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We present a very simple relationship between two widely used discrete-time discrete-frequency Wigner 
distributions. The first one is obtained through sampling and the second one is obtained from the representation 
theory of the finite Heisenberg group. This relation shows that the values of one can simply be obtained by 
permuting the values of the other along the frequency axis, which in turn implies a relationship of the second 
definition to the samples of the continuous Wigner distribution, and the first definition to group representation 
theory. In the process, we derive a simplfied form for the second definition which is completely analogous to the 
continuous Wigner distribution, and develop a set of relationships relating this definition to a discrete ambiguity 
function and auxiliary functions.

1. Introduction

The Wigner distribution (WD) of a function 𝑓 (𝑢), dfined by

𝑊𝑓 (𝑢, 𝜈) =

∞ 

∫
−∞

𝑓 (𝑢+ 𝑢̄∕2)𝑓 ∗(𝑢− 𝑢̄∕2)𝑒−𝑗2𝜋𝑢̄𝜈𝑑𝑢̄, (1)

is one of the most studied time-frequency representations [1--5] and has 
found many applications in signal processing and other areas [6--9]. It 
is closely related to the fractional Fourier transform [10--12] and linear 
canonical transforms [13--15]. The discrete Wigner distribution is like

wise of great importance [16--21] and is similarly related to the discrete 
fractional Fourier transform [22] and discrete linear canonical trans

forms [23,24].

The definition of the Discrete Fourier Transform (DFT) is standard

ized and widely accepted (save for the factor of 1∕𝑁 versus 1∕
√
𝑁

which determines whether it is unitary or not). Apart from being highly 
elegant in its construction, the Wigner distribution satifies a surpris

ingly large number of analytical properties and has found wide applica

tion. It has a special place among all time-frequency representations and 
is indispensable in mathematics, physics, and signal analysis and pro

cessing. The establishment and standardization of the discrete Wigner 
distribution would contribute substantially to the consolidation of signal 
theory more broadly. Unfortunately, despite many definitions having 
been proposed, none have emerged as the main standard definition, nor 
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has it been possible to establish all the promising connections with frac

tional Fourier transforms and linear canonical transforms that are well 
established in the continuous case. The purpose of this paper is to bring 
us closer to the establishment of a widely accepted definition by demon

strating what we believe are previously unnoticed connections among 
two discrete definitions and the continuous distribution.

A widely accepted definition for the discrete-time discrete-frequency 
Wigner distribution of a discrete-time signal 𝑓 (𝑛) with time extent 𝑀 , 
here referred to as WDs, is given by [1,18],

𝑊 s
𝑓
(𝑛, 𝑘) =

𝑀−1∑
𝑛̄=0 

𝑓 (𝑛+ 𝑛̄)𝑓 ∗(𝑛− 𝑛̄)𝑒−𝑗2𝜋𝑘𝑛̄∕𝑀, (2)

where the shifts in the above definition are linear. If the signal is zero 
padded properly to 𝑁 and periodically replicated so that the linear shifts 
can be replaced by circular shifts without overlap, then this definition 
takes the following form:

𝑊 s
𝑓
[𝑛, 𝑘] =

𝑁−1∑
𝑛̄=0 

𝑓 [𝑛+ 𝑛̄]𝑓 ∗[𝑛− 𝑛̄]𝑒−𝑗2𝜋𝑘𝑛̄∕𝑁, (3)

which is periodic in both 𝑛 and 𝑘 with period 𝑁 . As can be seen, this 
definition is not strictly analogous to the continuous definition (1) in the 
sense that the continuous Fourier transform (FT) is analogous to the dis

crete Fourier transform (DFT), because of the absence of the factors 1∕2. 
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This definition suffers from aliasing and thus provides an approximation 
of the continuous WD over only half of the spectrum [1,18].

