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Discrete-Time LTI Systems & Convolution

Representation of DT Signals

Any discrete-time signal x[n] can be represented as a sum of scaled and shifted

unit impulses:
o0

x[nl= > x[K]o[n— K]

k=—o00

The Convolution Sum

The output y[n] of a discrete-time LTI system is the convolution of the input
signal x[n] with the system's impulse response h[n].

oo

y[n] = x[n] * h[n] = Z x[k]h[n — K]

k=—o0
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Example: Discrete-Time Convolution

Question: Let x[n] = u[n] and h[n] = a"u[n] with |a] < 1. Find the output
y[n] = x[n] * h[n].
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Solution: Discrete-Time Convolution
We use the convolution sum formula:

oo

ylnl= Y x[klh[n— K]

k=—o0
Substitute x[k] = u[k] and h[n — k] = a" ¥u[n — K]:

o0

y[n] = Z u[k]a" *u[n — k]

k=—o0

The term u[k] is non-zero only for k > 0. The term u[n — k] is non-zero only for
n—k>0 = k <n. So, for n >0, the sum becomes:

n 3 , n 3 , a—l n+l _ 1
y[n]zzan k:a Z(a 1)k:a ( )
k=0 k=0

a—l-1
_ anafnfl -1 _ an(l _ an+1)/an+1 _ 1— an+1
(1-a)/a (1-a)/a l1-a

For n < 0, the sum. range is empty, so y[n] = 0. Then the final result is:

ol = (122 i
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Continuous-Time LTI Systems & Convolution

Representation of CT Signals

Any continuous-time signal x(t) can be represented as an integral of scaled and
shifted unit impulses:

x(t) = / (7)ot — r)dr

—00

The Convolution Integral
The output y(t) of a continuous-time LTI system is the convolution of the input
signal x(t) with the system's impulse response h(t).

oo

y(t) = x(t) % h(t) = / (F)h(t — 7)d7

— 00
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Example: Continuous-Time Convolution

Question (based on Example 3): A continuous-time LTI system has an impulse
response h(t) = e~?'u(t) for a > 0. Find the system’s output y(t) for the input
signal x(t) = u(t) —u(t —T).
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Solution: Continuous-Time Convolution

We use the convolution integral:

y(t):/oo X(T)h(t—T)dTZ/OO [u(r) — u(r — TY]e 2 u(t — 7)dr

— 00 —0o0

The integrand is non-zerofor 0 <7< T andt—7>0 = 7 < t.

Case 1: t < 0 The condition 7 < t and 0 < 7 < T cannot be simultaneously
met. So, y(t) = 0.

Case 2: 0 <t < T The integration is from 7 =0to 7 = t.
t t et 1 eat
y(t) :/ e t=T)dr = ef""t/ eTdr = e % {} = -
0 0 a |o a
Case 3: t > T The integration isfrom7=0to7=T.

T T 7T T
y(t) _ / e—t=") g _ e—at/ e dr — e~ [ea :| _ el _ 1e_at
0 0

a |o a
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Properties of LTI Systems
@ Linearity: A system is linear if it satisfies the superposition principle.
T(axi(t) + bxa(t)) = aT (x1(t)) + bT (x2(t))

e Time-Invariance: A system is time-invariant if a time shift in the input
signal causes the same time shift in the output signal.

y(t — to) is the output for x(t — tg)

o Causality: A system is causal if the output at any time depends only on
present and past values of the input. For an LTI system, this means:

h(t)=0fort <0 and h[n] =0 forn <0

e Stability (BIBO): A system is Bounded-Input, Bounded-Output (BIBO)
stable if every bounded input produces a bounded output. For an LTI system,
this means the impulse response must be absolutely integrable /summable.

/Oo h(T)|dr <00 or > |h[k]| < oo

-0 k=—oc0
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Example Question 1 (Fall 21 MT)

Consider the system defined by
y(t) = (t + Dx(t) + t2x(t — 1)

) Is this system continuous-time or discrete-time?

) Is this system linear? Justify your answer.

) Is this system time-invariant? Justify your answer.
) Is this system causal? Justify your answer.

(a
(b
(c
(d
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Solution for Example 1

y(£) = (t+ 1x(e) + Ex(t - 1)

(a) Continuous-time or discrete-time? The signals are functions of a
continuous variable t, so the system is continuous-time.

(b) Linearity? Let x(t) = axi(t) + bxao(t).

y(t) = (t + 1)[axi(t) + bxo(t)] + t*[axy(t — 1) + bxo(t — 1)]
= a[(t + Dxi(t) + t2x1(t — 1)] + b[(t + D)xa(t) + t2xa(t — 1)]
= ayi(t) + bya(t)

The system satisfies superposition. Thus, it is linear.
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Solution for Example 1 (Cont.)

