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Math 206 Complex Calculus — Final Exam

1 2 3 4 TOTAL

25 25 25 25 100

Please do not write anything inside the above boxes!

PLEASE READ:

Check that there are 4 questions on your exam booklet.

No correct answer without a satisfying reasoning is accepted. Show your work in detail.
Write your name on the top of every page.

Q-1) Consider the difference equation
y(n+2) —4y(n+1) +4y(n) = 2", y(0) =1, y(1) = —1.
(i) (5 pts.) Write down the values of y(2), y(3), y(4).

(ii) (20 pts.) Determine the solution y(n) of the equation.

Solution:
(i)
y(2) = 4y(1) — 4y(0) +2° = -7,
y(3) =4y(2) — 4y(1) + 2 = 22,
y(4) = 4y(3) — 4y(2) + 2% = —56.

(ii) Taking the Z-Transform of every term, we have

(22 — 4z +4)Y (2) = : 2—1—2’2—52,
Z_

where the last two terms are due to nonzero initial conditions. Thus,

2(2% — 72+ 11)

Yiz) = (z —2)3

Let us use the method of residues to find the inverse transform:

2
——[2"92% — Tz + 11)]|,—0 = 2" *(n* — 13n + 8).

y(n) = Res,—[z" 'Y (2)] = %d:ﬂ



Q-2) Solve the linear system of differential equations

2%+d%—x—y:et,
i 2rt+y=e’, 2(0)=2,y(0)=1

Solution: Taking the Laplace transform of every term and substituting the initial values, we

get
1

(2s—=1)X(s)+ (s = 1)Y(s) = P +5
1
2)X Y (s) = 3
(s +2)X(s) + (s + DY(s) = 7 +3,
which, when solved for X (s), Y (s) give
4s 2(s +4) s —6s—1 s—13
(s) (32—1)(52+1)jL s2+1"7 (s) (52—1)(52+1)+52+1
Since
4s 1 1 2s

(s2—1)(s2+1) s—1+s—|—1_82+1’
we can write

Xy = 25 2s+4) _ 1 1 8
8_3—1 s+1 s2+1 241 s—1 s+1 s2+1

and

1 6s +s—13_s—12 3 1 1 2s
241 (s2—1)(s2+1)  s24+1 241

Y(s) = ).

ﬂs—1+s+1_sﬂ+1

Taking the inverse transforms, we arrive at

2(t) = e + e~ + 8sin(t), y(t) = —g(et +et) + deos(t) — 12sin(t).



Q-3) Find all possible solutions to the differential equation

Solution: Taking the Laplace transform of each term, we have

k
4 2 _ 3 _
where k := 1+ 2((0). Let us use the method of residues to find the inverse Laplace transform:

z(t) = Res,—o; [ X (s)] + Res,—_o;[e" X (s)] = 7 + 7,

where r := Res,—9[e X (s)]. Now,

[ d ( et V| test(s + 2i) — 268t| 4ite*t — 2¢*
r=|—\-—:-- o, — ey = —
ds " (s + 20)27"°= (s+2i)p = (49)
so that . , . :

| dite?t - 2%t _djtet — e %t ]

x(t) = @y + EnE = Esin(%) — l75005(275).

8



Q-4) Determine the value of the improper integral

/°° sin(2zx) dx
0

z (22 +9)’

by contour integration for a suitably chosen simple closed contour in z-plane. If you evaluate
certain limits in your derivation, then show all steps of your evaluation clearly.

