= 7= 4.10° = 5,5 = —500 £ ;500/T5.
oa =500 , §=500V15
o vo(t) = Ke " cos(5004/15¢ + @)

. = K1e7%% cos(500y/15¢t) + Kae 2% sin(500/15¢)
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15 = K,
ir,(0)/C =0 = —500K; 4+ 500V/15K; = 0 = Ky = /15

e v:(0)
e 0c(0)

e vo(t) = 15e 7% cos(5001/15¢t) + +/15e 7% sin(500+/15¢)
e Kcosp =K, =15 , Ksingp = —Ky=—+15

e K =152+ 15 =155 , tang = —/15 = ¢ = —75.52 deg.= —1.32

rad.

e vo(t) = 15.5¢ 7% cos(5001/15¢ — 1.32) (True notation)
o = 15.5e7°%% cos(500/15¢ — 75.52) (False but acceptable)

e This is called Underdamped Case (i.e. two complex conjugate roots

with negative real part)

Underdamped Case
T T T

e Here s = —a + j03; a determines the decay, and  determines the fre-

quency.
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> Re X Re
s2 sl sl=s2=s

Critically Damped ¥ Underdampec

Overdamped

e Step Response
e In this case, the standard ODE becomes :

o i(t) +ai(t)+bx(t) =A
o x(t) =an(t) +aF
e 1y (t) is the natural response and can be found as before.

CZL’F:B—>£'I§F:$"F:O$ZL'F:A/Z)

e Example 7-19, p. 328. Series RLC circuit with Vp = 10 V, C =
0.5 uF, L=2H, R=1kQ, vc(0) =0, i(0) = 0.

. Ry .
® Vo+ TT v+ %Uc = %UT (**)
° fUc(t) + 500@0@) + 106vc(t) =107
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e For xy, the characteristic polynomial is : s? + 500s + 10° = 0

e Roots : 512 = —250 £ 3968 — Underdamped case.

o von(t) = K1e7%% cos 968t + Koe 2 sin 968t = Ke™ 2 cos(968t + ¢)
o Vor =107/10° = 10

o vc(t) = 10 + Kie %% cos 968t + Kye 2 sin 968t

e vc(0) =10+ K1 =0 — K; =-10
o i0(0) = ir(0)/C = 0 = —250K, + 968Ky = 0 — Ky = —2.58

o vc(t) = 10 — 10e~2% cos 968t — 2.58¢ 250 sin 968t
e Kcosp =K =—-10 , Ksing =—Ky=2.58

o K =+/100 + 2.58% = 10.12, ¢ = 104.46 deg.

e The characteristic polynomial can also be written as :

o s+ 2lwys+wi =0

e ¢ : damping ratio, wy : undamped natural frequency.

® S12 = wo(—f + V& — 1)

e { > 1 — Overdamped Case.

e { =1 — Critically damped Case.

e ) < ¢ <1 — Underdamped case.

e £ = (0 — Lossless Case. In this case, the natural response is a pure

sinusoid.
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e General Second Order Circuits

e Note that we have vo and 77, as variables, and by element relations we

have ic = Cve and vy = Liy.
e Hence the general strategy is as follows :

e Step 1 : Use any method we have seen (node, mesh, combined con-
straints etc.) to obtain ic and vy, in terms of ve, iy and independent sources
only. (This is a process of writing equations, and eliminating undesired vari-

ables = Linear Algebra)
e At the end of step 1, we obtain the following equations :

® ic = Cc11V¢ + Clg’iL + d1u1

® Uy, = Co1UC + CQQ’iL + dQUQ

e Here, coefficients ¢;;, d; depend on circuit parameters, u; depend on

independent sources.
e Step 2 : Use ic = Cie and vy, = Liy, :

o Cic = cnive + et + diwg

o Li; = co1vc + oot + daus
e These equations can be written either in component form :

e Uc = anve + aip + bhuy (%)