(c) Time-Invariance? Let the output for a shifted input x(t — to) be yy,(t).
Vio () = (t + 1)x(t — to) + t2x(t — to — 1)
Now, let's shift the original output y(t) by to:
y(t—to) = (t — to+ 1)x(t — to) + (t — to)*x(t — to — 1)

Since yy, (t) # y(t — tp), the system is not time-invariant.

(d) Causality? The output y(t) at time t depends on the input x(t) (present)
and x(t — 1) (past). It does not depend on future values of the input. Thus, the
system is causal.
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LTI Systems Described by Difference Equations

A general Nth-order linear constant-coefficient difference equation is:

N M
Z ary[n— k] = Z bix[n — K]
k=0 k=0

These systems are causal and LTI. They can be solved recursively.
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Example Question 2

Consider the following causal LTI discrete-time system:
y[nl —ay[n —1] = x[n] — bx[n — 1]

(a) Find the impulse response h[n] and state the constraints on a and b for this
system to be stable.

b) For the stable system, if a = 1/b, find the output y[n] for x[n] = &/ 4+ &/<2n
( y put y
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Solution for Example 2(a): Impulse Response

To find the impulse response h[n], we set x[n] = d[n], so y[n] = h[n].
h[n] — ah[n — 1] = 6[n] — bd[n — 1]

For n = 0: h[0] — ah[—1] = 6[0] — b6[—1]. With causality, h[—1] =0, so h[0] = 1.
For n =1: h[1] — ah[0] = 0[1] — bO[0] = h[1] —a(l) = —b = h[l]=a—b.
For n > 1, the equation is homogeneous: h[n] — ah[n — 1] = 0. The solution is of
the form h[n] = Ca". Using h[l] =a— b, we get Cal =a— b = C=1-b/a.
So for n > 1, h[n] = (1 — b/a)a" = a" — ba"~!. Let's check for n = 1:

h[1] = a — b. Correct. Let's combine results. A simpler way: The impulse
response is the sum of the responses to §[n] and —bd[n — 1]. The response to 4[n]
is a"u[n]. The response to —bd[n — 1] is —ba"tu[n — 1]. So,

h[n] = a"u[n] — ba"tu[n — 1].

For BIBO stability, > |h[n]| < co. This requires |a] < 1. There is no constraint on
b.
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Solution for Example 2(b): Output

We know that for an LTI system, the response to an complex exponential input
e is H(e?)e", where H(e/%?) is the frequency response.

H(e/?) = i h[n]e=/n

n=—0o0

From the difference equation:
Y () — ae Y () = X(/?) — be X (/)

o Y(e®?) 11— bei®
Qy _ _
H(e™) = X(e/?)  1— ae~2

Given a=1/b, then b=1/a.

H(ejQ) _ 1—(1/a)e % B e (e —1/a) 1

1—ae=/2 —  1—ge42

_Ze 0
a

The input is x[n] = /4" 4 /%" By linearity, the output is the sum of the
responses to each term.

yln] = H(&™)n 4 H(e%)er

a

1 1 .
= _"e JQ1eIQ1n —Ze Jﬂzelﬂzn
a
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LTI Systems Described by Differential Equations

A general Nth-order linear constant-coefficient differential equation is:

Zak dtk Zbk dtk

These systems are causal and LTI. Solving them requires finding both the
homogeneous and particular solutions.
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Example: Differential Equation

Question: Consider a causal LTI system described by the differential equation:

dy(t)
—— 4+ 2y(t) = x(t
2D 1oy (e) = x(1)
(a) Find the impulse response h(t) of the system.
(b) Find the output y(t) if the input is x(t) = e~ fu(t) and the system is initially
at rest.
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Solution: Differential Equation

(a) Impulse Response We need to solve %(tt) +2h(t) = d(t). For t >0, thisis a
homogeneous equation: %(tt) + 2h(t) = 0. The solution is of the form

h(t) = Ce2t. To find C, we integrate the equation from 0~ to 0:

o+ 0t 0+
/ dh(r) dr + / 2h(T)dT = o(r)dr
_ dr _ 0-

[h(0") — h(07)] +0 =1

Assuming causality and initial rest, h(0~) = 0, so h(0") = 1. Using h(t) = Ce=%,
we get h(07) = Ce® = C = 1. So, the impulse response is h(t) = e 2tu(t).
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Solution: Differential Equation (Cont.)
(b) Output for x(t) = e~ tu(t) Since the system is LTI, we can find the output
by convolving the input with the impulse response.

oo

Y (t) = x(t) % h(t) :/ x(7)h(t = 7)dr

— 00
For t > 0:

t

y(t)= [ e Tu(r)- e 2t u(t — 7)dr

e Te ?te?Tdr

t
= e_2t/ eTdr
0

/Ot
I

— e
=e (et - 1)
et _ o2t

So, y(t) = (e7t — e~ 2t)u(t).
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