Solution: Let us consider '
exp(2iz)

f(z):m,

and the contour C' = L, + Cr + Ly + C,, covering the negative and positive x-axes by Lo, L,
and consisting of the semicircles C, and Cr with p small and R large. Then, parametrizing the
integrals along L; and L, and using the residue theorem, we can write

R 6z'21" R €7i2r .
/Cf(z)dz:/p mdr—/p mdr—i— . f(z)dz+ . f(2)dz = 2im Res,—3;f(2).
(1)

We have
exp(—6)

18
Also, the integral on C'p vanishes as R — oo by Jordan’s Lemma, since on Cg, z = Rexp(if)
and |f(z)exp(—2iz)| < 1/R(R* — 9), which has limit zero as R — oo. The integral on C, is
given by —im By, where By is the residue of f(z) at its simple real pole at the origin. Now,
By = Res,—of(z) =1/9 so that

2im Res,—3;f(z) = —2iw

. f(z)dz = _Tm

Therefore, taking limits as p — 0, R — oo in (1), we get
00 n(2 ; —6
Qi/ ST i
o r(r2+9) 9 18

which gives

< sin(2 1— e
/ sin(2r) o = e
o r(r2+9) 18



Date: May 24, 2005; Tuesday NAME: . e
Instructors: Sertoz and Ozgiiler
Time: 16.00-18.00 STUDENT NO:..ooiiii e

Math 206 Complex Calculus—Final Exam

1 2 3 4 5 TOTAL

20 20 20 20 20 100

Please do not write anything inside the above boxes!

PLEASE READ:
Check that there are 4 questions on your exam booklet.
Write your name on the top of every page.

Q-1) Determine the inverse Z-transform of

6l/z

F(z):Z_Q.

Solution: Use the method of residues: f(n) = > Res[z" 'F(z)]. Two singularitites of
2" 1F(2) are at 2 = 0 and at z = 2, both simple. Now, Res,—o[2""'F(z)] is the coefficient
of 27! in the product of series

1
Zﬁl— _'_ 22’ + 22 + 4+ gn— 1 _|_ on —(n+1) + 2n+127(n+2) +
1—(2/z)

and

1 1 1 1
T A R I +—2 4 + 272+

2! (n—1)"!  nl (n+1)!

which is i )

M

n— —1
k=0

On the other hand, Res,—s[2""1F(z)] = 2" %5 so that

k=n—1

fn) = et + Z —k:—l



NAME: STUDENT NO:

Q-2) Consider the sequence 1,1,2,4,7,11,16,... that begins with n = 0 and satisfies
f(n+1)— f(n) =n. Find f(n).

Solution: 2F(z) — z + F(2) = z/(z — 1)? gives F(z) = z/(z — 1> + z/(z — 1). Now,
Z7H2/(z = 1)*} = Res,—1[z"/(z — 1)*)] = n(n — 1)/2. Also, Z7'{z/(z — 1)} = 1. Hence,

n(n —1)

1.
5 +

f(n) =



NAME: STUDENT NO:

Q-3) Find a conformal map which maps the interior of the set {z + iy € Cly > 0,0 < x < 7/2}
onto the interior of the unit disk such that the point 7/4 + i is mapped to the origin.

Solution: w; = sinz maps the region onto the first quadrant. w; = w? maps the first
quadrant onto the upper half plane. w = (wy — zp) /(w2 — Zp) maps the first quadrant onto
the unit circle such that zy is mapped to the origin. We don’t need the exp(i«) factor. Now
follow what happens to the given point to find precisely what z; should be. It turns out

1
that zp = 5(1 + isinh 2).



NAME: STUDENT NO:

Q-4) Using a complex logarithmic mapping,
a) find a bounded harmonic function H(z,y), or H(r,0), in the wedge 0 < arg(z) < m/6,
|z| > 0 such that H(r,0) =0 and H(r,7/6) =1 for r > 0.
b) Find a harmonic conjugate G(x,y) of H(z,y) and describe the families of level curves
H(z,y) = ¢1, G(z,y) = ¢ for real constants ¢y, cs.

Solution: a) H(u,v) = Re{—i%Log z} in w-plane so that H(z,y) = Sarctan(y/z) with the
range of arctan function taken between 0 and 7.

b) G(u,v) = Im{—ifLog z} in w-plane so that G(z,y) = Sin(\/x? + y?). Hence, H(z,y) =
c1 give radial lines and G(z,y) = ¢ give circular arcs in the wedge.
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Time: 12:15-14:15

Math 206 Complex Calculus — Final Exam

1 2 3 4 TOTAL

25 25 25 25 100

Please do not write anything inside the above boxes!

