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ABSTRACT

Window functionsareusedin the estimationof power spectra[1]

and bispectra[2] in orderto ensurethe consisteng of the peri-
odogramandthe Fourier type bispectrumestimationmethods.In

this paperathreedimensionabptimumbiaslag window function
is introducedn the estimationof the fourth ordercumulantspec-
trum, also called trispectrum,which is estimatedfrom the three
dimesionalFourier transformof the fourth ordercumulants.The
biasof thewindow functionis alsodevelopedin the paper

1. INTRODUCTION

Although spectraltheoryis a well establishedipproachto mary
signalprocessindasks,its applicability depend$ieavily uponthe
assumptiorof the linearity and Gaussianityof the signal and/or
minimum phaseassumptiorof the underlyingmodel. However,
higherorderstatisticswhich hasbeenusedwidely in recentyears
for signalprocessingasks[3, 4] assumeshatthe underlyingsig-
nalis non-Gaussiaandit canidentify nonminimunphasesignals.
Moreover, higherorder spectracan reveal the phaseinformation
unlike the power spectrumandarezerofor the additive Gaussian
noise. Additionally, the importanceof the higherorderspectran
the analysisof nonlinearsystemsarediscussedn [4, 5] Most of
the algorithmsin the literatureare developedfor the third order
cumulantsandtheir spectrumalsocalledbispectrum Thetrispec-
trum, the Fourier transformof the fourth ordercumulantsijs zero
only for Gaussiarrandomprocessesvhile the bispectrumis zero
for ary symmetricallydistributed randomprocesses.Therefore,
for applicationswherethe underlyingsignal could be symmetri-
cally distributed, the trispectrumshouldbe usedasa higherorder
statisticatool. Moreover, the bispectrumandtrispectruntogether
form amorepowerful instrumenin the analysisof nonlineartime
seriesmodelsthaneitheronewhenusedalone.

Brillinger andRosenblat{6] developedthe asymptotidheory
of the k-th order spectra,including the asymptotictheory of the
trispectrum. Thetrispectrumis aninconsistenestimateasis the
power spectrumandthe bispectrumwhenestimated¢hroughnon-
parametrianethods Brillinger andRosenblat{6] andRosenblatt
[7] presentedonsistenestimatorgor thek-th orderspectravhen
the smoothingis donein the frequeng domain. A specificthree
dimensionalindow functionitself is not developedin theseref-
erencesTo our knowledge sucha window functionhasnot been
developedin theliterature.

2. THREE DIMENSIONAL OPTIMUM LAG WINDOW

Thetrispectrumis

L L L
C(wi,ws,ws) = Z Z Z w(mi, mz, ms)

my=—L mg=—L mzg=—1L

c(my, ma, m3)exp(—j(wimi, wama, wsms) (1)

wherew(m1, m2, ms) andc(mi, mz, ms) arethe window
functionandthefourth ordercumulantrespectiely.

Thewindow functionw(m1, m2, ms) shouldsatisfythe fol-
lowing constraints:

1. By takinginto accountthe symmetriesf the fourth order

cumulants:(m1, m2, ma) onemayassumehatw(m,, mz, ms)

hasthe samesymmetriesasthefourth ordercumulants.

2. By restrictingtheregion of thetime lag, it is assumedhat

w(m,m,m) =0, (2

|m| = ma:l:(|m1|, |m2|7 |m3|7 |m1 - m2|7

|m2 — ms|, |m1 —mas|) > L,

whereL is themaximumlag of thewindow.

3. Thewindow is normilizedsuchthat,

w(0,0,0) = 1 ®3)

4. Nonngyativenesof thewindow is definedwith the condi-
tion,

W(wi,wz,w3) >0 forall (wy,ws,ws) 4)

whereW (w1, w2, ws) is the Fourier transformofthe win-
dow.

Here as a classof functionswhich satisfy the conditions
mentionedabove with the symmetryrelationandequations
2,3 and4, we expressthe threedimensionabptimumlag
window w(m1, m2, ms) asfollows



w(my, mz, ms) = d(m1)d(mz)d(ms)

d(m3 — mg)d(mg — ml)d(mg — ml) (5)

wherean evenfunctiond(m) satisfiesthe following prop-
erties

d(m) = d(—m)

dlm) = 0 for m>1L

do) = 1 (6)
D(w) >0, for all w @)

Equationsb, 6, and7 allow the reconstructiorof threedi-
mensionalvindow functionsfor trispectrumestimatiorus-
ing standardone-dimensionalag windows. The function
d(.) couldbeary onedimensionalagwindow aslongasit
satisfieghe constraintsn equationss, 7. However, notall
corventional,one-dimensionalvindows satisfy constraint
7. Windows thatsatisfyequations, 7 aregivenin [2].
Hered(.) is choserto be optimumwindow for onedimen-
siongivenalsoin [8],

s Ysina| 4 (1= 2Dy (cos ™), if Im| < L

d(m) = { i ! m| > L
®

Thefunctiond(.) in eqn. 8is theoptimumwindow because
it is theminimum biaswindow in onedimension[8]. It is
shavnin Appendixthatthethree-dimensionalptimumlag
window functiongivenin eqn. 8, togethemwith egn.5, sat-
isfiesthegiven constraintgthe symmetriesandconstraints
in 2, 3,and4.

