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ABSTRACT

Just like time-frequency and time-scale representations,
time-order signal representations constitute an alternative
way of displaying the content of a signal, with the potential
to reveal features which may not be evident upon examina-
tion of its other representations and to lead to novel process-
ing techniques. We derive many of their properties and their
relations to other time-frequency representations. Their im-
portance stems from the fact that the Radon transforms (in-
tegral projections) and slices of the Wigner distribution and
the ambiguity function can be expressed in terms of prod-
ucts or convolutions of various scaled forms of the time-order
representation and its two-dimensional Fourier transform.

1. INTRODUCTION

In this paper we discuss time-order (or space-order) sig-
nal representations. Just like time-frequency and time-scale
(or space-frequency and space-scale) signal representations,
these representations constitute an alternative way of dis-
playing the content of a signal, with the potential to reveal
features which may not be evident upon examination of its
other representations. Similar to time-frequency and time-
scale representations, these are redundant representations in
that the information contained in a one-dimensional signal
is displayed in two dimensions, with the potential to lead
to novel processing techniques. These representations were
first introduced in [9]. Here we will derive many of their
properties and their relations to important time-frequency
representations such as the Wigner distribution and the am-
biguity function, showing that they are closely related to the
projections and slices of these well-known time-frequency
representations.

Time-order representations are based on the fractional
Fourier transform (FRT), which in recent years has attracted
a considerable amount of attention, leading to many ap-
plications in the areas of optics and signal processing. A
comprehensive introduction to the FRT and historical ref-
erences may be found in [1]. The transform has become
popular in the optics and signal processing communities fol-
lowing the works of Ozaktas and Mendlovic [2, 3], Lohmann
[4] and Almeida [5]. Some of the applications explored in-
clude optimal filtering in fractional Fourier domains [6], cost-
efficient linear system synthesis and filtering [7, 8] and time-
frequency analysis [5, 1]. Further references may be found
in [1].

We will consider two variations of the time-order repre-
sentation, the Cartesian time-order representation and the
polar time-order representation. The Cartesian time-order
representation is simply the fractional Fourier transform f, (u)
of a function f(u) interpreted as a two-dimensional function,

with u the horizontal coordinate and a the vertical coordi-
nate. The polar time-order representation is simply faa /x(p)
interpreted as a polar two-dimensional function where p is
the radial coordinate and a = an/2 is the angular coordi-
nate. Both representations are complex valued.

2. DEFINITIONS AND PROPERTIES

The ath order fractional Fourier transform of f(u) is denoted

by fa(u) and given by [1]

fa(u) — Aa /Oo eir(cota uw2—2csca wu' +cot ulQ)f(’U,’)du’,

(1)
for a # 27, and fo(u) = f(u) for a = 45 and fa(u) = f(—u)
for @ = 45 + 2, where j is an integer, @« = an/2, and
Ao = V/1—1ticota. The Oth transform of f(u) is sim-
ply fo(u) = f(u) itself and the 1st transform is simply
fi(u) = F(u), the ordinary Fourier transform. The asth
transform of the aith transform is equal to the (a2 + a1)th
transform, a property known as index additivity. The ath
fractional Fourier domain makes an angle o = an/2 with
the time (or space) domain in the time-frequency (or space-
frequency) plane. This is confirmed by the fact that the
Radon transform of the Wigner distribution of f(u) onto
this domain equals | fa (u)|?.

The Cartesian time-order representation is simply fo (u)
interpreted as a two-dimensional function, with « the hori-
zontal coordinate and a the vertical coordinate. As such, it
is a display of all the fractional Fourier transforms of f(u)
next to each other. In other words, the representations of
the signal f in all fractional domains are displayed simulta-
neously. Formally, we will denote the Cartesian time-order
representation of a signal f by Tf(u,a), so that we define

Ty (u,a) = fa(u). (2)

Figure 1(a) illustrates the definition of the Cartesian time-
order representation.

Although we will not elaborate, it is evident that all
of the properties of the fractional Fourier transform can
be interpreted as properties of the time-order representa-
tion. In particular, the following simple identities are some-
times useful in dealing with the representations of the prod-
ucts and convolutions of functions: (i) Th(u)f(u)(u,a) =
TH(u)*F(u)(u7 a— 1)7 (11) Th(u)*f(u) (u7 a) = TH(u)F(u)(uv a—
1). Of course, the Cartesian representation is periodic in a
with period 4.