PLEASE READ:

Check that there are 4 questions on your exam booklet.

No correct answer without a satisfying reasoning is accepted. Show your work in detail.
Write your name on the top of every page.

Q-1) Consider the difference equation
y(n+2) +a’y(n) =d(n), y(0) =0, y(1) =1

where a is a real number and d(n) denotes the function 6(0) =1 and §(n) =0, n # 0.
(i) (5 pts.) Write down the values of y(2), y(3), y(4).

(ii) (20 pts.) Determine the solution y(n) of the difference equation.
Solution: (i) y(2) =1, y(3) = —d?, y(4) = —d®.
(ii) If Y(2) is the Z-transform of y(n), then as Z[0(z)] = 1, we have

z+1

(2 +a”)Y(2) =142 Y(z) = 2ra

Let us use Partial Fraction Expansion to find the inverse Z-transform of Y (z). Then,

Y(z) a? ia — 1 N ia+ 1
z oz 2a%(z+ia)  2a2(z —ia)’
or
a— 1)z (ta+1)z 1 ia—1, | ia+1
Y — 42 (Z(Z = Y o n n
(2) =a 20%(z +ia)  2a%(z —ia) y(n) a? (n) 202 (—ia) 202 (i)

Considering even and odd n:

y(n) =

QN|,_.
o)
—
S
~—
+
S
S
L
—
|
[y
~
S
c
~
V)
S
S
S
S



Q-2) Given that the Laplace Transform of f(¢) is

find f(t),t > 0 using any method you like.

Solution: Let us use the method of residues. Since |F(s)| < R2 5z for all s = = Rexp(if),

limp o0 |[F(s)| = 0 on the contour Cr, (see the book) and we can use the Residue method.
According to this method, f(t) = Ress—;3[exp(st) F(s)] + Ress=—_is[exp(st) F(s)]. Since,

d 6st d 6st
Ress—; 0 F(s)] = == |7—T=avg ls=i3, Ress=—i t) F(s)| = - |7——av3 ls=—i3
eseoalerp(st) F(s)) = - [l Resealeap(st) F(3)] = - | sl
we have 1
Ress—iz[exp(st) F(s)] = —4—32 et — 754—336 B
and residue at s = —i3 is the conjugate of this. Therefore,

1 . 1 . 1 _. 1 _. 2 2
f(t) = —§tel3t - iﬁez‘o’t - §t6_l3t + iﬁe_l?’t = —§tcos(3t) + ﬁsm(Bt).



Q-3) Determine the value of the improper integral

|,

by contour integration for a suitably chosen simple closed contour in z-plane. If you evaluate
certain limits in your derivation, show all steps of your evaluation clearly.

Solution: Let I denote the integral we are asked to find. Let us consider

exp(—0.51ogz)
2241

f(z) = , 2| >0, —7/2 < argz < 3m/2
and the contour C' = Ly + Cr + Ly + C), covering the negative and positive z-axes by Lo, Ly
and consisting of the semicircles C), and Cr with p small and R large. Then,

R p )
/f(z) dz:/ f(r) dr+/ e T2 F(r) dr+ f(z)dz+ | f(2)dz = 2ir Res,—;f(2). (1)
C p R Cr Cp
We have
exp(—0.51log 1)
i+
Also, the integral on Cp vanishes as R — oo, since on Cg, z = Rexp(if) and |f(z)| <
R%%/(R* — 1), which has limit zero as R — oo. Similarly, the integral on C, vanishes as
p — 0, since, by z = pexp(ir — if),

2im Res,—;f(z) = 2im = mexp(—in/4).

0.5

T —0.5
[ seass [ 2L <
C, o 1L—p L=p

which has limit zero as p — 0. Therefore, taking limits as p — 0, R — oo in (1), we get

| “inf) __n
o i [:wexp( er/ _ S——
+e Texp(—im/4) = 14 e—in/2 2cos(m/4) /2




Q-4) (i) (10 pts.) Find a linear transformation that maps the region to the left of the line
x4y = 1 in z-plane onto the lower half of the Z-plane, such that the point z = 1 is mapped
onto Z = 0 and the point z = ¢ is mapped onto Z = —/2.