® i; = agnUc + agoif + bous ()

e Or in matrix form :
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v ai; a ) biu
. d C _ 11 Aa12 C n 1U1 (*)
dt ) )
L as1 G222 L bauo

e General form : — T = Ax + bu
e 1 :(vector) state variable, u : input, A : matrix, b : vector or matrix.

e Alternative form : Scalar second order equation. Differentiate (x) or

(#x), use these equations to eliminate iy or ve :
e Casel: ap#0

L] 'DC = all’l.JC + algiL + blul = CL11@C + aio (aglvc + a22'iL + b2u2) + bldl

o = a110c + a12a210¢ + a2a12t1, + a1abous + b1ty

o = an0c + a12a91V¢ + a9s (Vo — a11ve — biug) + ajebous + byt

o = (a1 + a2)ic + (a12a91 — a11a92)vc — azbiu + aebous + byt

o Vo — (a11 + a92)0c + (a11a99 — 12091 )V0 = —agebiuy + aabous + byt

e Case 2 : a9 # 0. Change vo with ¢, and indexes 1 «— 2, we obtain :

ir, — (a9 + ann)ip + (axa11 — aa12)ip = —ag1bous + asbiug + botio

e Let us see the relation with A :
o (a1 + ag) = Trace(A) =T

[ (a11a22 — CL126L21) =detA=D

° r—Tx+ Dxr = u,
e uo Case : us = —agobiuy + ajabaus + by
e i;, Case : uy = —ay1bous + as1biuy + botin
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R1 R2

s C) e [ Yoo T ¢

e KCL at C : i1 + Gi(ver — vs) + Ga(ver — ve2) =0
e = C1ic1 = —(G1 + G2)ver + Gavea + G

e KCL at (5 : ico + Ga(vea — ve1) =0

o = CrUco = Gaver — Gaves

e = ay = —(G1+ Go)/C, apg = Go/C, as = Go/Co, agg = —Go/Cy,
b1 = G1/Ch, up = vg, by =0, up =0

o (a11 + ag) = Trace(A) =T = —((G1 + G2)/Cy + G2/ Cy)

o (aj1az — ajpag) =det A= D = G1Gy/C1Cy

e By using Case 2 : uy = —ay1bots + as1byug + botis = (G1G2/C1Cy) vy

o ico+ ((G1+ G2)/C1 + Ga/Cy)ice + (G1G2/C1Cs)vee = (G1Go/C1C) v

e Given initial conditions ve1(0) and vee(0), we can calculate ve2(0) from
the second state equation given above :

o = (5009(0) = Gove1(0) — Govea(0)

e Given the parameters GG;, R; and the source term vy, we can solve this
ODE to find veo.

e Then we can find v¢o by differentiation. By using the second equation,

we can find vey ...ete...
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e Example on p. 334, Fig. 7-14

R1 R2

e KCL for Node 1 : i1 + Gi(v1 — vs) + Go(vy —v2) =0
e KCL for Node 2 : igg + Ga(vg —v1) =0

e Op-amp eqn : vy =V =V_ =V, — Vo1 = V1 — Uy = U1 — VU3, Vo = U

(] C’lvbl = 011')1 — 01@2 = _(Gl + GQ)Ul + GQUQ + GQUS

o Covce = Govy — Gy

[} ”[}2 = (GQ/CQ)Ul — (GQ/CQ)’UQ
L] 01@1 = Cl(Gg/CQ)U1 — Cl(GQ/OQ)UQ — (G1 + Gz)Ul + GQUQ + GQUS
e 01 = (G2/Co = ((G1 + G2)C1) Jvi + ( (G2/Ch) — (G2/C2))va + (G2 /Ch)vs

e applying Case 2, we obtain :
(] @2 + ((Gl + Gg)/Cl)ng + (Gng/Cng)vg = (GlGQ/Cng)vs

e As before, given the parameters, and the initial conditions, we can solve
this ODE. Then, we can find v;. Then we can find all of the remaining

voltages and currents ...etc...
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