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ABSTRACT

Table 1: Classification of fast QR algorithms.
Fast QR decomposition algorithms based on backward pre-

diction errors are well known for their good numerical be- Error Prediction

havior and low complexity. This paper examines two dif- Type Forward | Backward
ferent versions of the fast QR algorithm basedaqgpriori A Posteriori|| FQRPOSF [2] | FORPOSB [3]
backward prediction errors as well as other two correspond- A Priori FQRPRLF [6] | FQRPRILB [4, 5]

ing versions of the fast QR algorithm basedaoposteriori

backward prediction errors. The main matrix equations are

presented and different versions of the discussed algorithms

are derived. From this study, a new formulation for the fast complexity. The simulation results are shown in Section 5

QR algorithm based omposteriori backward predictioner-  and conclusions are summarized in Section 6.
ror recursion is derived. The discussed algorithms are com-

pared; differences in computational complexity and in finite

precision behavior are shown.
2. THE FQR ALGORITHMSBASED ON

BACKWARD PREDICTION ERRORS
1. INTRODUCTION

Fast Recursive Least Squares algorithms based on QR de--ljhiS sectipn presgnts the matrix.equationg of the two algo-

composition (FQR-RLS) are adaptive filtering algorithms rlthms being studied. The nqtatlon used is the same used

widely studied due to their numerical robustness and to their in [1], [6], and [7]'. The equations for the FQRRIB and

regular structure that can lead to efficient implementations. FQRPOSB algorithms are shownin Tables 2 and 3 respec-
A number of fast algorithms (Qf]) have been derived tively.

[2]-[6] based on the conventional (or ®F]) QR decom-

position method [1]. It is known [6] that these algorithms

can be classified in terms of the type of triangularization 3. THE DIFFERENT VERSIONS

applied to the input data matrix (upper or lower triangular)

and type of error vector(posteriori orapriori) used in the

updating process. It can be seen from the Gram-Schmidt

orthogonalization procedure that an upper triangularization

upda'tes .the forward prediction errors yvhﬂe a lower trian- a matrix equation with the following structure

gularization updates backward prediction errors. Table 1

presents the classification used in [6] and introduces how

these algorithms will be designated hereafter. [ « ] = Q) v } 1)
This paper is organized as follows. In Section 2, we u p

present the matrix equations of the two FQR algorithms un-

der investigation. Section 3 examines the two different ver- wherea andg are scalars, the matri@, s isasetof Givens

sions of each algorithm. Section 4 discusses computationalrotations andi is computed as follows

The different versions presented in this section are based on
the implementation of a particular matrix equation. For both
algorithms, the FQEPRIB and the FQRPOSB, we have




Table 2: The FQEPRI_B equations.

Table 3: The FQRPOSB equations.

for eachk
{ 1. Obtainingdy,, (k +1):
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7. Updating the output error:
e(k+1)=eq (k+1)y(k+1)
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The vectorv is updated without using and with no prior
knowledge of any element af.

The inverse of matrixQj, corresponds tQ’Z}. Using
this relation, it is possible to derive the following implemen-
tation
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The updating process fromto u can be carried out if we
knowu 1 in advance.

for eachk
{ 1. Obtainingdyg, (k + 1):
€fa1 (k + 1) —
[ dfqz(k+1) _Qe(k)
2. Obtaining|| e;(k + 1) ||

ler(k+1) = \/6?,“ (k+1)+Alles(k)II?
3. ObtainingQy ; (k + 1):

z(k+1)
)‘1/2dfq2 (k) :|
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4. Obtainingf (k + 1):
- Héb((];cill))u Q, (k+1) (k)
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| fk+1) " e (eF DT
5. Obtaining@Q, (k + 1):
(1] _ o7 v(k+1)
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6. Joint Process Estimation:
[ eq(k+1) ] _ d(k+1)
D | = |

7. Updating the output error:
e(k+1)=eq (k+1)y(k+1)

3.1. TheFQR_PRI_B: Versionsland 2

It can be observed during the derivation of the equation cor-
responding to the second step of this algoritt@®btéining
a(k + 1)) that the last element af(k + 1) is known before
the updating process of this vector. This fact leads to the
two different versions of the same algorithm.

The first version of this algorithm is based upon the fact
that the last element af{ k+ 1) is known prior to its calcula-

tion (oray+1(k+1) = %) This version was pre-

sented in [5]. Table 4 presents the different steps required
for its implementation.

Table 4: FQRPRIB: Version 1.

2. Obtaininga(k + 1):
z(k+1)
A/21e ()

anv+1(k+ 1) = auwo;
fori=1: N
aN+2—i(k)_Sin9}i7 (k)auve; 1
{ aN+1_i(k + 1) = cosé‘}_ 1 (k:l) !
auz; = —sinfy, _ (k)ani1-i(k+1)
+cost}, | (k)auwi—1;

auxry =

The second version of the FQRRI_B algorithm is based
on the computation af(k+1) according to the matrix equa-



tion and requires the calculation Afu(gr(;))u' Thisversion ~ can be calculated ag(k)sinf;(k + 1) wheresinf(k +
f efqq (k+1) . . . .
was shown in [4]. The corresponding implementation of 1) = Hé;(;%l)ﬂ is the sine of the angle of rotation matrix

this matrix equation is presented in Table 5. Qs (k+1).