3. VARIANCE

The asymptoticvarianceof the trispectrumis derived by
Brillinger [9]. It is asfollows:

V K?
2 = H(wl)H(w2)H(w3)H*(w1 —+ ws +(.03)

9)
where is the conjugateoperation, K is the numberof

framesof size M, N is the samplesize,andV is theen-
ey of thewindow , whichis definedas:

A L L L
vE D> S D wmn, ) (10)

m=—Ln=—LIl=—1L

4. BIAS

Here,we will discussthe bias of the trispectrumand the
way of obtainingthe optimumlag window in termsof bias.
Thetrispectrumestimates convolvedwith a suitablewin-
dow W (w1, w2, ws) to give therequiredsmoothedrispec-
trum

é(W17WQ7W3) =

[ ]

V[/(yl yY2,Y3 )dyl dy2 dyS . (ll)

w1 — Y1,w2 — Y2,ws — Ys)

The trispectrumcan be approximatedy the true trispec-
trum C(w1, w2, w3 ) for sufficiently large data. The biasof
thetrispectrumis

E{C LU17LU27LU3)} =

s ]

Vv(yl yY2,Y3 )dyl dy2 dy?) (12)

(w1 —y1, w2 — y2,w3 — ys)

If the trispectrumof the processis assumedo have con-
tinuoussecondderivatives, it follows from the meanvalue
theorem[10] that

Clwir — y1,w2 — Y2, w3 — y3) =
C(wl,wg,W3) —
{nC (w17w2,w3)+y20 (w1, w2,ws3) +
y3C'3 (w1, wa,wa)}

1 .
E{chl’u(ul,umus) + 2yly20”12(ul7 uz,us) +

2y1ysC" 13 (w1, uz, us) + 292y C 23 (w1, uz, uz) +
Y5C" 22 (ur, uz, us) + Y3 C"sa(ur, uz, us)}  (13)

Whereu1 = w1 —@1(y1)y17 Uy = Wo —(")g(yg)yg7 Uz =
— Os3(ys)yz and|O(y1)| <1 (i=1,2,3)

C'i(w1, w2, ws) indicateghefirstderivative of C (w1, w2, ws)

with respectto ith agument,and C";;(u1, uz, us) indi-

catesthe secondderivative with respecto ith andjth ar

guments.

Fromeqn.2,4 and13,thebiasAC(w1, w2, ws) caneasily

bewrittenin theform

AC(w1 , W2, (.u'3) =

1 o0 o0 o0
) B IR

2y1y2C“12(U1, uz,us) + 2y ysc“ls(ul, uz, us) +
2y2y30“23(U1, uz,us) + ng”zz(ul, uz, us) +

2 17 3\
ySC 33(u17u2’u3)}|u1=w1—®1(y1)y1

uz=wz—03(y2)y2, uz=wsz—0z(ys)ys

W(y1,y2, ys)dyrdy2dys . (14)

For largeT" andanacceptableariance W (w1, w2, ws) should
take significantvaluesonly in a sufficiently smallinterval
(—€1,€1) * (—€2,€2) * (—es,es). If the secondderva-
tivesof C(w1, w2, ws) do notvary significantlyin thearea
(wl —€1,Ww1 +61) (wz — €2, W2 +62) (ws —€3,Wws +63)
eqn. 14 canbeapproximateasfollows:



AC(wl,wg,wg) ~

wl,wg,wg)
2(27)° / / / yl + v —|—y3)

VV wl, w2, Lu'3)dy1dy2dy3 —|—

/ / / 2y1yo W (w1, w2, w3 )dyi1dyadys +
/ / / 2ypys W (w1, w2, w3 )dyi1dyadys +
/ / / 2y1ysW (w1, w2, w3 )dy1dy2dy{15)

Henceif |C”(LU1,LU2,LU3)| <D
whereD = C,, = max;  j=12[|C"i;j(w1,w2,ws)|], the
biascannotexceed

A|C(wr — y1,w2 — Y2, w3 —ya)| <

Cm .
L ///(yf + Y5 + y3)W (wi, wa, wa)dyr dyadys +

I///2y1y2W(w1,wa,ws)dyldyadys—|—
///2y2y3VV(w1,wg,wg)dyldygdyg—|—
///2y1y3VV(wl,Lu'2,Lu'3)dy1dy2dy3|

Therefore the problemreducego thatof seekingthe win-
dow that minimisesthe following integral, subjectto con-

straints2-4:
=it [ fin-nor-

W(y1,y2,y — 3)dy1dy2dys: (17)

Thisis thespecificatiorfor theoptimumtrispectralindow
andin this casethe bias of the estimateof C(w:, w2, ws)
doesnotexceedCy, Jmin /2.

