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7KLV SDSHU SUHVHQWV QHZ VLPSOH DQG FRPSDFW IRUPXODV IRU GHVLJQ

RI ILUVW�RUGHU GLJLWDO GLIIHUHQWLDWRUV EDVHG RQ WKH OHDVW�VTXDUHV

PHWKRG� 7ZR GLIIHUHQW FDVHV� IXOOEDQG DQG QRQ�IXOOEDQG

GLIIHUHQWLDWRUV� DUH FRQVLGHUHG� 8VLQJ WKH SURSRVHG WHFKQLTXH ZH

DYRLG VROYLQJ WKH V\VWHP RI OLQHDU HTXDWLRQV IRU WKH FDVH RI

IXOOEDQG GLIIHUHQWLDWRUV� $ JUHDW QXPEHU RI GHVLJQ H[DPSOHV DQG

SORWV DUH JLYHQ�
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5HFHQWO\� PDQ\ WHFKQLTXHV H[LVW IRU GHVLJQLQJ GLJLWDO

GLIIHUHQWLDWRUV �''�� 7KH PLQLPD[ DSSURDFK >���@ LV RQH RI WKH

ROGHVW DQG IUHTXHQWO\ XVHG PHWKRGV� 2WKHU PHWKRGV DUH EDVHG RQ

WKH )RXULHU VHULHV LQ FRQMXQFWLRQ ZLWK WKH .DLVHU ZLQGRZ

IXQFWLRQ >���@ RU VSHFLDO DFFXUDF\ FRQVWUDLQWV >��@� 7KH

µHLJHQILOWHU¶ PHWKRG >���@ FDQ DOVR EH DSSOLHG IRU ILUVW� DQG

KLJKHU�RUGHU ''� 7KLV DSSURDFK LV EDVHG RQ WKH FRPSXWDWLRQ RI

DQ HLJHQYHFWRU RI D UHDO� V\PPHWULF DQG SRVLWLYH�GHILQLWH PDWUL[�

7KH PDLQ DGYDQWDJH RYHU WKH 0F&OHOODQ�3DUNV DOJRULWKP >�@ LV

WKDW LW LV HDV\ WR LQFRUSRUDWH WLPH DQG IUHTXHQF\ GRPDLQ

FRQVWUDLQWV ZLWK FRPSDUDEOH GHVLJQ WLPH�

/HDVW VTXDUHV WHFKQLTXH �/6� IRU GHVLJQ RI '' >�@ LV D JRRG

DOWHUQDWLYH WR WKH PLQLPD[ PHWKRG� 7KHUH DUH D ORW RI

PRGLILFDWLRQV RI WKLV PHWKRG ZLWK GLIIHUHQW SURSHUWLHV �DFFXUDF\�

FRPSXWDWLRQDO FRPSOH[LW\� DQG WKHRUHWLFDO EDVLV�� )RU H[DPSOH�

DQ LWHUDWLYH SURFHGXUH IRU GHVLJQ RI HTXLULSSOH '' EDVHG RQ WKH

ZHLJKWHG /6 DSSURDFK LV JLYHQ LQ >�����@� 7R UHGXFH D

FRPSXWDWLRQ WLPH D SUHGLFWLRQ WHFKQLTXH IRU WKH OHQJWK RI '' LV

DSSOLHG�

(IILFLHQW GHVLJQ RI GLIIHUHQWLDWRUV ZLWK PD[LPDO OLQHDULW\ IRU

PLGEDQG IUHTXHQF\ UDQJHV �L�H� ω π��� LV VKRZQ LQ >�����@� ,Q

DGGLWLRQ� PDWKHPDWLFDO UHODWLRQV IRU WKH ZHLJKWLQJ FRHIILFLHQWV

DUH VXFFHVVIXOO\ GHULYHG� $ VLPLODU PHWKRG >�����@ LV GHYHORSHG

IRU PD[LPDOO\ IODW '' IRU WKH ORZ IUHTXHQFLHV UHJLRQ� 2WKHU

XVHIXO DSSURDFKHV DUH JLYHQ LQ >�����@�

7KLV SDSHU SURSRVHV QHZ FRPSDFW IRUPXODV IRU OHDVW�VTXDUHV

GHVLJQ RI GLIIHUHQWLDWRUV� 8VLQJ WKLV DQDO\WLFDO VROXWLRQ� ZH FDQ

DYRLG VROYLQJ D V\VWHP RI OLQHDU HTXDWLRQV IRU WKH FDVH RI

IXOOEDQG GLIIHUHQWLDWRUV� 6RPH LOOXVWUDWLYH H[DPSOHV DQG

FRPSDULVRQ ZLWK 0F&OHOODQ�3DUNV DOJRULWKP DUH VKRZQ�
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)RU WKH GHVLJQ RI OLQHDU�SKDVH '' WKH LPSXOVH UHVSRQVH K�Q� LV