Table 5: FQRPRILB: Version 2.

Table 7: FQRPOSB: Version 2.

2. Obtaininga(k + 1): 4. Obtainingf (k + 1):

N €fqq (k+1) k)e k41
aux.() = SaEe, ol aury = 77(”2;&1;1)“ ).
fori=1:N+1 , fore=1:N+1
{ aizi(k+1) = costN“ii(k)ai(k) { fisri(k+1) = 0050}N+17i(k + 1)fi (k)
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3.2. TheFQR_POS.B: Versionsland 2

For the FQR algorithm based arposteriori backward pre- 4. COMPUTATIONAL COMPLEXITY
diction (FQRPOSB), it can be seen that in the derivation h ional lexity f h of the di dal
of the equation corresponding the fourth st@btaining | '€ computational complexity for each of the discussed al-

F(k+1)), the last element of this vector is known before its 9°7thms is shown in this section. Table 8 compares the
updating process. four versions of the fast QR algorithms in terms of num-

The first version of the FQRPOSB algorithm is based ber of operations (additions, multiplications, divisions and
upon the fact that the last element pk + 1) is known squ;re_d roots). In Table = N + 1 is the number of
in advance or prior to its calculatioryf . 1(k + 1) = coefricients.

z(k+1) : : i
7”6;0)(“1)“). This version has only been reported previ

ously in [7]. Table 6 shows the different steps required for
its implementation. |

Table 8: Comparison of computational complexity.

ALGORITHM [ ADD | MULT. [ DIV. | SQRT |

FOQRPRLB (V.1) || 8p-1 | 19p+2 | 5p+1 | 2p+1

Table 6: FQRPOSB: Version 1. FQRPRLB (V. 2) || 8p+1 | 20p+6 | 4p+2 | 2p+1

: FORPOSB (V.1) || 8p+1 | 19p+4 | 4p+1 | 2p+1
4. Obtainingf (k + 1): FQRPOSB (V. 2) || 8p+1 | 20p+5 | 3p+1| 2p+1

auzo = z(k+1)/ || e (k+1) |;
fN+1(k‘ + 1) = auxo,
fori=1:N e Itis important to note that fast QR algorithms with back-
{ fyvoiik+1) = Il i;:f fizklilj Jaue: 1, ward prediction error recursion are of minimal complexity
o fic1 and are known to be backward stable under persistent exci-
auz; = —sinby, _, (k+ Dfr1-i(k) tation [3, 8]. Moreover, they present lower computational
+cosby,_ (k+ 1)auz; 1; v 2l ' yp ) . p
} it complexity if compared to fast QR algorithms with forward

prediction error recursion [6], [2].

The second version of the FQROSB algorithm is based 5. PERFORMANCE IN FINITE PRECISION

upon the computation of (k + 1) according to the matrix

. i ) S Uet1) . This section presents some simulation results to compare
equation and requires the calculation ]?gif(kﬂ)n- This the discussed algorithms in finite precision. The setup is a

version was presented in [3] and Table 7 presents its imple-system identification problem of ord& = 10. The in-
mentation. Note that, for this version, the ter ,((112111))” put signal to the unknown system was colored noise with



eigenvalue spread equal 187 and SNR = 40dB. The
mean-square error (MSE) was measured by using floating-
point arithmetic with quantization applied to the mantissa
in all operations. The mantissa was rounded excluding the
sign bit and assuming the exponent wordlength was suffi-
cient to represent all dynamic ranges. In all algorithms, the
constraint of passive rotationsi(” 6 + cos? # < 1) was im-
posed. In the first experiment, the mantissa wordlength was
varied (8 to 16 bits excluding the sign bit) while keeping
fixed the value of the forgetting factak & 0.98). Next, the

A was varied (0.90 to 1.0) for a fixed mantissa wordlength
(10 bits). For the computation of the MSE @®B) in both
experiments, the last000 iterations of simulations with
5000 samples were averaged after an average of 10 inde-

FQR POS B version 1
FQR POS B version2
FQR PRI B version 1

FQR PRI B version 2 |

x % + 0o |]
i

pendent runs. The results can be observed in Figure 1 and

Figure 2. The figures indicate that for typical values of for-
getting factors X) from 0.9 to 1, the FQRPOSB versions
perform slightly better than the FQRRIB versions.

FQR POS B version 1
FQR POS B version2 | |
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Figure 1: Performance of the algorithms in finite-precision
(varying B, the number of bits in the mantissa).

6. CONCLUSIONS

In this paper, we have analyzed two Fast QR algorithms
based on backward prediction watposteriori anda priori
error recursion. Two different versions for each algorithm
were derived. An analysis followed, and it became clear
that two of the discussed algorithms had been previously
presented in [4] and [5]. Moreover, a new version, never
reported in a publication before, was derived. The new ver-
sion of this algorithm is a modified version from the algo-
rithm previously shown in [3]. Computational complexity
and finite precision characteristics were compared. From
the simulation results it was observed that the performance
of the discussed algorithms was similar in finite precision
with different values of\ and number of bits in the man-

Figure 2: MSE in db for different values of

tissa, with the algorithms based amposteriori error recur-
sion slightly outperforming the algorithms basedequriori
error recursion.
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