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ABSTRACT

Window functionsareusedin theestimationof powerspectra,[1]
and bispectra[2] in order to ensurethe consistency of the peri-
odogramandtheFourier typebispectrumestimationmethods.In
thispaper, a threedimensionaloptimumbiaslagwindow function
is introducedin theestimationof thefourth ordercumulantspec-
trum, alsocalled trispectrum,which is estimatedfrom the three
dimesionalFourier transformof the fourth ordercumulants.The
biasof thewindow functionis alsodevelopedin thepaper.

1. INTRODUCTION

Although spectraltheoryis a well establishedapproachto many
signalprocessingtasks,its applicabilitydependsheavily uponthe
assumptionof the linearity and Gaussianityof the signaland/or
minimum phaseassumptionof the underlyingmodel. However,
higherorderstatistics,whichhasbeenusedwidely in recentyears
for signalprocessingtasks[3, 4] assumesthattheunderlyingsig-
nalis non-Gaussianandit canidentifynonminimumphasesignals.
Moreover, higherorderspectracanreveal the phaseinformation
unlike thepowerspectrum,andarezerofor theadditive Gaussian
noise.Additionally, the importanceof thehigherorderspectrain
the analysisof nonlinearsystemsarediscussedin [4, 5] Most of
the algorithmsin the literatureare developedfor the third order
cumulantsandtheir spectrumalsocalledbispectrum.Thetrispec-
trum, theFourier transformof thefourth ordercumulants,is zero
only for Gaussianrandomprocesseswhile thebispectrumis zero
for any symmetricallydistributed randomprocesses.Therefore,
for applicationswherethe underlyingsignalcould be symmetri-
cally distributed,thetrispectrumshouldbeusedasa higherorder
statisticaltool. Moreover, thebispectrumandtrispectrumtogether
form amorepowerful instrumentin theanalysisof nonlineartime
seriesmodelsthaneitheronewhenusedalone.

Brillinger andRosenblatt[6] developedtheasymptotictheory
of the k-th orderspectra,including the asymptotictheoryof the
trispectrum.Thetrispectrumis an inconsistentestimateasis the
power spectrumandthebispectrumwhenestimatedthroughnon-
parametricmethods.Brillinger andRosenblatt[6] andRosenblatt
[7] presentedconsistentestimatorsfor thek-th orderspectrawhen
thesmoothingis donein the frequency domain. A specificthree
dimensionalwindow function itself is not developedin theseref-
erences.To our knowledge,sucha window functionhasnot been
developedin theliterature.

2. THREE DIMENSIONAL OPTIMUM LAG WINDOW

Thetrispectrumis
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are the window
functionandthefourthordercumulantrespectively.
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shouldsatisfythe fol-

lowing constraints:

1. By taking into accountthe symmetriesof the fourth order
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hasthesamesymmetriesasthefourthordercumulants.

2. By restrictingtheregionof thetime lag, it is assumedthat! �#"��%"$��"4�5�768�
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A
is themaximumlagof thewindow.

3. Thewindow is normilizedsuchthat,! ��68�	60�	6<�5�ED
(3)

4. Nonnegativenessof thewindow is definedwith thecondi-
tion, FG�����1�	��
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FE���5�+����
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is the Fourier transformofthe win-
dow.

Here as a classof functionswhich satisfy the conditions
mentionedabovewith thesymmetryrelationandequations
2, 3 and4 , we expressthethreedimensionaloptimumlag
window ! �#"�� �%"&
��%"2
Q�

asfollows
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wherean evenfunction
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satisfiesthe following prop-
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Equations5, 6, and7 allow the reconstructionof threedi-
mensionalwindow functionsfor trispectrumestimationus-
ing standardone-dimensionallag windows. The functionSL�	`a�

couldbeany onedimensionallagwindow aslongasit
satisfiestheconstraintsin equations6, 7. However, not all
conventional,one-dimensionalwindows satisfyconstraint
7. Windowsthatsatisfyequations6, 7 aregivenin [2].
Here

SL�	`a�
is chosento beoptimumwindow for onedimen-
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Thefunction
SL�	`a�

in eqn. 8 is theoptimumwindow because
it is theminimumbiaswindow in onedimension[8]. It is
shown in Appendixthatthethree-dimensionaloptimumlag
window functiongivenin eqn.8, togetherwith eqn.5, sat-
isfiesthegivenconstraints(thesymmetriesandconstraints
in 2, 3, and4.

