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Abstract

The general relationship between the stability behav-
ior of active filters for ideal and “real” integrators is in-
vestigated using Cauchy’s theorem. The results can be
used for the comparative analysis of several configurations
of continuous-time state variable active filter with ”real”
integrators based on operational amplifiers (OPAM P’s),
transconductance (OTA’s) and transresistance (ORA’s)
amplifiers.

1 Introduction

Due to the presence of active integrator devices, active
filter design implies first of all stability conditions fulfill-
ment. Accurately modeling of such devices is fundamental
for finding the range of the parameters for stable function-
ing [1,2]. Even though thorough computer simulations can
be used as a (necessary) “brute force” design tool, analyti-
cal guidelines are always welcome. However, any analytical
result will be more or less valuable, according to the trade-
off between simplicity and accuracy. The active integrator
models can range from the elementary % transfer function
(corresponding to ideal OPAM P’s, OT' A’s or ORA’s) to
high order two-port nonlinear models that are almost im-
possible to be analytically handled. A reasonable model
for the integrators, consider them as linear devices having
finite d.c. gain and one or several poles. These models
are suited for stability analysis by means of the powerful
methods of linear systems theory.

Such an approach, based on the Routh-Hurwitz cri-
terion, has been used in [3,4] for the stability study of
nonideal OPAMP, OTA — C' and ORA — L integrator
active filter configurations. The investigations envisaged
two pole identical active integrators biquad structures and
used a mild approximation within the Routh-Hurwitz test.

The aim of this paper is to further refine the above
stability results using Cauchy’s theorem for a general non-
ideal integrator biquad transfer function based on second
and third order identical integrators. The method can be
extended for higher order integrators and/or transfer func-
tions but in this paper only biquad structures will be con-
sidered. This unified approach gives the tools for stability
analysis of all active filters configurations.

In the following the transfer and transmission func-
tions of the integrators will be denoted by Hin:(s) and
Tint(s) respectively (Tint (8) = 1/ Hint (8)).

In the ideal case, these functions are given by:
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In the next section, the general case including
nonideal integrator structures based on linear nonideal

OPAMP’s, OT A’s, ORA’s will be considered.

2 Nonideal integrator transmission and
transfer functions

In view of a unified approach, the transresistance and
transconductance amplifiers will be transformed into volt-
age amplifiers. An active integrator structure includes an
amplifier and several passive elements connected either in a
feedback topology (OPAM P) or a feedforward one (OT A,
ORA). The amplifiers are modeled as frequency depen-
dent controlled sources as shown in Fig.1
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Fig.1 Nonideal integrators models based on OPAM P
(a), OTA (b), ORA (c)

The following considerations will be based on the ob-
servation that the formulas of the above integrators trans-
fer functions can be cast in one of two forms:
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OTA/ORA) integrator topologies respectively.

In (2) and (3), A(s) has the significance reflected
by the relations (4), (5) and (6) for OPAMP, OT A and
ORA, ie.:

A(s) = Av(s)
A(8) = Y (8)Rine (
A(s) = Zm(s)/Rint (6)
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while B (s) is:

Wint
B g L - 7
(S) S+ Wint ( )
with wips :
Wine = 1/ (Rintcint) (8)
Wint = 1/ (Rintcint) (9)
Wint = Lint/Rint (10)

for the three cases respectively.

The stability study below considers noninverting in-
tegrators; the inverting case can be handled similarly or
converted to the noninverting case through the sign of the
feedback coefficients.

3 Stability of active biquads

The following considerations will concern the stability of
the general biquad configuration where the (nonideal) in-
tegrators can be built using any of the three structures

(FB—OPAMP, FF — OTA,ORA) discussed above.

The transfer function of the biquad is:
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In the nonideal case the complex variable s should
be replaced by Tj,:. Thus, the stability of the nonideal
biquad is determined by the characteristic polynomial:

Q () = T7 (5) + a1 Tine (5) + a2 (12)

which, for the ideal case of the prototype ideal biquad,
obviously takes the simple form:

Q, (s) = s* + a15 + az (13)

The following considerations will be based on the fac-
torization of the prototype characteristic polynomial:

Qp (s) = (s =p1) (5 — p2) (14)

and the corresponding factorization of the ”"nonideal”
characteristic polynomial:

Q(s) = (Tint () — p1) (Tins (5) — p2) (15)

a)The factorization (15) is valid only if the two
integrators are identical.
b) Two sets of parameters can be adjusted inde-
pendently to ensure the filter stability:
1)the resistances which determine the coeffi-
cients a1, ag and thus, the roots py, pa.
2)the integrator parameters (resistances, ca-
pacitances, inductances), which define the transmission
function Ty,; (s).

As Tint (s) has no poles, Tyt (s) — pr is a polyno-
mial function; it will be supposed to have Z zeros in the
right half plane. The stability study is based on the ap-
plication of Cauchy’s theorem for each factor of the form
Tint (8)—py from (15) for a Nyquist contour C'y (consisting
of the imaginary axis and a semicircle with infinite radius
placed in the right half plane) where p; are the roots of
the prototype characteristic polynomial @, (s). This con-
tour obviously contains all zeros of Tjy: (s) — pi placed in
the right half plane. According to Cauchy’s theorem, the
hodograph of Tin; (8) — pi, i.e. H = {Tipnt (s) — pi} for s
belonging to the Nyquist contour, will circle clockwise the
origin Z times i.e., the argument variation of T;,; (s) — px
will be 277. Equivalently, the hodograph of Ty (s) will
circle clockwise the point py Z times. Thus, for fixed pa-
rameters of the nonideal integrators, the stability of the
transfer function 1/ (Tine (8) — pr) is ensured if the py, val-
ues are chosen such that Aarg[T;,:(s)—pr] = 0, e
Z = 0. Our concern is to find the stability domains in the
complex plane for pg, the roots of the prototype charac-
teristic polynomial.