UHTXLUHG WR EH DQWLV\PPHWULFDO� L�H�� K�Q� −K�1���Q�� ZLWK

K��1������ � ZKHQ 1 LV RGG� 7KH IUHTXHQF\ UHVSRQVH FRXOG EH

H[SUHVVHG DV� , ���������
����
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,I 1 LV RGG� E�Q� �K>�1������Q@ IRU �≤ Q ≤ �1������ ,I 1 LV HYHQ�

E�Q� �K�1���Q� IRU �≤ Q ≤ 1���

$Q LGHDO N�WK RUGHU GLIIHUHQWLDWRU KDV D IUHTXHQF\ UHVSRQVH
������ πω ω MNM

,
HH '+ = � )RU WKH FDVH RI ILUVW�RUGHU '' ZLWK N ��
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��πω ω MM

, HH '+ = ���

ZKHUH '�&� & IRU � � & � &S � � � DQG &S LV WKH SDVVEDQG HGJH

IUHTXHQF\� ,Q RWKHU ZRUGV� &S LV WKH KLJKHVW IUHTXHQF\ IRU ZKLFK

GLIIHUHQWLDWLQJ DFWLRQ LV UHTXLUHG�

2Q FRPSDULQJ HTXDWLRQV IRU ��

ωM
H+ DQG ��

ωM
, H+ � LW FDQ EH VHHQ

WKDW D QRQUHFXUVLYH '' ZLWK OLQHDU SKDVH FDQ EH GHVLJQHG LI 0�ω�
DSSUR[LPDWHV '�ω�� $ IXOOEDQG '' �ZLWK &S �� FDQ EH GHVLJQHG

RQO\ ZKHQ 1 LV HYHQ� VLQFH� ZKHQ 1 LV RGG� 0�ω� EHFRPHV ]HUR
ZKHQ ω π�
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���� (UURU IXQFWLRQ PLQLPL]DWLRQ

:H FRQVLGHU WKH OHDVW�VTXDUH GLIIHUHQFH EHWZHHQ GHVLUHG

DPSOLWXGH UHVSRQVH '�ω� DQG WKH DFWXDO RQH 0�ω� RYHU WKH

SDVVEDQG RI GLIIHUHQWLDWRU�
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ZKHUH &S  ���IS �

1RZ� OHW XV GHILQH�
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ZKHUH VXSHUVFULSW 7 LV WKH YHFWRU WUDQVSRVH RSHUDWLRQ� 7KHQ 0�&�

FDQ EH ZULWWHQ DV�
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7
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%\ PLQLPL]LQJ WKH HUURU IXQFWLRQ (/6 ZLWK UHVSHFW WR WKH ILOWHU

FRHIILFLHQWV� WKH UHTXLUHG ILOWHU LV GHVLJQHG� $V D UHVXOW� ZH REWDLQ

D V\VWHP RI OLQHDU HTXDWLRQV4E G� ZKHUH
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4 LV D SRVLWLYH�GHILQHG� UHDO� DQG V\PPHWULF PDWUL[�

���� &RPSDFW IRUPXODV IRU WKH HQWULHV RI G DQG 4

$IWHU HYDOXDWLRQ WKH LQWHJUDOV IURP ��� ZH FDQ ILQG WKH IROORZLQJ

QHZ FRPSDFW IRUPXODV IRU WKH HQWULHV RI G DQG 4 >��@�
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)RU WKH FDVH RI IXOOEDQG GLIIHUHQWLDWRUV �&S �� RQO\ ZKHQ 1 LV

HYHQ� ZH REWDLQ YHU\ VLPSOH UHODWLRQV IRU WKH HQWULHV RI G DQG 4�
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%\ WKDW PHDQV� ZH DYRLG VROYLQJ WKH V\VWHP RI OLQHDU HTXDWLRQV

DQG GLUHFWO\ ILQG�
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7KHUHIRUH� WKH DPSOLWXGH UHVSRQVH RI IXOOEDQG '' FDQ EH