(ii) (10 pts.) Find a linear fractional transformation that maps the lower half of the Z-plane
onto the unit disk in w-plane in such a way that the images of points 0, —/2, —exp(it/4)
in Z-plane are, respectively, the points 1, exp(imw/4),0 in w-plane.

(iii) (5pts.) Determine the composition of the two transformations you found in (i) and (ii).

Solution: (i) It is clear that we need a rotation by /4 and a suitable translation. Hence,
Z = Ti(z) = exp(ir/4)(z — 1) is the required transformation, since 77(1) = 0 and T(i) =
exp(im/4)(i — 1) = —/2. Also note that, the origin, e.g., is mapped onto —exp(im/4), which is
in the lower half Z-plane.

(ii) There is a unique LFT which maps three points to three points. Assuming ¢ # 0 and

starting with
aZ +b

Z+d’

substitutions 75(0) = 1, Ty(—exp(ir/4)) =0 give

_ alZ + exp(im/4)]
Z +aexp(in/4)

15(2)

Substituting Ty(—v/2) = exp(ir/4), we obtain
_ V2
exp(in/4) — i
(iii) w = T(z) = T»(T1(z)) is given by

V22

v = ) — =)+ V2




MATH 226 - Fiafarl Eram | D e eny £ 20§
Sl Tiapds

) I = o i lehge
,ﬁ"[_ Il_eﬁ = He Fio e b (R e l’JI'EI ;_2— :

A
J _fifl.ch.,, f_?"f'ﬂd_ o 1f 2
T g T i, BAETS eo. T I
a At ERE & 22+ FE) 4

T/ 2l t e nef)

S

ek ,.,_,_'E__‘
/T]"'LE ok JJ 2 -L-t'{u ] AT —7 (W .'JJ( LMy =2
W II-:Lt 1’{«* biad a'} — e Le ol leﬂl’—f-j

2 . e
-0 : A o
f s do - 21 [ Pordin Cen fay] | far= —
X L e — ~- ﬁ_l -E'T'J'-Ilrﬁ}.r.rjl
L= 'Hk-a.w"-,- .
?]‘ 'Il"t'] L
i = |
[r;[? J:I_{ by = __ - J = ; ﬁn’.-] T —r— = ..L = '.’_-l.n'_*'?j,
Fee 2hge e D | T
T P
T bz {_.-' £, — S
f i fa ~ III
j 7 de=1(e) T |
| (2t ) R
| o -

Bole. Lok ¥pmieod, on Yeb wol Al 1 Laplice Trofurm,

PHAE) =%, = —aamead ALk sg s ey, o KESD

(t2) Wiy = =M (G) +3, | Nists {g:uf mf{j—‘}_ 4,
5 "*Il'f"i_j = E’":[:).I Y, ‘fh }_ S | .
' —— Ya ot —- 5
{.;._:_l-.}q_ (F-H}l F
=t }({5} = k g _llq EF;.-*'U ] oy B [ .
. ,f'."l.-f'r}"- A i Il{r'_'l.:l: _& g ___'_. I"VI.__":"Ja-J
B ST
|.l7-l|'l-'|iu|il |\‘n”_l'¢|r'_|¢_ l-'l_ _II_. : _|I'I:H [{ [uiﬁih“'ﬂh—rq fre
Wlids g w gt Chyty, )

Yit] - gt e E'.c"_-{ r?'\“‘l'\;,n} ; ri‘:;c?
Qe R‘".rk;'-’ e ay '?.I.-_Il-r'.a s

Conada iy




9—_%_‘ T&L\-'b % — "‘“‘fdﬁ%@ [

B XG) ~B (o) - x)-2 X&)

‘Z%ZXCEJ . +27% 0 +2'&x(\)
-1 X@) +2X(9
<2 x(2)