A distinct definition for the discrete WD, here referred to as WDm , is 
given by

𝑊 m
𝑓
[𝑛, 𝑘] =

𝑁−1∑
𝑛̄=0 

𝑓 [𝑛+ 𝑛̄2−1]𝑓 ∗[𝑛− 𝑛̄2−1] 𝑒−𝑗2𝜋𝑘𝑛̄∕𝑁, (4)

where 𝑛̄2−1 is evaluated modulo 𝑁 . This definition originates from 
mathematical studies on the discrete Weyl correspondence [25,26] and 
has also been extensively studied in the physics literature [27--31] and 
the signal processing literature [32,16,17,33]. However, it should be 
noted that this definition of the discrete WD does not appear in these 
papers in the form of Equation (4), but rather in a different form which 
will be given below as Equation (5). In this paper we show how to obtain 
Equation (4) from Equation (5). The form of Equation (4) is advanta

geous in that it allows direct comparison with the continuous definition 
(1) without referring to any group theoretical concepts. This definition 
exhibits a high degree of structural analogy to the continuous WD; not 
only is Equation (4) fully analogous to Equation (1), but this definition 
of the WD satifies many of the operational properties of the continu

ous WD [17,30,31]. However, it has been generally noted that it does 
not provide an approximation to the samples of the continuous WD, and 
therefore is apparently not suited to serve as a discrete WD for most sig

nal processing purposes. We also note that the superscript ``s'' is chosen 
because WDs is related to sampling, and the superscript ``m'' is chosen 
because WDm arises from purer mathematical considerations.

In this paper, we show that for the case of odd 𝑁 there is a very 
simple relationship between these two definitions of the discrete WD, 
and relate WDm to the samples of the continuous WD [21]. Although 
both of the definitions discussed here have been widely studied and used 
in the literature, to the best of our knowledge, the relationship between 
them was not observed. In the process, we develop a set of relationships 
relating this definition to a discrete ambiguity function and auxiliary 
functions. We also connect WDs to group representation theory.

2. Some relationships for WD𝐦 and auxiliary functions

The usual way of obtaining WDm is from group representation the

ory, where this discrete WD is dfined as (for odd 𝑁) [16]:

𝑊 m
𝑓
[𝑛, 𝑘] = 1 

𝑁

𝑁−1 ∑
𝑛̄,𝑘̄=0

⟨𝜌[𝑛̄, 𝑘̄]𝑓,𝑓⟩ 𝑒−𝑗2𝜋(𝑛𝑘̄+𝑘𝑛̄)∕𝑁, (5)

where

𝜌[𝑛̄, 𝑘̄]𝑓 [𝑛] = 𝑒𝑗2𝜋(2
−1 𝑛̄𝑘̄)∕𝑁𝑒𝑗2𝜋𝑘̄𝑛∕𝑁𝑓 [𝑛+ 𝑛̄], (6)

and 2−1 = (𝑁 + 1)∕2 in modulo 𝑁 . (2−1, when multiplied by 2, should 
give unity. Indeed 2 × (𝑁 + 1)∕2 =𝑁 + 1, which in modulo 𝑁 is unity 
[17].) The inner product in the above expression is dfined as

⟨𝜌[𝑛̄, 𝑘̄]𝑓,𝑓⟩ =
𝑁−1∑
𝑛=0 

𝑒𝑗2𝜋(2
−1 𝑛̄𝑘̄)∕𝑁𝑒𝑗2𝜋𝑘̄𝑛∕𝑁𝑓 [𝑛+ 𝑛̄]𝑓 ∗[𝑛]. (7)

This inner product essentially corresponds to the ambiguity function 
(𝐴𝑓 [𝑛̄, 𝑘̄] = ⟨𝜌[𝑛̄,−𝑘̄]𝑓,𝑓⟩). We now show that Equation (5) can be re

duced to the form (4) which is more analogous to the continuous WD 
(1). First note that the above inner product can be further simplfied by 
a change of variables 𝑛→ 𝑛− 𝑛̄2−1 as follows:

⟨𝜌[𝑛̄, 𝑘̄]𝑓,𝑓⟩ =
𝑁−1∑
𝑛=0 

𝑒𝑗2𝜋(2
−1 𝑛̄𝑘̄)∕𝑁𝑒𝑗2𝜋𝑘̄(𝑛−𝑛̄2

−1)∕𝑁

× 𝑓 [𝑛− 𝑛̄2−1 + 𝑛̄]𝑓 ∗[𝑛− 𝑛̄2−1]

=
𝑁−1∑
𝑛=0 

𝑓 [𝑛+ 𝑛̄2−1]𝑓 ∗[𝑛− 𝑛̄2−1]𝑒𝑗2𝜋𝑘̄𝑛∕𝑁. (8)

Fig. 1. The graphical representation of the relationships between 𝑊 m
𝑓

, 𝐴m
𝑓

and 
the auxiliary functions. The arrows indicate DFTs.

