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1 MAIN RESULTS

Given a set of states N = {1,...,n} with n > 2, suppose that for all 7 € N/, the i-th state
has a resource r; > 0 some portion of which it uses to allocate against the remaining states
N —{i}. Let a;; denote the allocation of state-i against the state-j, with a; denoting the
self allocation or internal consumption by state-i. Suppose that each a;; satisfies

aij € oz, Bi] ¥V 4,5 €N, (1)
where o;; < ;; are real numbers specified such that
g, Bij] € [0,73] V 4,5 €N (2)

For i # j, the interval [oy;, 8;;] can be viewed as the threat perception by state-i of state-j.
If state-¢ perceives j as a big threat against its security, then o;; would be chosen to be
close to r; by state-i; otherwise, if j appears to pose a small threat to state-i, then ;;
would be chosen to be close to zero. For ¢ = j, the interval [, 3;;] can be viewed as the
vehemence attributed by state-i to internal security, alternatively, the lust of state-i for
internal consumption.

Remark 1. An alternative interpretation for the interval [, 3;;] is as follows. Sup-
pose the defensive and the offensive capabilities of a state are not necessarily the same.
It is somewhat reasonable to assume that the minimum defensive capability is more than
the maximum offensive capability. Let «;; represent the mazimum possible offensive allo-
cation and B;; the minimum possible defensive allocation of i against j for all {i,j} C N.
The interval [oyj, 8;;] then represents the interval of comfort for j, since any allocation
choice a;; € [, Bi;] by 7 is neither enough to beat j nor enough to defend against j. The
interval [a;, 8;] is again the interval of self-allocation of state-i for i € N'. A

Since the whole r; is either used for internal consumption or allocated against the
remaining states, a;;’s satisfy

Zaij:TiViEN. (3)
JEN

We call the world of n states to be in interval constrained equilibrium, or ic-equilibrium for
short, if in every one-against-one confrontation the allocated resources of the two states
are the same, i.e., if (1), (3) hold, and

Q5 = Qjj A {Z,]}CN (4)

We are mainly concerned with the question:

Q1. Given n states with resources T+, ...,r, and intervals |cuj, Bi] Vi,5 € N obeying
(2), is it possible to choose allocations a;; V¥ 1,5 € N such that the world is in ic-
equilibrium?



The world will be called ic-balanced if the answer to (Q1) is in the affirmative, i.e., if
there exist allocations a;; V 4, j € N such that the world is in ic-equilibrium.

The answer tightly depends on the resource values as well as the specified intervals.
If for instance o;; = (;; = 0, or on the other extreme «;; = (3;; = 14, for all i,j € N,
then an ic-equlibrium exists only in the trivial case of all states having no resource. If the
intervals for 7 # j are chosen to be the largest possible and if no internal consumption is
allowed, i.e.,

[Otij,ﬂij] = [Oﬂ"i] v {i,j} CN, (5)
o =B =0V iEN’

then ic-equilibrium is possible if and only if no state controls more than half of the total
world resource by a result of Ozgiiler, Giiner, and Alemdar, 1998. We state this result for
later reference within the framework of ic-balance:

Fact 1. A world of n states with resources r; satisfying r; > 0 V i € N and intervals
satisfying (5) is ic-balanced if and only if

TZ'S Z Tj Y ’LEN (6)
JEN —{i}

Thus, under the restrictions (5) for intervals, the existence of an ic-equilibrium depends
on whether the resource values satisfy (6) or not. The condition (6) is known as the no
hegemony condition. If all intervals are chosen to be at their largest, i.e., if

then, whatever the resource values are, there is always an ic-equilibrium. In fact, if
the condition (6) is satisfied so that there is no hegemon, then an ic-equilibrium can be
attained upon zero internal consumptions by the states. If there is a hegemon, say state-1,
then r1 =377 o r; > 0. Letting a1y =711 =37 575, aij = 054,57 = 2,...,n, and a;y = ay; = 14,
an ic-equilibrium is achieved. We thus have the following result.

Fact 2. A world of n states with resources r; satisfying r; > 0 V i € N and intervals
satisfying (7) is ic-balanced.

The examples above show that the intervals must be consistent in order for an ic-
equilibrium to exist. Even in case where only (3) is required, the intervals should be
consistent as the following shows.

Fact 3. Givenr; >0 V i € N and intervals satisfying (5), there exist a;; > 0 V i,j €

N satisfying (1) and (3) if and only if

ZCVUSTZSZﬁ” VZEN (8)

JEN JEN



Proof. If a;; > 0 satisfies (1), then
ij <ai < B YV i,j EN.
Summation of each term for j = 1,...,n and (3) gives o; < r1; < §; for all 1 € N, where

Q; 1= Z Qij, Pi= Z Bij-

JEN JEN

This yields (8). Conversely, If (8) holds, then let

oo T By oy
aij = 2(Oéi + ﬂi) Vi,jeN.
It follows that (1) and (3) hold. O

The condition (8) together with a;; < f3;; is equivalent to

max {eyj, i — Z Bir} < min{pj,ri — Z at Vi, jeN. 9)
keN—{j} keN—{j}

This inequality has a simple intuitive interpretation. Both arguments of maz in (9) are
the munimum possible allocations of state-i against state-j. Similarly, both arguments of
min in (9) are the mazimum possible allocations of state-i against state-j. The condition
(9), or the condition (8), reads: the minimum possible allocations of i against j should not
exceed its mazimum possible allocations. We will refer to (9) as the consistency condition
for intervals.