:i_

z-1

= (232222 X ()= 2+ Btg™

2z~

R (D SR,
@) @ 0G1 (2@

= X@)_ 2G4 A
* @' sz«l)(z—?,) 2ol

1
“ . 3

e
D= [ 2.0 )a@HJ 2}~ (o) (2 La- 0 4]

[t
XC%): L 2 ¢ 2 -4 2
4 2+l 2-2 2 G:)'a Z P
@‘[x_(n)_:f_i (4}“;2"" -Lla-t
Pg. 8 4
Alan.J\’?vzltjj ~

3 1,.(},\)%{]
Ve & los {i_ﬂ__%_m
x ( ) é (2 \) (?*‘)-(%"D_

ﬁ"| =2

f‘.l_"_ﬂ £+ (2)0 o\
4

J ; 3h, agssky 2952

i
()



TR, P
o
= e '.'": i
ih - & | ; \f_.'
# '/ \\ :
3 i [ - - 'U
= |
Ly 2zre?®  Thes,  Le by "_':'}“m’x v (= 7 ) ThE
li, ., i re:lﬂ" Laray ) = u_i Wt N 1
e : e e O |

L I
bhesor: dvesizag 4 LGy sk o) M hygpe pala f Aol (2
o M fouch Guadosnl (fnee wpo, v for van ). Sl
1_\(@__ Bo=e 4 Sz, M e J Fl Uf_w,xjh f._m.-lmﬁj,

i Couied .

.Y =1
57 5 |4 ol -
/ Ej*_"ii | W= Loy
o e | S
b
// A _//
= LT A AN -
e Mo g Hre bl '7%{

2 ¢ 4|{ i }—'_Ir ¥ = T rr':r{'i_ iI?".Il'ﬂr'.i_f_ {@'\{'Lﬂﬂ‘_‘l{nﬁl)_
K. i

J?h]_ ‘{ﬂm ST | i""'lln.y ’ %'_’,‘ i"-"'l.’- o ["‘y , o

H {}iﬂ;!}: ﬁ- ‘_ra“ l( _-Ia"hl_) : b < -I'-mﬁ"c_f M,

ey

o Al . L?:'HHIL_,JE i 0 e I My



Date: 24 May 2004, Monday NAMB mnrs ool o
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Time: 12:15-14:15 STUDENT NO:
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Math 206 Complex Calculus— Final Exam

1 2 3 4 5 TOTAL

20 20 20 20 20 100

Please do not write anything inside the above boxes!

PLEASE READ:
Check that there are 5 questions on your exam booklet.
Write your name on the top of every page.

Q-1) Find Res.<o—5— :jnh —
smht={+ /—+g+
2% swh = - 2-- 3——- =—§!—é(!+%z”+-~\)

Z _,__,l——d-m-— =— 5‘; (b, o2+ \92‘21*'\9;?1%‘29*.\\
e (w2

fosidue » Tren 3t

(\f——'uw\ =1

e (Yool 2+
b= b,2ly=0 b=-%-

we &994‘)3 fnd Fhot bo =l

- 2
TL@/\ /”l%'.g’“e RET)



NAME: STUDENT NO:
= wde
(22 4+ 1) (22 + 22+ 2)

Q-2) Calculate the Cauchy principal value of the integral /

=0,9)

Let z
L (22 + 1)(22 + 22+ 2)

which has singularities 4, —1 +4 in the positively oriented contour consisting of the real
segment [—R, R] and the semicircle C of radius R in the upper half of the complex
plane, with R > v/2. By the Residue Theorem

zdx = R T dzx
PV/ — hm/ -
(@12t 20 £ 2 Bl p(@? (02 t 2t 2)

— Re[2mi(By + By)] — Re(lim [ f(2)d2),

R—oo Jop

where By and B, are the residues at ¢ and —1 + 4 of f(2), respectively. Now

e = ‘ 7 1 — 24

- e gl
2 —1+ 3z

By = : |z:~1+i: .

(224 1)(z+1+14) 10

OnCr 2 — Reeplid), 0 <0< 7 s¢ thet

T R?

