
Q1. Consider a periodic CT signal defined as 𝑥(𝑡) = 𝑒𝛼𝑡𝑢(𝑡), 0 ≤ 𝑡 < 1 with a period of T=1 seconds, 

where 𝛼 < 0. 

 

a) Determine the Fourier transform of 𝑥(𝑡). Roughly sketch |𝑋(𝑗𝜔)|. 
b) Check what becomes of 𝑥(𝑡) as 𝛼 goes to 0. Is your result in part (a) valid in this particular case? 
c) Consider an LTI system that possesses a real impulse response. Its frequency response 𝐻(𝑗𝜔) is 

depicted below for positive frequencies. Let the output be 𝑦(𝑡) when 𝑥(𝑡) is the input to this 
system.  Find and roughly sketch |𝑌(𝑗𝜔)| by clearly indicating the frequency values (without 
explicit numerical evaluation of the amplitude). 

 
 

d) A signal 𝑚(𝑡) with the spectrum below is multiplied by 𝑥(𝑡) and passed through the LTI system 
in part (c). Let the output be 𝑧(𝑡) when 𝑚(𝑡)𝑥(𝑡) is the input to this system.  Find and roughly 
sketch |𝑍(𝑗𝜔)| by clearly indicating the frequency values (without explicit numerical evaluation 
of the amplitude). 
 

 
 

  





Q2. Consider a continuous-time signal 𝑥(𝑡) whose Fourier Transform is given as follows:  

𝑋(𝑗𝜔) = { 𝑒3𝜔        𝑖𝑓 𝜔 < 0
0         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

   

a) Determine  𝑥(𝑡). 

b) Find the total energy of the signal 𝑥(𝑡), that is, ∫ |𝑥(𝑡)|2𝑑𝑡 .
∞

−∞
 

c) Find the Fourier Transform of 𝑧(𝑡) =  
𝑒−𝑗3𝑡

3+3𝑗𝑡
 . (Hint: you can use Fourier Transform properties.) 

Also consider a stable LTI system with input 𝑥(𝑡) and output 𝑦(𝑡) defined by  

𝑑2𝑦(𝑡)

𝑑𝑡2 − 𝛼2𝑦(𝑡) = 𝛼𝑥(𝑡) −
𝑑𝑥(𝑡)

𝑑𝑡
 

d) Find the frequency response of the system where 𝛼 is a positive real number. 

e) When the input 𝑥(𝑡) in part (a) is fed into the LTI system in part (d), find the Fourier Transform 

of the output, 𝑌(𝑗𝜔). Also determine the magnitude |𝑌(𝑗𝜔)| in terms of 𝛼.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 





 

 

 

Q3. Parts (a) and (b) of this question can be solved separately. 

a. Consider a filter whose frequency response ( )jH e 
 is specified over the frequency interval 

0 2  as follows: 

( )
3 5
4 4

5

0 otherwise

jH e
 


 

= 


 

i. Find and plot ( )jH e 
 in the interval (−𝜋, 𝜋 ]. Specify the type of this filter (e.g. low-

pass, high-pass, band-pass, band-stop). 

ii. Calculate the output signal  y n  of this filter when the input signal is given as

 
23

10 cos(88 ) 5sin(11 ) 5cos
8

n
x n n n


 

 
= + + −  

 
 . 

iii. Calculate the output signal  y n  of this filter when the input signal is given as 

 𝑥[𝑛] = 2 (−1)𝑛. 

 

b. Let ( )jH e 
 be the frequency response of an LTI system. It is given that 

• The system is causal. 

• The impulse response  h n  of the system is real-valued. 

•    ( ) ( ) ( ) ( )DTFT 4 sin 2 2 sin 3 10 sin 5h n h n j j j− − =  −  +  . 

(Note that this expression implies that  h n   has finite duration.)  

• ( ) ( )
6

4
64j jH e H e d




   = . 

• ℎ[0] > 0. 

               Evaluate and plot  h n . 

 

 

 

 

  

 

 

 

 

 

 



Q1. (20 pts). Part (c) of this question is independent of parts (a) and (b).  

Consider a DT signal defined as 𝑎[𝑛] = {𝑒𝑗
𝜋

3
𝑛 , |𝑛| ≤ 𝐿

0 , 𝑜. 𝑤.
. 

a) Determine the DT Fourier transform 𝐴(𝑒𝑗Ω)  of 𝑎[𝑛]. (Hint: ∑ 𝛼𝑛𝑁
𝑛=0 =  

1−𝛼𝑁+1

1−𝛼
 ) 

 
b) Simplify your answer in part (a) as much as you can. Pick which of the following functions 

corresponds to 𝐴(𝑒𝑗Ω). What is the value of 𝑐 indicated in the plot? 

 

 
I 

 
II 

 
III 

ENCIRCLE YOUR CHOICE: 
 
                  I                  I I                    I I I 
 
 
VALUE OF 𝑐  =   
 

 

c) [Independent of previous parts] Consider a system described by 𝑦[𝑛] = 𝑥[𝑛]𝑒𝑗
𝜋

3
𝑛. Check this 

system’s linearity, time-invariance, stability properties.  