3. VARIANCE

The asymptoticvarianceof the trispectrumis derived by
Brillinger [9]. It is asfollows:oRprqtsEu pv wTxzyW{1|�wTxOy p |�wTxOy�}Y|�wI~8xOyW{��7y p �7y�}<|

(9)

where � is the conjugateoperation, � is the numberof
framesof size � , � is the samplesize,and � is the en-
ergy of thewindow , which is definedas:sZ�q ���r��� � ���L��� � ��� ��� ��� y�x)�I� ���%�)| � p�� (10)

4. BIAS

Here, we will discussthe biasof the trispectrumand the
wayof obtainingtheoptimumlagwindow in termsof bias.
Thetrispectrumestimateis convolvedwith a suitablewin-
dow
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to give therequiredsmoothedtrispec-
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The trispectrumcanbe approximatedby the true trispec-
trum
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If the trispectrumof the processis assumedto have con-
tinuoussecondderivatives,it follows from themeanvalue
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where
� � �7� � .&  � �#� � �	� � �¡� 
 �T� 
 .&  
 �#� 
 �	� 
 �¢� 
 ���
U.I £
��#��
��	�+


and
9  ��#�P��� 98n D¤�#¥¦�GD�� � �	§<�� �O¨ ��� � �	� 
 �	� 
 �

indicatesthefirstderivativeof
����� � �	� 
 ��� 
 �

with respectto
¥�©�ª

argument,and
� � �«¨ ¬ �#�����%�0
��%�8
-�

indi-
catesthesecondderivative with respectto

¥�©­ª
and

/Y©­ª
ar-

guments.
Fromeqn.2, 4 and13,thebias ® ����� � �	� 
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caneasily
bewritten in theform
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For large · andanacceptablevariance,
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eqn. 14canbeapproximatedasfollows:
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Therefore,theproblemreducesto thatof seekingthewin-
dow that minimisesthe following integral, subjectto con-
straints2-4:
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Thisis thespecificationfor theoptimumtrispectralwindow
andin this casethe biasof the estimateof
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In fact, the right sideof theequation17 canbe written by
usingthepropertiesof theFouriertransformas:Ê 
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We would like to makethe connectionwith eqn. 5 here.
Equation5 is a classof functionswhich satisfiesthe con-
dition given by eqn. 6. By taking thesecondderivative of! �#"$��"$�3"4�

from eqn.5 at
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Thus,theproblemis reducedtofindingtheone-dimensional
window which minimiseseqn. 19 underconstraints6 and
7. Appropriatefunctionsaregivenin [8] which is eqn. 8.

5. CONCLUSION

In this paper, we have introducedthe three dimensional
window function to ensureconsistency of the tripsectrum.
The biasof the tripsectrumis alsodeveloped.It is proved
thatoptimumbiaswindow functionfor onedimensionalso
satisiesoptimumbiasfor thethreedimensionwindow when
replacedin thefunction.

6. APPENDIX

Here,wewill show thethree-dimensionaloptimumlagwin-
dow functiongivenin eqn.8, togetherwith eqn.5, satisfies
thegiven constraints(the symmetriesandconstraintsin 2,
3, and4.

Whenwesubstitute
SL�#"4�

in eqn.8 into eqn.5it clearlysat-
isfieseqn.2andeqn.3. We briefly mentionaboutthesym-
metriesof thefourth ordercumulantsbeforewe show that
thewindow functionintroducedalsosatisfiesthesymmetry
propertiesof thefourthordercumulants.

The fourth ordercumulantof a zeromean,stationaryran-
domprocess
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where
M

is theautocorrelationfunctionand
�

is theexpec-
tationoperator.

Similar symmetrypropertiesare valid for the fourth or-
der cumulantsasin third ordercumulantsbut whendefin-
ing thesesymmetriesthe(2ndordercumulant)autocorrela-
tion termsin thecalculationof the fourth ordercumulants
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usingthesymmetriesof autocorrelation,theautocorrelation
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Thereare24 symmetryregionsfor the fourth ordercumu-
lants. They arenot going to be given herebecauseof the
spacelimitation. In order to show that window function
alsosatisfiesthesymmetriesof thefourthordercumulants,
only oneof thesymmetryconditionwill beshown, therest
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Becausethecosinefunctionis anevenfunction,eqn.25and
eqn.26areequal.
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