Figure 2 illustrates the Cartesian time-order representa-
tions of the signal exp(—m2u?) and the signal rect(w).

The polar time-order representation is simply faq /x(p)
interpreted as a polar two-dimensional function where p is
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Figure 1: (a) The Cartesian time-order representation, (b)
the polar time-order representation.
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Figure 2: Magnitudes of the Cartesian time-order represen-
tations of exp(—n2u?) (left) and rect(u) (right).

the radial coordinate and « is the angular coordinate. As
such, it is a display of all the fractional Fourier transforms of
f(u) such that f,(p) lies along the radial line making angle
a = an/2 with the horizontal u axis. As in the Cartesian
representation, all transforms are displayed simultaneously.
Formally, we will denote the polar time-order representation
of a signal f by Tf(p,a), so that we define

Tf(p:a) = f2a/7r(p)' (3)

Since fa(p) is periodic in a with period 4, T (p, c) is periodic
in o with period 27, as all polar functions must be. T¢(p, &)
is defined for negative values of p as well. This does not pose
any inconsistency since fo+2(p) = fo(—p), from which it also
follows that T¢(p, &) = T¢(—p, £ 7). Figure 1(b) illustrates
the definition of the polar time-order representation.

Figure 3 illustrates the polar time-order representations
of the signal exp(—m2u?) and the signal rect(u).
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Figure 3: Magnitudes of the polar time-order representa-
tions of exp(—n2u?) (left) and rect(u) (right).

The slices of the polar representation are simply equal
to the fractional Fourier transforms:

f(w) Ty (p, @)
f(=u) Ts(=p,a)

Is| =Y f(u/s) Ke[i‘n’pzcota(l_%%)] Tf(spsina”a,)

sina

fu— o) gim sin (g cos a—2puo) Ty(p — uo cosa, )
ei21rp0uf(u) i cos a(2ppg—pf sina) Tt (p — posin o, @)
u™ f () [cosa p—sina 7= 21" Tf(p, @)
[ £ @) naptcosa o 41T (p,0)
f*(—u) T;(—P, _a)

Table 1: Properties of the polar time-order representation.
w0, po and s are real but s # 0, +00. o = arctan(s™ > tan a)
where o/ is taken to be in the same quadrant as a. K =
\/(1 —icota)/(1 —is? cot ). Property 7 is not valid when
« is an integer multiple of m and property 8 is not valid when
o is an odd integer multiple of 7/2.

Sa[Ts(p, @)](u) = fa(w),

The slice operator is defined as: S4[T (p, v)](1') = Ty (' cos ¢,
@' sin #). In particular, the slice at « = 0 is the time-
domain representation f(u), and the slice at & = /2 is the
frequency-domain representation F'(p). Other slices corre-
spond to fractional transforms of other orders. We also know
that the Radon transform of the Wigner distribution is given
by [11, 1]

RalWy(u, 1)](p) = | foar=(P)]* = Ts (0, )*, (5

where The Radon transform is defined as: Rg[Wy (u, u)](u') =
f Wy(u' cos¢p — v’ sind,u’sind + v' cosp)dv’. Thus, the
Radon transform of the Wigner distribution, interpreted as
a polar function, corresponds to the absolute square of the
time-order representation defined above. The relationship
of time-order representations to the Wigner distribution and
ambiguity function will be further discussed in section 3.

‘We now move on to discuss a number of properties of this
representation. First, we note that obtaining the original
function from the distribution is trivial: f(u) = fo(u) =
T¢(u,0). Obtaining the Fourier transform of the function
or indeed any other fractional transform is likewise a direct
consequence of the definition.

The time-order representation of the a’th fractional Fourier
transform of a function is simply a rotated version of the
time-order representation of the original function:

Tfa/ (P, a) =Tf(paa+al)’ (6)

where o/ = a’n/2. In particular, the time-order representa-
tion of the Fourier transform of a function is a 7 /2-rotated
version of the original. Since the time-order representation
is linear, the representation of any linear combination of
functions is the same as the linear combination of their rep-
resentations.