L e

It follows that
Re( lim ) =
R

R—o0 JO

and

0 rdx 1-2¢ —1+43¢ s
P.V./ — RoDi =
e e



NAME: STUDENT NO:
Q-3) Using Laplace transform techniques solve the initial value problem

F7(8) + 2f(5) + f(&) =sint, whith f(0)=3, f(0)=1

(Qm\ F(s)
(,Q(;;m‘\ = Bl
o

1
e 1es-
Tronsformng both sidey ot The differentst aqu.ghim 3,”}%

e ] :
(38+7F\= ..—-——H_SZ_

o\ SFIN - 5
£1o) - g [e) = S i -

(=S pzswlyPes) =

§O\vs\r\g ?&I F(J\aj 4

2, 7¢54+ 3543
sl it f
{142 1Sy

e e

- I e B e ;
- 2. — ~ .
7 e S5 5
transform:

A pplgmg MVes€ of Laplece
~
Q(,‘l’\’ '(,Lé -—’“lu)’)t-r..z-‘.,@ :



NAME: STUDENT NO:

N | =

Q-4) Consider the mapping w = z + —. Describe the images of the following sets under this

mapping:

i- The x-axis.

ii- The y-axis.

iii- A ray with angle 6 where 0 < 6 < 7/2.
iv- A ray with angle 6 where 7/2 < 8 <.

| ’ ‘L "'“}' ) = ‘U.
Leting  z=1e'’, we get we= L (e R+ i- £ (H-w)smo=titt

' T 7.
C) The mih’v{’, - Q%1 correspends HO 6=0. it mepA onto Uz

,\‘
The Negohve A-DA) corresponds o o=, Tt mMaps pore U £

' ol Fo U-¥B.
I The JEE corengonds v =il Tb AOEA S0

; ' e arw o The
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NAME: STUDENT NO:

Q-5) Find a bounded harmonic function 1'(x, y) defined on the first quadrant, 0 < z,y, with the
possible exception of the origin, such that 2'(x,0) = 0 and 7°(0,y) = 1.

; e
) 2=atigete w=lvy 2 /N :
4 Tz  h=\

W:LOJ 2‘:: Ppe+1 6 = u+L v

= : Mmoot C
The fan Chon H(u,v\::,‘rv' N hermon

and  sotishies e boundary candr NS
hin,N=o WU )=l
dullmg T frackion bck fo ous srigmal
cetimg we get
Teag = T166)=h{tr,8)= L p=Zorchn g .

- \ :
5O T(ch\:% afﬁ'}a"‘i S 1le

rej\,.mec\ gw"z,h‘s/l.



Date: 30 May, 2003, Friday
Instructor: Ali Sinan Seiiz
Time: 9:00-11:00

Math 206 Complex Calculus — Final Exam
Solutions

1 Solve the following differential equation using Laplace transform techniques:

fr(t) = 3f'(t) + 2f(t) = ¥

wheref(0) =0, f'(0) = 1.
Solution: We apply Laplace transform to both sides of the differential equation using the formulas

L{f() = F(s),

L) = sF(s) = f(0)
= sF(s),
L") = s°F(s) = sf(0) = f'(0)
= §*F(s) -1,
1

The equation then becomes

1

(32—33—1—2)}7(5)—1:8_3.

Note thats? — 3s + 2 = (s — 1)(s — 2). Solving for F'(s) we find that

F(s) = (5_1)1(5_2) (si?)_l)

N <s1>1<s2> <:§)

(s—1)(s—3)
1 1 1

1
T3G-1) 2(s-3)

We easily take Laplace inverse transform of both sides of this equation and get

1 1
f(t) = —Qet + ée?’t.




2 Calculate all values of—4) %2, and indicate the principal value.

Solution:
0 = e (~Srou(-1))
3 .
= exp (—5[1114 +i(2n + 1)%])
1
= exp (ln 3 zg(Qn + l)w)

1 3 3
= 3 (cos 5(271 + 1) —isin 5(27@ + 1)7r) , n€Z.