GHVFULEHG DV�

HYHQ������VLQ�
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8VLQJ ����� WKH LPSXOVH UHVSRQVH LV H[SUHVVHG DV IROORZ�
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IRU �≤ Q ≤ 1��� &RQVHTXHQWO\� WKH WUDQVIHU IXQFWLRQ +�]� RI

IXOOEDQG '' GHVLJQHG E\ OHDVW�VTXDUHV PHWKRG LV�
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ZKHUH Y 1��−Q DQG V ������ ���� �1−��
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:H GHYHORS D 0DW/DE EDVHG SURJUDP WR GHPRQVWUDWH WKH

IOH[LELOLW\ DQG HIIHFWLYHQHVV RI WKH QHZ UHODWLRQV� 'LIIHUHQW

LOOXVWUDWLYH SORWV IRU IXOOEDQG DQG QRQ�IXOEDQG '' DUH JLYHQ LQ

)LJ��±)LJ��� $PSOLWXGH UHVSRQVHV REWDLQHG E\ RXU DSSURDFK DUH

VKRZQ LQ )LJ��� )LJ��� DQG )LJ��� 7KH HUURU IXQFWLRQ

( '�&�±0�&� DJDLQVW WKH IUHTXHQF\ LV JLYHQ LQ )LJ��±)LJ���

3HDN YDOXHV RI WKH DPSOLWXGH UHVSRQVHV DJDLQVW WKH OHQJWK 1 RI

'' DFKLHYHG IRU WKUHH GLIIHUHQW YDOXHV RI &S DUH SORWWHG LQ )LJ���

$ FRPSDULVRQ EHWZHHQ WKH SURSRVHG DSSURDFK DQG WKH PLQLPD[

PHWKRG LV JLYHQ LQ )LJ��� :H REWDLQ EHWWHU HUURU IXQFWLRQ IRU

IXOOEDQG '' ZLWK WKH QHZ IRUPXODV LQ PRVW RI WKH IUHTXHQF\

EDQG� H[FHSW LQ WKH QDUURZ�EDQG UHJLRQ QHDU WKH FXWRII HGJH�

7KH HUURU IXQFWLRQ IRU QRQ�IXOOEDQG FDVH LV FORVH WR WKLV RQH RI

PLQLPD[ PHWKRG� $V D UHVXOW� YHU\ ORZ HUURUV DUH DFKLHYHG �IRU

H[DPSOH� ZH KDYH D SHDN HUURU ���������� RU ±���G% IRU ''

ZLWK 1 ��� &S �������

,Q FRQFOXVLRQ� ZH FRXOG VD\ WKDW WKH QHZ H[SUHVVLRQV DOORZ D

YHU\ IDVW DQG SUHFLVH GHVLJQ RI IXOOEDQG DQG QRQ�IXOOEDQG

GLIIHUHQWLDWRUV� *UDSKLFDO UHVXOWV DQG FRPSDULVRQ SUHVHQW WKH

SURSRVHG DSSURDFK DV D JRRG DOWHUQDWLYH RI PLQLPD[ DQG

HLJHQILOWHU PHWKRGV�

)LJXUH �� )LYH DPSOLWXGH UHVSRQVHV RI QRQ�IXOOEDQG ''

