HW MATH227/9 Solutions

1.

The set of all triplets of real numbers (z,¥, z) with the operations (z,y,2) + @,y 2) =
(z+2,y+y,z+2) and k(z,y,z) = (0,0,0) is a not vector space. For any triplet of
real numbers (, y, 2) we have 1(z,y, z) = (0,0,0) # (z,¥, z) whenever (z,, 2) # (0,0,0),
hence axiom 10 (1u = u) does not hold.

2.

Let the set of all 2 x 2 matrices of the form 1

b

an 1 _ + a9 2
1 by then A; + Ax = 9 by + bs

hence axiom 1 does not hold and V' is not a vector space.

} be denoted by V. Let A; = { “i bt ]

and Ay = ] which does not belong to V,

3.

(a) Let the set of all vectors of the form (a,0,0) be denoted by W. W is a vector subspace
since (a1,0,0) + (az,0,0) = (ay + a»,0,0) € W and k(a,0,0) = (ka,0,0) € w.

(b)Let the set of all vectors of the form (a,1,1) be denoted by W. W is not a vector
subspace since k = 0, k(a,1,1) = (0,0,0) ¢ W.

(c) Let the set of vectors of the form (a,b,c), where b=a +¢ be denoted by W. W is a
vector space : (as, bs,cs) = (a1, b1, c1) + (az, by, co) € W osince by = as + c3. Similarly we
have k(a,b,c) € W.

(d) Let the set of vectors of the form (a, b,c), where b=a+c+ 1 be denoted by W. W
s not a vector subspace since (ar, by, ¢1) = 0x(a,b, ¢) = (0,0,0) ¢ W as by # a1 + by + 1.

4.,

(a) Since tr(A; + A2) = tr(A;) +tr(Az) = 0 and tr(kA) = ktr(A) = 0, the set ofalinxn
matrices A such that tr(A) = 0 is a subspace of M.

(b) AT = (A1 +A)T = AT+ AT = —A - Ay = -4 and (kA)T = kAT = —kA, therefore
all n x n matrices A such that AT — — A is a vector subspace of My, .

(c) The set of all n X n matrices A such that the linear system Ax = 0 has only the
trivial solution is not a subspace My, since for any matrix A and k=0 the linear system
kAz = 0 has solutions other than the trivial solution.

(d) Let Az = Ay + Ag, AsB = (A1 + AQ)B =AB+ AyB = BA; + BA, = B(Al + AQ) =
BA; and (kA)B = kBA = BEkA, therefore all all n x n matrices A such that AB = BA
for a fixed n x n matrix B is a subspace of M-
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5.
(a) In order for —9 — 7z — 1522 to be a linear combination of p;, pz, ps, there must be
scalars ky, ko and ks such that —9 — 7z — 1522 = kjp1 + k2p2 + ksps that is

2 13 ki -9
1 -1 2 ko | = -7 1.
4 3 5 ks -15

Solving this system yields k; = —2, k; = 1, and k3 = —2, hence -9 — 7z — 1522 =
—2p1 + P2 — 2ps.

(b) 6 + 11z + 622 = 4p; — 5p2 + Ps.

(c) 7+ 8z + 9z = —2py + 3ps.

6.
(a) The vectors v;, v, vs span R? if and only if the matrix A = [v|vs|vs] has nonzero
2 00
determinant. det(A) =12 0 1|=—6,s0 V1, Vg, and vs span R3.
2 31
2 4 8
(b)det(A) =| -1 1 —1|=0,s0 .vyq, Vo, and v3 do not span R?.
3 2 8

(c) Since we have four vectors vi, va, vs, and v4 we must check if there is a combi-
nation formed by any 3 of these vectors that spans R3. For {vi, v, v3}, we have

3 2 5 2 5 1
det(A) =|1 —3 =2 | =0. For {vy, v3, v4}, we have det(4) =| -3 -2 4 |=0.
4 5 9 5 9 -1
3 2 1
For {vi, va, v4}, we have det(A) = |1 —3 4| = 0. For {vy, v3, v4}, we have
4 5 -1
3 1 5
det(A)=|1 4 —=2|=0,so0 . vi1, Vo, v3 and v4 do not span R3.
4 -1 9
1 3 4
(d) det(A) =2 4 3| = -39, so0 . V1, Vo, and vz span R? and v4 can be written

6 1 1
as a linear combination of v, vo, and vs.
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