The principal value is obtained when= 0:

1 3 3
(—=4)™? = Z(cosom —isinom
8 2 2
o
= 3
Tl
3) Evaluate the integra)/ dz.
14 ab
0
Solution:
: . 21/ exp(t log 2)
We integrate the functiorf(z) = T = 1 i = around the closed contodt, p = Cr —

L,r—C,+ [p, Rl whereR > 1,0 < p, 1 and
Cr = {Re”| 0<6<2n/5},

Lyp = {xe®™?| p<a <R},
C, = {pe”| 0<0<2n/5},
[o.R] = {zf p<a <R}

Inside this contour there is only one polefik), which isz = ¢*/>. By the residue theorem we have

/ f(2)dz = 2mi Res f(z)
P,r

2—eiT/5

21/5)
= 2mi | —
(524 y—eim/B

2
= i (27195,
)

2 ( ,Qm-)
= —-mi|le 25
)
2

6 .
= ——Tie 3™
5

2 ( 6 .. 6 )
= —gm COS —T + 181N —7

:em/s)

25 25

2 .6 2w 6
= —sin—m —i— COS —T.

5 25 5 25
OnCk we have:
RY5 27R
CRf(z)dz < R5—17TT—>0 as R — oo.




OnC, we have:

1/5 2
p® 2mp
d —

<

— 0 asp— 0.
Cp

Moreover onL, r we have: = ze?™/°, f(2)dz = f(z)e'?™/?>dx and hence

o

‘ R 4 1/5
/ f(z)dz _ 6127r2/25/ f(x)dx N 6127”/5/ z 5d:L‘ as R — 00, p— 0.
Lp«,R P

1+2z
0

and

zdr as R — o0, p — 0.

/ f dZ N 12#2/25 /
PR 0

Combining this with the residue calculation above, we find

1 —cos ——) — isin dr = —sin_—m—1—cos_—m

: 12ri . 12w 7 21/ 2 6 o 6
25 2% 1+ 25 T 5 ‘95

which gives

[ ool 27 cos 5% 1
/1ix5d = E L~ 0.91786..
0

127
5 sin =X R 5 sin 9% 9%

. , . : —1 : .
4) Consider the linear fractional transformatighiz) = Z—H and describe the images of the
z

following sets undeyf.

1) The upper half plane.
i) The unit circle.

i) Thez-axis.

iv) They-axis.

Solution:
First write f(z) in terms ofz andy:

2—1 xz—1+iy 224+y*—-1 | 2y ,
Z2) = = — = +1 =u+ .
/) z+1 o414y (r+1)24+y?>  (x+1)2+y?

i) Wheny > 0, we havev > 0. Hence the upper half plane maps onto the upper half plane. Here we
used the fact that a nonconstant linear fractional transformation is onto.

i) Whenz? 4+ 2 = 1, we haveu = 0. Hence the unit circle maps onto theaxis.

iif) Note thatf(—1) = oo, f(0) = 1 and f(1) = 0. Thez-axis, which is a circle, must map onto the
circle which passes through the points —1 and1. Hence the image is the-axis.

iv) Note again thaf(0) = —1, f(¢) =i andf(co) = 1. They-axis, which is a circle, must map onto
the circle which passes through the points, i and1. Hence the image is the unit circle.
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Math 206 Complex Calculus — Final Exam
Solutions

Q-1) Solve the following recursion equation:
fln+2)=7f(n+1)+12f(n) =2", f(0) = f(1) =0.

Solution: Using Z-transformation we recall that

2
z—2

2(f(n) = F(2),

2fn+1) = 2F(z) = 2f(0) = 2F(2),

2fn+2) = 2F(z) = 2f(0) — 2f(1) = 2F (),
)

22"

Taking the Z-transform of both sides of the equation we get

(22 = T2+ 12)F(2) = 5 O
z

(2—2)(z=3)(z—4)

Recalling that under the Z-transform most functions go to a fraction with a z in the numerator,
we use the partial fractions technique as follows;

F(z) =

z

(z —2)( )(2—4)

F(z) =

- [2_2 u—4J
{

+1 1
2,-2 2-3  22-4

Taking inverse Z-transform now gives

1 1
— (Z)n — 3" Z)4n
fln) = (5)2" =8+ ("
or after simplifying,
fln) =277t 42271 —3" n=0,1,...