ZLWK ωS ���π IRU GLIIHUHQW YDOXHV RI 1 �IURP OHIW WR ULJKW�

1 ��� ��� ��� ��� �����



)LJXUH �� 3HDN YDOXHV RI WKH DPSOLWXGH UHVSRQVHV DJDLQVW

OHQJWK 1 REWDLQHG IRU WKUHH GLIIHUHQW SDVVEDQG HGJH

IUHTXHQFLHV �[ − ωS ����π� R − ωS ���π� ∗ − ωS ����π��

)LJXUH �� $PSOLWXGH UHVSRQVHV RI IXOOEDQG ''� WKH VROLG

OLQH FRUUHVSRQGV WR 1 ���� WKH GRWWHG OLQH − WR 1 ��

)LJXUH �� $PSOLWXGH DQG HUURU FXUYHV IRU QRQ�IXOOEDQG

'' ZLWK ωS ���π� 1 �� �VROLG OLQH� DQG ωS ���π� 1 ��
�GRWWHG OLQH��

)LJXUH �� (UURU IXQFWLRQV DJDLQVW WKH IUHTXHQF\ IRU QRQ�

IXOOEDQG '' ZLWK 1 �� DQG ωS ����π� ����π� DQG ����π
�LQGLFDWHG E\ VROLG� GRWWHG DQG GDVKGRW OLQHV�

UHVSHFWLYHO\��

)LJXUH �� 7KH HUURU FXUYHV IRU IXOOEDQG GLIIHUHQWLDWRU

ZLWK OHQJWK 1 �� �VROLG OLQH� QHZ /6 DSSURDFK� GRWWHG

OLQH� 0F&OHOODQ�3DUNV DOJRULWKP��

������������	

>�@ 5DELQHU /�5�� 0F&OHOODQ -�+�� DQG 3DUNV 7�:� ³),5 GLJLWDO

ILOWHU GHVLJQ WHFKQLTXH XVLQJ ZHLJKWHG�&KHE\VKHY DSSUR�

[LPDWLRQ´� 3URF� ,(((� YRO���� $SU������ SDJHV ��������

>�@ 5DELQHU /�5� ³/LQHDU SURJUDP GHVLJQ RI )LQLWH ,PSXOVH

5HVSRQVH �),5� 'LJLWDO ILOWHUV´� ,((( 7UDQV� RQ $XGLR DQG

(OHFWURDF�� YRO���� 2FW������ SDJHV ��������

>�@ 5DELQHU /�5�DQG 6KDIHU 5�:� ³2Q WKH EHKDYLRXU RI

PLQLPD[ UHODWLYH HUURU ),5 GLJLWDO GLIIHUHQWLDWRUV´� %HOO

6\VW�7HFK�-�� YRO���� ����� SDJHV ��������

>�@ 5DELQHU /�5�DQG 6KDIHU 5�:� ³2Q WKH EHKDYLRXU RI

PLQLPD[ ),5 GLJLWDO +LOEHUW WUDQVIRUPHUV´� %HOO 6\VW�

7HFK�-�� YRO���� ����� SDJHV ��������



>�@ $QWRQLRX $� ³'HVLJQ RI GLJLWDO GLIIHUHQWLDWRUV VDWLVI\LQJ

SUHVFULEHG VSHFLILFDWLRQV´� 3URF�,QVW�(OHF�(QJ�� SW�(�

YRO����� -DQ������ SDJHV ������

>�@ $QWRQLRX $� DQG &KDUDODPERXV &� ³,PSURYHG GHVLJQ

PHWKRG IRU .DLVHU GLIIHUHQWLDWRUV DQG FRPSDULVRQ ZLWK

HTXLULSSOH PHWKRG´� 3URF�,QVW�(OHF�(QJ�� SW�(� YRO�����

6HSW������ SDJHV ��������

>�@ 9DLG\DQDWKDQ 3�3� DQG 1JX\HQ 7�4� ³(LJHQILOWHUV� D QHZ

DSSURDFK WR OHDVW�VTXDUHV ),5 ILOWHU GHVLJQ DQG DSSOLFDWLRQV

LQFOXGLQJ 1\TXLVW ILOWHUV´� ,((( 7UDQV�&LUFXLWV 6\VW�� YRO����

-DQ������ SDJHV ������

>�@ 3HL 6��&� DQG 6K\X -��-� ³'HVLJQ RI ),5 +LOEHUW WUDQVIRUPHUV

DQG GLIIHUHQWLDWRUV E\ HLJHQILOWHU´� ,((( 7UDQV� &LUFXLWV

6\VW�� YRO���� 1RY������ SDJHV ����������

>�@ 3DUNV 7�:� DQG %XUUXV &�6� 'LJLWDO ILOWHU GHVLJQ� -RKQ

:LOH\ 	 6RQV� ,QF�� �����

>��@ 6XQGHU 6� DQG 5DPDFKDQGUDQ 9� ³'HVLJQ RI HTXLULSSOH

QRQUHFXUVLYH GLJLWDO GLIIHUHQWLDWRUV DQG +LOEHUW WUDQVIRUPHUV

XVLQJ D ZHLJKWHG /HDVW�6TXDUHV WHFKQLTXH´� ,((( 7UDQV�

6LJQDO 3URF�� YRO���� 6HSW������ SDJHV ����������

