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Abstract—In [1] a new family of error detection codes called
Weighted Sum Codes was proposed. In [2] it was noted,
that these codes are equivalent to lengthened Reed Solomon
Codes, resp. shortened version of lengthened Reed Solomon
Codes over GF(2("/?)), It was also shown, that it is possible
to use these codes for an error correction of one error in the
codeword over GF(2("/2)). In [3] and [4] a generalization of
Weighted Sum Codes was done which allows the correction
of more than two erasures in each codeword. In [5] a new
family of error — correcting modified Generalized Weighted
Sum Codes was presented.

I. INTRODUCTION

One form of the Generalized Weighted Sum Codes con-
structed over finite fields in [3] possess the H matrix (1)
where I is an identity submatrix and « is a primitive ele-
ment of the finite field GF(q).

In general the matrix defined above will have sets of 2t
dependent columns so the minimum distance of the linear
code it defines is at most 2t, and the code is therefore not
2t - error - correcting. However, it does have the slightly
weaker property defined below:

Definition:

A code is called t - information - error - correcting if
it can correct all instances of up to t errors per received
word, provided that no errors occur in the check symbols.

The code defined by (1) has this property. To see this,
note that any 2¢ columns of A form a Vandermonde ma-
trix, so these columns are independent. Now consider the
set of all error patterns of weight at most ¢t in which all
the non-zero components are in the first ¢ — 1 symbols (the
information symbols). If any two of these error patterns
have the same syndrome there are two distinct linear com-
binations of ¢ columns of A which are the same, and hence
a linear combination of 2¢ columns is equal to zero. This
contradicts the Vandermonde property of A.

Hence the error patterns described above may all be cho-
sen as coset leaders, so that all received words with these
errors are correctly decoded. The error correction may be
done via a syndrome look-up table or by solving the set of
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syndrome equations. If Y; denotes the magnitude of the
ith error and X is its locator, these equations are:

So = i+Ya+---4Y,
t
S o= Y YiXy (2)
i=1
t
Sy = ) VX
i=1

Here, error Y; occurs in the position i’ corresponding to
the entry o in row 2 of H, so X; is just the field element
o

The codes introduced in [3] for erasure correction can
have H matrices of the following form:

H=[A- Al (3)

where the A submatrix can be repeated more than once.
These codes cannot be used for error correction because
the position of the errors cannot be evaluated exactly from
similar control equations as (2). In Section II a modifica-
tion is introduced which overcomes this disadvantage and
a class of single error correcting codes is introduced. In
Section III a similar class of conditionally double error cor-
recting codes is introduced.

II. SINGLE ERROR CORRECTING CODES
BASED ON GENERALIZED WEIGHTED SUM CODES

A new family of codes which allow the correction of one
error in each codeword was described in [5] using the fol-
lowing H matrix:

[ A A - A .- A '|
H-= I1{=[BI] (4
[ ag a; -+ Aaj A, 2 J
where the vectors: ag = (1,1,...,1), a; = (o, ..., ),
a = (a?,a?,...,a%),..., 8,2 = (@ 2,a772,... a1 ?)
all have ¢ — 1 coordinates and A is:
1 -1 1 1 1
A= [ a2 ... a3 a2 ol ad } (5)

or the positions of the vectors a; may be permuted freely,
so that, for example:



1 SR | 1 1 1 1 0 O 0
ali—?) ceead a? al a® 01 0 0
H = : = [A]] (1)
a(q72)(2t71) a3(2t71) a2(2t71) a2t=1 % 0 0 0 1
A A A A Co C - C Cyos
H=1 i T ® m- 1 | = (DI
a2 g3 aj a0 < € - G Ty 2
or: (15)
and where the vectors by, ;, ... etc. have all their compo-
nents equal to ' and the length of b; is (¢ — 1), the length
[ A A - A - A -| of the vectors €; is (¢ — 1) etc.. We will call the codes de-
H= o _ _ Ll (7 fine by (4) squared or of exponent 2, the codes given by (14)
[ ar A v Ag—2 J cubed or of exponent 3 and codes given by (15) quadrupled

Theorem 1: The codes given by (4) are one error cor-
recting.