Various properties of the polar time-order representation
follow immediately from properties of the fractional Fourier
transform, and are presented in table 1.

a=am/2. (4)

3. RELATIONSHIPS WITH THE WIGNER
DISTRIBUTION AND THE AMBIGUITY
FUNCTION

We now return to the discussion of the relationship of time-
order representations with other time-frequency representa-



tions, which we had postponed after equation 5. It is possi-
ble to show as a consequence of the projection-slice theorem
that

SalA(u, 1)](p) Ts(ps ) x TF (—p, @)
f2a/7r(p)*f;a/‘rr(_p) (7)

where Af(t, i) = [ f(u' + @/2)f* (v — R/Z)efﬂ’r’iuldu' is
the ambiguity function, and ’+’ denotes the convolution. We
see that just as oblique projections of the Wigner distribu-
tion correspond to the squared magnitudes of the fractional
Fourier transforms of the function, the oblique slices of the
ambiguity function correspond to the convolutions of the
fractional Fourier transforms of the function.

Having discussed the Radon transform (projections) of
the Wigner distribution and the slices of the ambiguity func-
tion, we now turn our attention to the slices of the Wigner
distribution and the Radon transform of the ambiguity func-
tion. To proceed, we first write the Wigner distribution of

fa(w):

Wi = [ Jolut ol )12 =l 205 il (9
whose slice at the angle 7/2 is easily obtained as

SelWra il = [ ol D e 0

= Flfa(u/2)fa (—u/2)I(p)- (9)

Now, we know that Wy, (u, p) =
pcosa) [3, 4], so that

W (u cos a—psin o, usin o+

Wy, (0, p) =Wy(—psina, p cos ) = Sa yx/alW (1, 1)) (p). (10)
Combining equations 9 and 10 finally leads us to the desired
expression for the slices of the Wigner distribution:

So W5 N0) = [Facs 6 s 20
= 4fa(2p) * f: (2P) = 4Tf(2p7 a) * T)’: (2/7, a), (11)

where a = 2a /7 as before. The slice of the Wigner distribu-
tion at angle « is equal to the convolution of 27 (2p, @) =
2fra/x(2p) with its conjugate. Since T§(2p,c) is a func-
tion of polar coordinates, its slice at an angle a is simply
Tt (2p, @) itself. Thus the slice of the Wigner distribution at
a certain angle is equal to the convolution of the slice of the
time-order representation with its conjugate.

Now, application of the projection-slice theorem allows
us to arrive at the following result for the Radon transform
of the ambiguity function [12]:

Ra[Af(ﬂ, p‘)](p) = f2a/1r(p/2)f2*a/7r(_p/2)
= Ty(p/2, )T} (—p/20).  (12)

The special case of a = 0 yields Ro[Af (@, )](p) = [ Af(p, L)
dip = f(p/2)f*(—p/2), which could have also been derived
directly from the definition of the ambiguity function.

Table 2 summarizes the Radon transforms and slices of
the Wigner distribution and ambiguity function. We note
that although not shown, the results of these operations can
also be expressed in terms of the fractional Fourier trans-
form. For both the Wigner distribution and the ambiguity
function, the Radon transform is of product form and the

Tf (P, a)T; (P; a)

= Ty(p/2, @)} (—p/2, @)
(P) = 2Ty (2P; a) * 2Tf (2P, a)
SalA7(a, (p) = Ty (pr2) * T (—p, )

Table 2: Radon transforms and slices of the Wigner distri-
bution and the ambiguity function. The upper row can also
be expressed as | faa/=(p)|* = [Ty (p, @)|>.

slice is of convolution form. The essential difference between
the Wigner distribution and the ambiguity function lies in
the scaling of p by 2 or 1/2 on the right hand side.

We already know the slice of T¢(p, @) to be simply given
by faasx(p), by definition. Now, we embark on deriving the
Radon transform of Ts(p,a). A polar-to-rectangular coor-
dinate conversion allows us to write Tf(p, ) in Cartesian
coordinates as follows:

Tr(p,a) p=+/uw?+p?, a= a.rctan(u(/lié)).