The following intermediate result shows that, the general problem of the existence of
an ic-equilibrium is equivalent to the solvability of n(n + 1) inequalities in n(n — 1)/2
unknowns. In (11) below, the first and the second sum is zero for i = 1 and i = n,
respectively.

Lemma 1. Given resources ; > 0 YV i € N and intervals [c;, Bi;] Vi,7 € N obeying
(2) there exist a;; > 0 YV 4,5 € N satisfying (1), (3), and (4) if and only if there exist
zij ¥ i <j; 1,5 €N satisfying

max {0y, aji} < iy < min{Bi;, B} ¥V i <j;i,j €N (10)
and
2—1 n
ri—Bi <D ami+ Y, wza<ri—ay; VieN. (11)
k=1 I=it1



Proof. Suppose there exist a;;’s satisfying (1), (3), and (4). Let z;; := a;; = a;; for all
i < j. By (1), the inequalities (10) are satisfied. Moreover, by (3), it follows that

i—1 n
aii+zxki+ Z zg=r; Y ieEN
k=1 I=i+1

which, using (1) for ¢ = j, yields (11). Conversely, if (10) and (11) hold for some z;;’s,
then let a;; := z;; and aj; = x;; for all 4 < j; 4,7 € N. It follows that (4) is satisfied.
Also let

i—1 n
Qg = T5 — vam - Z Zi-
k=1

l=i+1

The requirement (3) is also satisfied. Finally, by (10) and (11), the condition (1) holds.O

1.1 A Bipolar World

We first give an answer to (Q1) for a two-country world, i.e., for n = 2.

The main result is that a bipolar world is ic-balanced, i.e., an ic-equilibrium exists, if
and only if the minimum possible allocations of state-i against state-j does not exceed the
mazimum possible allocations of state-j against state-i fori,j € {1,2}.

Fact 4. A bipolar world of resources ri,ro and intervals [ouj, Bijl, 1,7 € {1,2} is
tc-balanced if and only if

maz {oq2, 71 — P11} < min{fi2, 71 — a1}, (12)
maz {ag1, 70 — Poa} < min {fa1, 72 — oo}

and

maz {oa2, 71 — P11} < min{fa1, 72 — a2}, (13)
maz {ao1, 70 — Poa} < min {Pi2, 71 — @11}

Proof. By Lemma 1 with n = 2, an ic-equilibrium exists if and only if there exists
x = x19 satisfying

maz {2, a9} < & < min {fiz, B},
r—pFu<z<r—oaon,
r9 — Pa2 < x < Ty — Qigo.

These inequalities are equivalent to

maz {2, Q91,11 — Pi1, 72 — P} < & < min {Piz, fo1, 1 — a1, T2 — Qoo }. (14)

5



Now if (14) holds, then the consistency condition (12) as well as the condition (13) hold.
Conversely if (12) and (13) hold, then

max {0612; 01,71 — Pri1,T2 — ﬂ22} < min {512; Bo1,71 — Q11,72 — 0422}

and there exists = satisfying (14). O

The condition (12) is the consistency condition (9) for the intervals and is known to
be necessary (for any n) for an ic-equilibrium, by Fact 3. The additional condition (13)
has a similar interpretation to the consistency condition, namely, the minimum possible
allocations of 7 against 7 should not exceed the maximum possible allocations of j against
i, for 4,5 € {1,2} and ¢ # j. The combined condition can be phrased as in the italicized
statement given at the beginning of this subsection.

1.2 A Tripolar World

Let us now consider the case of three countries, i.e., n = 3. The foregoing analysis
of a bipolar world suggests that the condition for ic-balance will involve minimum and
maximum possible mutual allocations of states. In the tripolar world, the determination
of such extreme allocations require more care. If we consider the minimum possible
allocation of state-: against state-j, for instance, in a tripolar world each of the following
quantities represents a minimal possible allocation by state-i against state-j:

0 lower limit of the threat interval

i — Bii — Bik left-over resource after maximal self allocation
and mazimal allocation to k

i — Bii — Bri left-over resource after maximal self allocation

and counteracting a mazimal allocation by k
i — Bii — (T — ap — i) left-over resource after mazimal self allocation

and counteracting a mazrimal allocation by k
i — Bi — (1 — ap — ) left-over resource after mazimal self allocation

and counteracting a mazximal allocation by k

The above list can be actually be continued ad infinitum by substituting alternative
expressions for o, ay; in the last two quantities and by substituting alternative expres-
sions for §;, B;; in the new quantities obtained. It will turn out however that the following
definitions of minimum and maximum possible allocations by states suffice to characterize
ic-balance in a tripolar world:

miAj = max{ j, i — Bii — Bik.Ti — Bii — Bris
i — Bii — (1 — gk — aij), i — Bis — (Te — ok — i) }, (15)
M_]AZ = mm{ ﬂji; ’I”j - ijj — ijk,rj - ijj - Ozkj,

i — i — (e = Brk — Bri)y T — @jj — (Te — Brx — Bix) }-
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Fact 5. A tripolar world of resources r;, i € {1, 2,3} and intervals oy, Bi], i,7 € {1,2,3}
is ic-balanced if and only if (9) holds and

midj < MjAi ¥V {i,j} c {1,2,3}. (16)

A proof of Fact 5 is given in the Appendix.
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