In fact, the right side of the equation17 canbe written by
usingthe propertieof the Fouriertransformas:

dPw(m, m, m)
7|m 0=

2ﬂ_)3 / / / (1 +y2—|—y3)

W(y1, y2, ys)dyrdyadys . (18)

We would like to makethe connectionwith egn. 5 here.

Equation5 is a classof functionswhich satisfiesthe con-
dition given by eqn. 6. By taking the secondderivative of
w(m, m,m) fromegn.5atm =0,

J=-3d"(0) =

3 [ .
2Tr/oow2D(w,)dw. (19)

(16)

Thus,theproblemis reducedo findingtheone-dimensional
window which minimisesegn. 19 underconstraint$ and
7. Appropriatefunctionsaregivenin [8] whichis egn. 8.

5. CONCLUSION

In this paper we have introducedthe three dimensional
window functionto ensureconsisteng of the tripsectrum.
The biasof the tripsectrumis alsodeveloped. It is proved
thatoptimumbiaswindow functionfor onedimensioralso
satisieptimumbiasfor thethreedimensiorwindow when
replacedn thefunction.

6. APPENDIX

Here,wewill show thethree-dimensionalptimumlagwin-
dow functiongivenin eqn.8, togethemith egn.5, satisfies
the given constraintgthe symmetriesand constraintsn 2,
3, and4.

Whenwe substitutel(m) in eqn.8into eqn.5it clearlysat-
isfieseqn.2andeqn.3. We briefly mentionaboutthe sym-
metriesof the fourth ordercumulantsbeforewe show that
thewindow functionintroducedalsosatisfiegthesymmetry
propertieof thefourth ordercumulants.

The fourth order cumulantof a zeromean,stationaryran-
domprocesse(n) is

C4(’ﬂ‘L17 ma, TI’L3) =
E{z(n)z(n + mi)z(n + m2)(n + ms)}
—[r(m1)r(mz — ms3) + r(mz)r(ms — m1) +
r(ma)r(mi —mz)] (20)
wherer is theautocorrelatioriunctionand £ is the expec-
tationoperator
Similar symmetrypropertiesare valid for the fourth or-
der cumulantsasin third ordercumulantsbut whendefin-
ing thesesymmetrieghe (2ndordercumulantjautocorrela-
tion termsin the calculationof the fourth ordercumulants
shouldbe also considered.For examplefor ¢(m, n,l) =
c(m—1Un—1,-1)

c(m—1lLn—1,-1)=

s2

N S (@i + (m = D)yli + (= D)yl + (-1)
—rim—=Dr(n=14+0)—r(n=Dr(-l—m+1)
—r(=Dr(m—-1—n+1)
(21)
where,
s1 =i =maz(0,—(m —1),—(n = 1), —(=1))
so =min(N,N —(m —-1),N —(n—=1),N — (=1))
(22)



usingthesymmetrie®f autocorrelationtheautocorrelation
termsbecome,

—r(n=0)r(m) —r(l — m)r(n) — r(l)r(m — n)
(23)
Thereare24 symmetryregionsfor the fourth ordercumu-
lants. They arenot goingto be given herebecausef the
spacelimitation. In orderto show that window function
alsosatisfieghe symmetrieof thefourth ordercumulants,

only oneof thesymmetryconditionwill beshown, therest
aretrivial.

w(mi, m2,ms) = w(—m1, mz — m1,ms —m1) (24)

By usingeqn.5andeqn.8

w(my, mz, ms) =

[%|Sinﬂ%| +(1- |"£1|)(COS mzl ]

[%WM%I +(1- |n£2|)(cos )

[%WM%I +(1- |"£3|)(cos )

[%|Sin ﬂ@| +(1— |ms Z ma| )(cos 7r(m3L_ ms) :

[%|Sin ﬂ%| +(1- [ms Z m1|)(cos 7r(m3L_ ml))]

[Lfsin ™2 4 (1 2T o T2 1)
(25)

w(—=mi,my —my, mz —my) =

s =2 1 L 0

_ |m2 —my|

m(mz — mq)

[%Isin ﬂ%l +(1 (e . il
[lsin ™22 4 (1 - dic - i) cos ”(mSL— mi)y)
[fsin w222 41 i - ™2l cos ”(mSL‘ ma)y;
L sin 2] 4 (1 = 172l cos T2,
[%Isin ﬂ%l +(1- |"£2|)(cos ”(?2))]

Becausehecosinefunctionis anevenfunction,eqn.25and
egn.26areequal.
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