Tfrect (u, p) =

The Radon transform of T (p, @) at an angle ¢ is
Rs[Ts(p, @)](e)

= / Tfrect(0cos 6 — ' sin g, 05in & + ' cos g)dpi',  (14)

. 1
=/Tf |:\/g2+,u’2,arctan (M)] dy'. (15)

pcos ¢ — ! sin ¢

Introducing the following change of integration variable from
! 7 . .
u to 6: p = ptan 0, we can write the above integral as

/2
RolTs (p,0)](0) = / Ty (esect, ¢ + 6)osec’0 df
—m/2

/2
= [ fotosarsn(osecO)osecta o, (16)
—m/2

which will be our final expression for the Radon transform

of T (p, ).
We will denote the two-dimensional ordinary Fourier

transform of T'f yect(u, i) as Tf,rect B, 1) = f fo,reCt u, p1)
e~ 2m(Av+31) dyy, dp. The same Fourier transform relation can

also be expressed in polar coordinates p = /42 + p?, a =

arctan(fi/a) as
't (p, &) / / Ty (p, o)™ 2 PP eos@=2) 4 dar  (17)

where Tf(p, @) denotes the two-dimensional Fourier trans-
form Tf rect (B, @) in polar coordinates. The slice of Tf (p, @)
at an angle ¢ is simply

Ss[Tr(p, ®)(e) = Tr (0, ¢). (18)

Now, application of the projection-slice theorem allows us
to write

Ss[T(p, @))(0) = F [Rs[Ts(p, )] (o)

/2
:/ [/ Ty (o sec O, ¢ + 0) o sec® 0O
—m/2

. /2
i /

= o f5(¢+0)/,,+1(g cos0) secdb, (19)

—12 ! ’

—m/2



where f2(¢+0i)/7r+1
Having obtained its slice, what remains is to write an ex-

pression for the Radon transform of Tf (p, @), which follows
without much difficulty from the projection-slice theorem:

RolT1(p, @))(e) = F ' Sp4[Ts(p,0)l(0) = F ' fo4x(0)
= fotns2(e) = Ts(o, ¢ + 7/2). (20)

Thus, we have now completed a set of four expressions
for the Radon transforms and slices of the polar time-order
representation Ts(p, @) and its two-dimensional Fourier trans-
form Tf(p, @). The slice of Tf(p, @) at a certain angle is sim-
ply equal to the fractional Fourier transform f,(p) by defi-
nition (with a@ = an/2). The Radon transform of T¢(p, @)
at an angle ¢, we have just seen to be given by fy1+1(p) or
Ts(p, ¢ + m/2), a ninety-degree rotated version of Ty (p, c)
(with ¢ = brr/2). (The remaining two relations are more
complicated and are given by equations 16 and 19.) We
already knew that the time-frequency representation whose
projections are equal to |fa(u)|? is the Wigner distribution.
We now see that the time-frequency representation whose
projections are equal to f,(u) is the two-dimensional Fourier
transform of the polar time-order representation (within a
rotation). Table 3 summarizes the Radon transforms and
slices of the time-order representation and its two-dimensional
Fourier transform. We see that the results of these opera-
tions can be expressed in terms of the fractional Fourier
transform.

R¢[7:f( p,a)l(e) = fi{; fa(g+6)/=(0secB) psec? 0do
Ry[Tr (P @)](0) = fo+x/2(0)

Sy[Ts(p,a)](0) = fg¢/7r(9)

Ss[Ts(p,@))(0) = 37 J—n/2 f£(¢+g)/"+1(gcos 0) secOdb

Table 3: Radon transforms and slices of the time-order
representation and its two-dimensional Fourier transform.
T} (p, @) denotes the derivative dT’s(p,a)/dp.

Looking back, we see that we have derived a total of
eight expressions for the Radon transforms and slices of the
Wigner distribution and its two-dimensional Fourier trans-
form (the ambiguity function), and the Radon transforms
and slices of the polar time-order representation and its two-
dimensional Fourier transform.

The polar time-order representation is a linear time-
frequency representation, unlike the Wigner distribution which
is a quadratic time-frequency representation. We note that
the Wigner distribution can be interpreted as giving the dis-
tribution of signal energy over time and frequency [10]. As
such it is an example of an energetic time-frequency rep-
resentation. In contrast, the ambiguity function was seen
to have qualities reminiscent of correlation, and it was an
example of a correlative time-frequency representation. We
also know that the Wigner distribution and ambiguity func-
tion constitute a two-dimensional Fourier transform pair.
The polar time-order representation and its two-dimensional
Fourier transform fall into neither category and do not be-
long to Cohen’s class of shift-invariant representations. Their
importance stems from the fact that the Radon transforms
(integral projections) and slices of the Wigner distribution
and the ambiguity function can be expressed in terms of

) denotes the derivative df2(¢+9)/.,r+1 (2)/d=.

products or convolutions of various scaled forms of the time-
order representation and its two-dimensional Fourier trans-
form.
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