You should in the exam check that the answer you find is actually a solution of the given
equation.




Q-2) Let R be the region defined as
R={zeC|1<|2|<2, Imz>0}

Consider the transformation f(z) =z + —.

Describe f(R). :

Describe the image of the boundary of R.

Is the transformation conformal?
Solution: This map is studied on page 374 of your book.
Let z = re?. Then

1 1
f(z)=u+iv= (T+—> cosf + i <r——> sin 6.
r

r

If r = 1, then w = 2 cos # and the inner circle maps onto the real interval [—2, 2] in the w plane.
If 1 <r <2, then r — 1/r # 0 and we obtain

u? v?

-
If0<6<mandr>1,then v >0, so we get the part of this ellipse which is in the upper half
plane. Putting » = 2 we find the outermost ellipse in the image. The interior points of R are
mapped to the interior points of this outermost ellipse with v > 0.
The outer circle, r = 2, maps onto this outermost ellipse.
When 6 = 0, f maps [1,2] onto [2,5/2].
When 6 = 7, f maps [—2, —1] onto [-5/2, —2].
f'(2) =1—1/22=0only at z = 1, so f is conformal at every other point.

Q-3) Solve the following boundary value problem for a bounded T;

Tow(z,y) + Tyy(z,y) = 0, y>0, —00 <z < 00,
T(x,0) = 0, =< —2,
T(x,0) = 1, > 2,
T,(z,0) = 0, —2<z<2.

Solution: This is almost Exercise 6 on page 308, and the solution uses exactly the same
argument given on page 306.

Consider the region R given in the w plane by v > 0 and —7/2 < u < 7/2. The map z = 2sinw
sends this region onto our region, conformally except at the points u = +m/2. A solution to
our problem in R is T'(u,v) = (1/2) + (1/7)u. Check that it is a solution.

z = 2sinw becomes x + 1y = 2sinu cosh v + i2 cos u sinh v. Eliminating v we get

1‘2 ,y2

— =1.
4sinu  4cos?u

Using the properties of hyperbolas, this gives
dsinu = /(z+2)2 +y2 — /(z —2)% + 32
and solving for u finally gives

1 1

T(z,y) = §+;arcsin B (\/(:E+2)2+y2_ \/(a:—2)2+y2>} ’

where —m /2 < arcsint < 7/2 since this is the range for w.




Q-4) Describe the image of the z-axis under the Schwarz-Christoffel transformation

f(z)= a/ (s> —1)73/*57Y2ds, where a = ™4,
0

Hint: B(p,q) = fol tP=Y(1 — t)9='dt, p,q > 0, is the Beta function and in particular

B(1/4,1/4) = 7.416...
Solution: This is a reformulation of Exercise 1 on page 336.
We can set xr1 = —1, x5 = 0, 3 = 1. The corresponding constants describing the angles are
ki =3/4, ko = 1/2, ks = 3/4. Since ki + ko + k3 = 2, the image is a triangle. Since one of the
angles is kom = 7/2, this is a right triangle. Since k; = kg, this is an isosceles right triangle.
f(0) = 0 is the right angle vertex of the triangle. To find f(1) we evaluate the integral:

f() = a/1(52 — 1) 572,
0

but here the (s? — 1) factor is negative and a fourth root of it will be imaginary. We write it as

<82 . 1)—3/4 _ (_1)—3/4(1 . 82)_3/4
Oé_l(l _ 82)_3/4

and the integral becomes
1
F1) = [ty s s
0

which is a real integral. Say f(1) = b € R*. Writing the integral for f(—1) and making the
substitution ¢ = —s we obtain that f(—1) =if(1) = ib. Furthermore making the substitution
t = s? in the integral for f(1) we find that b = (1/2)B(1/4,1/4).

Thus the real line maps onto the isosceles right triangle with right vertex at the origin and the
other vertices at (b,0) and (0, b).
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