The stability problem will be solved by tracing the
hodograph of the function T;,; (s) for s belonging to the
Nyquist contour and looking for the points in the complex
plane not circled by the hodograph.. Any of these points
represent an admissible position of pg for stability.

We denote by z (w) and y (w) the real and imaginary
parts of T (s) for s = jw :

z (w) = Re T (Jw)
{ Y (@) = Im Ty (jo) (16)

3.1 One pole amplifiers/two poles integra-
tors

In the case of a one-pole amplifier transfer function of the
form

AoW
Ay (s) = S+jl
P1

using the amplifier in a feedback structure (OPAM P)
or in a feedforward structure (OTA, ORA), from the
relations(2), (3), (7) and (17), the following (noninvert-
ing) integrator transmission functions are obtained respec-
tively:

(17)
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The polar diagram of the integrator transmission
function in each case is described by two parametric equa-
tions which define a parabola:
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where zpg1 (W), yrp1 (w) and zpp1 (w), yre (W)
have the significance from equations (16).
For fixed values ag, wp1, Wins of the integrator para-
meters the parabola has the shape shown in Fig.2 a) and

b) for F'B and F'F structures respectively:
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Fig.3 Hodograph of Tt (s),s € Cn

The shape of the global hodograph in both cases is
sketched in F'ig.3. Thus, the domain of stability for pg is
the domain inside the parabola as the above points are not
circled by the hodograph; the whole parabola represents
the stability frontier. Based on that, we can deduce the
global analytic expression of the stability conditions for py,
complex conjugate (22) or real (23), respectively:
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where C represents the parabola’s curvature and
should be replaced by Crg and Cpp for the F'B and F I

apex. These parameters are given below:

Qg = 1/660 (24)

Cpp = 0% Tint (25)
(wpl (1 + CLO) + Wint)

Cpp = —omiinl (26)

(wpl + wi’ﬂt)2

Let us remark that Re py, can be positive so that, even
though the (ideal) prototype filter is unstable, the use of
nonideal integrators can make it stable.

If we compare the stability domains of both types of
structures from figures 2 a) and b), we observe that in
the first case (F'B) the stability domain is larger than in
the second case (F'F) , but this is a formal result as we
refer to different types of integrators, which may have very
different values of parameters (for example, the bandwidth
of an OT A or ORA is comparable with the product gain-
bandwidth of an OPAM P).

3.2 Two poles amplifiers/three poles inte-
grators

In the case of an amplifier having a two-poles transfer func-
tion of the form:

AoWp, Wp,
(s +wp,) (5+wp,)

Az (s) = (27)

the (noninverting) integrator transmission functions
for the F'B and F'F configurations are respectively:

S+ w S+ w 5+ w; s
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As in the previous section, the polar diagram of the
integrator transmission function in both cases is described
by two parametric equations:
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The polar diagrams of the function Tipn: (jw) for the
same values of ag, wp,, win¢ fixed in the previous section
and an w,, with three decades greater than wy,, are plotted
in Fig.4 a) and b) for FB and F'F structure, respectively:
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Fig.5 Hodograph of Tt (s),s € Cn

According to the global polar diagram sketched in
Fig.5, it is obvious that the domain of stability is now the
area inside the loop from the polar diagram of T;,; (jw).

The parametric equations of the stability frontiers are
the same as the parametric equations of the integrator
transmission function polar diagram with the constraint:

—w, <w < 4w, (32)

where w, is either w,pp or w,rpr and represent the
positive frequency where the polar diagram of Ty (jw)
crosses the = axis. With some algebra (details will be given
in another paper), the general analytic expressions of the
stability conditions have the form (33) if p; are complex
conjugate or (34) if py, are real :
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These relations give the stability conditions for the
F'B and F'I cases by replacing w;, w, with w;rp, wyrp
and wypp, wyrr, respectively, taken from the expressions
given below:

Qg = 1/660 (35)
Wy = YWpWpWint (36)

Wy, Wps Wy
_ p1¥pa¥int
WyFRp = (38)
wpl + wp2 + Wint

WzFF = \/wpl Wpy + Wpy Wint + WpyWint (39)
Wy, Wps Wy
_ 1% pa*int
Wypp = (40)
Wpy +Wpy + Wing

Agalin, it is possible to obtain a stable filter from an
unstable prototype.

We observe from the figures 4 @) and b) that in the
case of the feedback structure, the stability domain is
larger than in the case of the feedforward structure, like
in the previous section.

4 Concluding remarks

The stability of a continuous-time state variable active fil-
ters built with nonideal OPAM P, ORA and OT A based
integrators has been studied using Cauchy’s theorem. The
stability conditions show the possibilities of an indepen-
dent adjustment of two sets of parameters:

a)the resistances of the linear network which intercon-
nect the integrator cells

b)the integrator parameters

Thus, the conditions the interconnecting network pa-
rameters should satisfy, for given integrator (identical)
cells, to ensure the stability of the filter have been de-
termined. The study has been done for second order and
third order integrators and can be generalized, in principle
for any order, provided there are no zeros in the integrators
models.

Further investigations should consider the input and
output amplifiers impedance influences on the stability
conditions.
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