>��@ 6XQGHU 6� HW DO� ³'HVLJQ RI GLJLWDO GLIIHUHQWLDWRUV VDWLVI\LQJ

SUHVFULEHG VSHFLILFDWLRQV XVLQJ RSWLPLVDWLRQ WHFKQLTXHV´�

3URF�,QVW�(OHF�(QJ�� SW�*� YRO����� -XQH ����� SDJHV ����

����

>��@ .XPDU %� DQG 'XWWD 5R\ 6�&� ³'HVLJQ RI HIILFLHQW ),5

GLJLWDO GLIIHUHQWLDWRUV DQG +LOEHUW WUDQVIRUPHUV IRU PLGEDQG

IUHTXHQF\ UDQJHV´� ,QW�-� &LUFXLW 7KHRU\ $SSO�� YRO���� �����

SDJHV ��������

>��@ .XPDU %� DQG 'XWWD 5R\ 6�&� ³0D[LPDOO\ OLQHDU ),5 GLJLWDO

GLIIHUHQWLDWRUV IRU PLGEDQG IUHTXHQFLHV´� ,QW�-� &LUFXLW

7KHRU\ $SSO�� YRO���� ����� SDJHV ������

>��@ .XPDU %� DQG 'XWWD 5R\ 6�&� ³&RHIILFLHQWV RI PD[LPDOO\

OLQHDU� ),5 GLJLWDO GLIIHUHQWLDWRUV IRU ORZ IUHTXHQF\´�

(OHFWURQLFV /HWWHUV� YRO���� ����� SDJHV ��������

>��@ .XPDU %� DQG 'XWWD 5R\ 6�&� ³'HVLJQ RI GLJLWDO

GLIIHUHQWLDWRUV IRU ORZ IUHTXHQFLHV´� 3URF� ,(((� YRO����

0DUFK ����� SDJHV ��������

>��@ &DUOVVRQ %� ³0D[LPXP IODW GLJLWDO GLIIHUHQWLDWRU´�

(OHFWURQLFV /HWWHUV� YRO���� ����� SDJHV ��������

>��@ /H %LKDQ -� ³0D[LPDOO\ OLQHDU ),5 GLJLWDO GLIIHUHQWLDWRUV´�

&LUFXLWV� 6\VW� 6LJQDO 3URF�� YRO���� QR��� ����� SDJHV ����

����

>��@ .XPDU %� DQG 'XWWD 5R\ 6�&� ³'HVLJQ RI XQLYHUVDO� YDULDEOH
IUHTXHQF\ UDQJH ),5 GLJLWDO GLIIHUHQWLDWRUV´� &LUFXLWV� 6\VW�

6LJQDO 3URF�� YRO���� QR��� ����� SDJHV ��������

>��@ 0ROORYD *� ³&RPSDFW IRUPXODV IRU OHDVW�VTXDUHV GHVLJQ RI

GLJLWDO GLIIHUHQWLDWRUV´� (OHFWURQLFV /HWWHUV� YRO���� QR����

����� SDJHV ����������
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� (IILFLHQW GHVLJQ RI ),5 GLJLWDO

� GLIIHUHQWLDWRUV XVLQJ OHDVW�VTXDUHV

� DSSURDFK

� $XWKRU� *XHUJDQD 6� 0ROORYD

� 'HSW�RI &$'� 8$&*�6RILD� ����

� 1�OHQJWK RI ''

� ZS�SDVVEDQG HGJH IUHTXHQF\

FOHDU

�,QSXW GDWD

1 ��� �([DPSOH GDWD 1 ��� ZS ���SL

ZS ���
SL�

�(OHPHQWV RI YHFWRU G

LI UHP�1���  � �1 � HYHQ

IRU Q ��1��

G�Q� VLQ��Q�����
ZS����Q�����A���FRV��Q�

����
ZS�
ZS��Q������

HQG�

HOVH �1 � RGG

IRU Q ���1�����

G�Q� VLQ�Q
ZS���QA����ZS
FRV�Q
ZS���Q�

HQG� �IRU

HQG� �LI

�(OHPHQWV RI PDWUL[ 4

LI UHP�1���  � �1 � HYHQ

IRU Q ��1��

IRU P ��1��

LI Qa P
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HQG� �LI

HQG� �IRU

HQG� �IRU

HOVH �1 � RGG

IRU Q ���1�����

IRU P ���1�����

LI Qa P

T�Q�P� VLQ��Q�P�
ZS����
�Q�P���

VLQ��Q�P�
ZS����
�Q�P���

HOVH

T�Q�P� �VLQ��
Q
ZS����
Q��ZS���

HQG� �LI

HQG� �IRU

HQG� �IRU

HQG� �LI

� 6\VWHP RI OLQHDU HTXDWLRQV

E T?G
� � *DXVVLDQ HOLPLQDWLRQ

E� E
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