 

  





Q2. (20 pts) Consider a continuous time (CT) signal defined as 𝑥(𝑡) = {
1 if   0 ≤ 𝑡 < 1
0 elsewhere

,  

a) The signal 𝑥(𝑡) is given as an input to the following CT system: 𝑦(𝑡) = ∫ 𝑥(𝜏)𝑑𝜏
𝑡

𝑡−2
.   

i. State and justify whether the system is linear-time-invariant (LTI) or not. Then, find and plot 

the output signal 𝑦(𝑡). 

ii. Find the Fourier Transform (FT) of 𝑦(𝑡), namely 𝑌(𝑗𝜔), in terms of 𝑋(𝑗𝜔). 

b) A periodic CT signal is constructed from 𝑥(𝑡) as  

𝑧(𝑡) = ∑ 𝑥 (
𝑡

2
+ 2𝑘 + 1)

∞

𝑘=−∞

 

i. Find the fundamental period of 𝑧(𝑡), and plot 𝑧(𝑡) over its one period.  

ii. Find the Fourier series coefficients of 𝑧(𝑡) in terms of 𝑋(𝑗𝜔). 

iii. Find 𝑍(𝑗𝜔) in terms of 𝑋(𝑗𝜔).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Q3. (20 pts) Parts (a) and (b) of this question can be solved independently.  

 

a) (10 pts) A continuous-time signal 𝑥𝑐(𝑡) with spectrum 𝑋𝑐(𝑗𝜔) is sampled with sampling period  

𝑇 = 0.01  seconds and the sampled signal  𝑥𝑑[𝑛] = 𝑥𝑐(𝑛𝑇)  is processed with the discrete-

time filter with frequency response 𝐻𝑑(𝑒𝑗Ω) as illustrated below. The filter output 𝑦𝑑[𝑛] is 

finally converted back to continuous-time to obtain the signal 𝑦𝑐(𝑡) (via conversion to impulse 

train and ideal low-pass filtering)  such that 𝑦𝑑[𝑛] = 𝑦𝑐(𝑛𝑇). 

 

 

 

 
   

 

Find and plot: 

i. The spectrum 𝑋𝑑(𝑒𝑗Ω)  of 𝑥𝑑[𝑛] for Ω ∈ [−2𝜋, 2𝜋] 

ii. The spectrum 𝑌𝑑(𝑒𝑗Ω)  of 𝑦𝑑[𝑛] for Ω ∈ [−2𝜋, 2𝜋] 

iii. The spectrum 𝑌𝑐(𝑗𝜔) of the output signal 𝑦𝑐(𝑡) 

 

 

 

 

 

 

 

 

 

 

 



Q4. (20 pts) Consider two LTI systems  which are connected in series. The first system is  known to be 

causal and its transfer function is given as 𝐻1(𝑠) =
1

𝑠2+2𝑠
  .  

a) Determine the impulse response of the first system, ℎ1(𝑡). 

b) Is the first system stable? Please explain your reasoning.  

The impulse response of the second system is given as ℎ2(𝑡) = 𝛿(𝑡) − 3𝑒−3𝑡𝑢(𝑡).  

c) Determine the transfer function 𝐻2(𝑠) of the second system and its ROC.  
d) Determine the transfer function of the overall system  𝐻(𝑠)  and its ROC. Also comment on 

the causality and the stability of the system.  
e) If possible, determine the frequency response 𝐻(𝑗𝜔) of the overall system. Explain your 

reasoning.  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Recitation Problem: Amplitude Modulation,
Demodulation, and FDM

Problem
A real-valued message signal m(t) is band-limited to 10 kHz and satisfies |m(t)| ≤ 1. The message is
transmitted using sinusoidal amplitude modulation with carrier frequency f

c
 = 500 kHz. The

transmitted signal is s(t) = A
c
[1 + α m(t)] cos(2π f

c
 t), where A

c
 > 0 and α > 0.

(a) Express s(t) using complex exponentials and identify the frequency components.

(b) Find the minimum transmission bandwidth of s(t).

(c) Assume synchronous demodulation by multiplying s(t) with 2cos(2πf
c
t) followed by an ideal

low-pass filter. Find the output signal.

(d) For envelope detection:
1) State the condition on α for distortionless demodulation.
2) Explain what happens if the condition is violated.

(e) Three independent message signals, each band-limited to 10 kHz, are transmitted using AM
and frequency-division multiplexing. 1) What is the minimum carrier spacing?
2) If the lowest carrier is 500 kHz, find all carrier frequencies.

Solutions
(a) Using cos(2πf

c
t) = (e^{j2πf

c
t} + e^{-j2πf

c
t})/2, the signal contains a carrier at ±f

c
 and upper and

lower sidebands at f
c
 ± f, where f is within the message bandwidth (0–10 kHz).

(b) Standard AM (DSB) requires twice the message bandwidth. Thus, B = 2 × 10 kHz = 20 kHz.

(c) After multiplication and low-pass filtering, the high-frequency terms are removed. The output is
A

c
[1 + α m(t)], which is proportional to the original message.

(d) Envelope detection requires 1 + α m(t) ≥ 0 for all t. Since |m(t)| ≤ 1, the condition is α ≤ 1. If α >
1, over-modulation occurs and the envelope detector introduces distortion.

(e) Each AM signal occupies 20 kHz, so the minimum carrier spacing is 20 kHz. The carrier
frequencies are 500 kHz, 520 kHz, and 540 kHz.



EE 301 Final January 6, 2024

2. (17 points) The system function H(z) of a DT LTI system is given below.

H(z) =
1− z−1

1− 2z−1

(a) (5 pts) Answer the following.

i. Plot the pole-zero diagram of H(z).

ii. What are the possible Regions of Convergence (ROCs) that can be associated with
this H(z)? State them mathematically.

iii. For each possible ROC, indicate whether the system is causal and stable.

(b) (4 pts) Assume the system is causal in this part. Find the impulse response h[n] of this
system. Plot h[n], labeling its values for at least n = −2,−1, 0, 1, 2.
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(c) (4 pts) Assume again the system is causal in this part. Find a difference equation and
associated initial conditions that can be used to find the impulse response h[n] of the
system.

(d) (4 pts) Assume the frequency response H(ejΩ) of the system exists in this part.

i. Find H(ejΩ).

ii. Find the step response s[n] of the system. (Without using convolution with h[n].)
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