Proof: If the error has occurred in an information posi-
tion then the syndromes for the code defined by (4) are:

So = Y3 (8)
S1 = Y Oéi (9)
Sy = Y Oéj (10)

It is obvious, that (8) gives the value of the error, (9)
determines that the error has occurred in the position cor-
responding to the locator a’ in one of the submatrices A
and j in (10) determines that the error position is one cov-
ered by the vector a;. Solving these equations we get the
needed information about the position and the value of the
error:

Vi = S (11)
ai = Sl/So (12)
Ozj = 52/50 (13)

If the error has occurred in a control position, then only
one syndrome is different from zero and that syndrome
determines the position of the error and also the value of
the error.

Corollary: Any code matrix having an H matrix with
"permuted” vectors ag,a;,as e. g. (6) or (7) etc. is one
error correcting.

Proof. is straightforward.

The ”expansion” made in (4) can be continued further:

By B, -~ B; - -2

by by - b; - bys

or of exponent 4, and of exponent e for the eth expansion.
It is obvious, that such codes exist for any positive inte-
ger i, and all such codes can correct one symbol error in a
codeword.

The code rate of the new single error correcting codes of
exponent e is:

(¢—1)°

(¢g—1)e+e+1

The code rate is higher than the code rate of ordinary
Reed Solomon codes correcting one error over the same
field for any e > 0. For example in GF(8) the code rate of
ordinary RS codes correcting one error is 6/7 ~ 0.86 and
if e = 5, then from (16) R ~ 0.9996. This improvement of
code rate has a very small cost of slightly increased decoder
complexity. Specifically, in the chosen example it means
that the decoder, in order to get the location of the error,
must evaluate 4 syndromes more plus 4 divisions in GF(8).

R= (16)

IV. SHORTENED WEIGHT SPECTRA

The weight spectrum known also as the weight distribu-
tion is an important characteristics of the code. It could
be used for error performance evaluation and other pur-
poses [6],[7]. The weight spectrum could be presented as a
set of constants a;. Each element of the set a; represents
the number of codewords with Hamming weight of 7. The
code distance is identical to the nonzero a; with minimum
value of i. It results from the linearity of the analyzed
codes. In some cases the complete weight spectrum of an
analyzed code can not be calculated due to the insufficient
available computing power. For instance in order to calcu-
late the complete weight spectrum of the GWSC code as
was described in [3] it is necessary to search 8% = 262144
codewords. This code was constructed over GF(8). To
do the same analysis in larger field e.g. GF(16) it would
mean to search 164 = 7.2.10'% codewords. Even if we dis-
pose with the computing power enabling us to search 10°
codewords per second, it will take approx. 2 years to do a
complete search.
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One possibility how to overcome this problem is to calcu-
late shortened weight spectrum. It is based on the property
of a weight spectrum described above. If the code is con-
structed to correct e.g 4 errors, the most important part of
the weight spectra include weights: ag, ay,...,as. There-
fore it is necessary to generate all information words with
weight up to 5. The rest of the spectra is not calculated
since it doesn‘t bear the most significant information re-
garding correction capabilities of the analyzed code which
is already contained in the weight spectrum entries with
lower indexes. The correction capabilities of large codes
could be analyzed this way. For instance modified GWSC
code with n = 45, k = 42 for one error correction described
by its G matrix (17) has the shortened weight spectrum
(18). Computing time for calculation of shortened weight
spectrum of a code (17) was several minutes. To calculate a
complete weight spectrum of such code is today practically
impossible.
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IV. CONCLUSION

The shortened weight spectrum of the analyzed code can be
an useful information which gives us the code distance. The
main advantage of the mentioned method of the calculation
of the shortened weight spectrum is that this way it is
possible to obtain the minimum code distance of a large
codes in reasonable time interval, for which to calculate
their complete weight spectra is practically impossible. For
our [45,42,3] code constructed over GF(8) we can see that
the code distance is 3.
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