In passing from the first line of the above equation to the second we 
used

𝑛− 2−1𝑛̄+ 𝑛̄ = 𝑛+ 2−1𝑛̄. (9)

To see why this is true, using 2−1 = (𝑁 + 1)∕2 in modulo 𝑁 , the left 
hand side of this equation can be shown to equal, in modulo 𝑁 :

= 𝑛+ (−2−1 + 1)𝑛̄

= 𝑛+ (−((𝑁 + 1)∕2) + 1)𝑛̄

= 𝑛+ (−((𝑁 + 1)∕2) + 1 +𝑁)𝑛̄

= 𝑛+ ((𝑁 + 1)∕2)𝑛̄

= 𝑛+ 2−1𝑛̄ (10)

which is the right side of Equation (9).

Now, let us dfine the two discrete auxiliary functions 𝛾𝑓 and Γ𝑓 as 
follows:

𝛾𝑓 [𝑛, 𝑛̄] = 𝑓 [𝑛+ 𝑛̄2−1]𝑓 ∗[𝑛− 𝑛̄2−1], (11)

Γ𝑓 [𝑘, 𝑘̄] = 𝐹 [𝑘+ 𝑘̄2−1]𝐹 ∗[𝑘− 𝑘̄2−1] (12)

where 𝐹 denotes the DFT. Note that our auxiliary functions are dfined 
on rectangular grids, as opposed to those of [33] which proposes dis

crete auxiliary functions on hexagonal sampling grids. By combining 
Equations (8) and (5) a simple expression for WDm can be obtained as:

𝑊 m
𝑓
[𝑛, 𝑘] = 1 

𝑁

𝑁−1 ∑
𝑛̄,𝑘̄,𝑛′=0

𝛾𝑓 [𝑛′, 𝑛̄]𝑒𝑗2𝜋𝑘̄𝑛
′∕𝑁𝑒−𝑗2𝜋(𝑛𝑘̄+𝑘𝑛̄)∕𝑁

=
𝑁−1 ∑
𝑛̄,𝑛′=0

𝛾𝑓 [𝑛′, 𝑛̄]𝑒−𝑗2𝜋𝑘𝑛̄∕𝑁𝛿[𝑛− 𝑛′]

=
𝑁−1∑
𝑛̄=0 

𝑓 [𝑛+ 𝑛̄2−1]𝑓 ∗[𝑛− 𝑛̄2−1]𝑒−𝑗2𝜋𝑘𝑛̄∕𝑁, (13)

which is the same as (4). Equations (8), (13) and a corresponding pair of 
equations for Γ𝑓 which can be similarly derived, can be summarized in 
graphical form (Fig. 1) which is familiar from the continuous case [34, 
35]. This constitutes further support for the strong structural analogy of 
this definition to the continuous case. Essentially equivalent results for 
the WDm and auxiliary functions can also be deduced from [29].

3. Relationship between the two discrete WDs

Having shown that the definition of WDm, given by (5), can be writ

ten in the form of (4), it is now easy to show how WDs and WDm are 
related to each other:

𝑊 m
𝑓
[𝑛, 𝑘] =

𝑁−1∑
𝑛̄=0 

𝑓 [𝑛+ 𝑛̄2−1]𝑓 ∗[𝑛− 𝑛̄2−1]𝑒−𝑗2𝜋𝑘𝑛̄∕𝑁
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Fig. 2. The permutation of the values of WDm and WDs along the 𝑘 axis for 
𝑁 = 15.

=
𝑁−1∑
𝑛̄=0 

𝑓 [𝑛+ 𝑛̄]𝑓 ∗[𝑛− 𝑛̄]𝑒−𝑗2𝜋(2𝑛̄𝑘)∕𝑁

=𝑊 s
𝑓
[𝑛,2𝑘], (14)

or equivalently

𝑊 s
𝑓
[𝑛, 𝑘] =𝑊 m

𝑓
[𝑛,2−1𝑘], (15)

where 2−1𝑘 is again computed modulo 𝑁 . We used the substitution 
𝑛̄ → 2𝑛̄ in passing to the second line of (14). This remarkably simple 
relationship means that the values of either of these WDs are obtained 
simply by rearranging (permuting) the values of the other along the 
frequency axis (Fig. 2). It is interesting to note that the resulting permu

tation is in the form of a perfect shuffle and is also related to decimation 
in frequency. This relationship also means that if we know the WD 
according to one of these definitions, we can quickly compute WD ac

cording to the other definition by simply rearranging the values.

As already noted, WDm is usually considered to bear no relation to 
the continuous WD, in the sense that its values do not approximate the 
samples of the continuous WD. We have shown that WDm is actually 
closely related to the continuous WD in that its values are mere per

mutations of a discrete WD which does approximate the samples of the 
continuous WD (at least over half the band if we work at the Nyquist 
rate).

To the best of our knowledge, WDs has not been dfined in group 
theoretical terms. However, its close relationship to WDm implies that 
it too should possess some group theoretical structure. First, we note 
that 𝜌[𝑛, 𝑘, 𝜏] = 𝜌[𝑛, 𝑘]𝑒𝑗2𝜋𝜏∕𝑁 gives a representation of the Heisenberg 
group and the operator 𝜌[𝑛, 𝑘] satifies the following concatenation rule 
[28]:

𝜌[𝑛, 𝑘]𝜌[𝑛′, 𝑘′] = 𝑒𝑗2𝜋[(𝑛𝑘
′−𝑘𝑛′)2−1]∕𝑁𝜌[𝑛+ 𝑛′, 𝑘+ 𝑘′], (16)

which can be shown from (6). Now, let us rewrite (3) by using (5) 
and (15):

𝑊 s
𝑓
[𝑛, 𝑘] =𝑊 m

𝑓
[𝑛,2−1𝑘] = 1 

𝑁

𝑁−1 ∑
𝑛̄,𝑘̄=0

⟨𝜌[𝑛̄, 𝑘̄]𝑓,𝑓⟩𝑒−𝑗2𝜋(𝑛𝑘̄+2−1𝑘𝑛̄)∕𝑁

= 1 
𝑁

𝑁−1 ∑
𝑛̄,𝑘̄=0

⟨𝜌[2𝑛̄, 𝑘̄]𝑓,𝑓⟩𝑒−𝑗2𝜋(𝑛𝑘̄+𝑘𝑛̄)∕𝑁. (17)

If we dfine

𝜚[𝑛̄, 𝑘̄] = 𝜌[2𝑛̄, 𝑘̄], (18)

it can be shown that the operator 𝜚[𝑛̄, 𝑘̄] satifies

𝜚[𝑛, 𝑘]𝜚[𝑛′, 𝑘′] = 𝑒𝑗2𝜋(𝑛𝑘
′−𝑘𝑛′)∕𝑁𝜚[𝑛+ 𝑛′, 𝑘+ 𝑘′]. (19)

This means that, 𝜚[𝑛, 𝑘] also provides a projective unitary representation 
of the group of time and frequency shifts in finite phase space.

However, since the map between the two groups given by Equation 
(18) is not symplectic, it follows that 𝜚[𝑛, 𝑘] is not an automorphism of 
the finite Heisenberg group [36].

4. Conclusion

In conclusion, we established a very simple connection between two 
different definitions of the discrete Wigner distribution, one widely stud

ied in finite quantum mechanics and to a more limited extent in signal 
processing (WDm); and the other widely used in signal processing, es

pecially for numerical and graphical purposes (WDs). In the process, we 
derived an expression for WDm which is directly analogous to the con

tinuous WD expression (1). We also showed how this definition can be 
related to the samples of the continuous WD, a result which seems to 
have escaped previous researchers. This is of considerable interest be

cause this definition exhibits a high degree of structural similarity to the 
continuous definition in terms of the operational properties it satifies. 
A number of other related results including the relation of WDm to dis

crete ambiguity function and auxiliary functions were also presented. 
Our results were limited to the case of odd 𝑁 , which is a common re

striction in most work dealing with discrete Wigner distributions. It is 
an inconvenient reality in dealing with these types of entities that even 
and odd values of 𝑁 often lead to very different behavior, with odd 𝑁
usually leading to more desirable properties. One way to explain the dif

ference is that 2−1 exists for odd 𝑁 and not for even 𝑁 [17]. (Recall 
that 2−1 = (𝑁 +1)∕2 in modulo 𝑁 for odd 𝑁 .) Number theoretical and 
topological reasons have also been discussed [29]. We refer the reader 
to the literature for more detailed discussion [17,29,37,38].

We finally note that the discussion of redundancy inherent in WDs

studied in [18] can be easily applied to WDm.
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