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ABSTRACT estimation point of view. In the first part of the paper,
. - .__..we describe the decision feedback equalization problem.
We approach the nonlinear decision feedback equallzatlonFO"OWing this section, we summarize some results from
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{Jhrgbslfarg df;?gq(::éisimeps”t;;?ﬁg;) gszﬁlrgtpgf):lterﬁt aLIJIS;gvi- H® estimation th.eory thfat are relevant to the equalization
ous decisions are correct, we obtain an explicit parame-p.ro.blem' Then, in Se.ct|0n 4.2, we look at ; de-
terization of all H*>° optimél decision feedback equaliz- cision feedba.lc'k quallzers under the assgmptlon that the
previous decisions input to the feedback filter are correct
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q P H-optimal. In the last part of the paper, we abandon the
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mal. TheH ap_proach also suggests a method for.deal assumption of the correctness of previous decisions, a sit-
ing with errors in previous decisions, and results in an

1. INTRODUCTION
2. DECISION FEEDBACK EQUALIZATION

One of the ultimate goals of digital communications is the PROBLEM
ability to transmit information from one point to another
with the highest possib|e data rates. One major 0bstac|eThe standard discrete-time model for the decision feed-
in achieving this goal is intersymbol interference (ISI), back equalization problemis illustrated in Figure 1. In this
which is the effect of previous and future symbols on the figure,{b;} represents the discrete-time finite-alphabet in-
current symbol imposed by the communications channel, Put data sequence. If we assume the number of users to
since it affects the bit error rate (BER) performance in de- be M thenb; € C*. The distortion effects of the com-
tecting the original transmitted sequence. Therefore, var-munications medium are represented by the linear time-
ious methods have been developed to increase the systerfivariant transfer matrix?(z). If there areN antennas
performance by reducing the effects of the ISI. or branches at the receivér.,, y; € CV, thenH(z) is

Decision feedback equalization (DFE) is a nonlinear @ssumed to be a causal and stalle< 1/ matrix func-
method where old decisions are employed, in conjunc- tion. We also assume that the number of users is less than
tion with the observations, to improve the equalizer per- Of equal to the number of antennas,, M < N. The
formance. The DFE has been a focus of research for moresequence{v;} represents the noise disturbaneeg( re-
than two decades. The reference paper [1] providesagood?eiVer antenna noise, co-channel interference, etc.) cor-
overview and historical summary of these research efforts.fupting the observations. Modeling errors due to imper-
A more recent treatment of minimum mean square error fect knowledge of the true channel can also be incorpo-
decision feedback equalization is in [2]. rated into the additive disturbange; }.

Recenﬂy, theHH *® criterion has been proposed [3, 4] Referring to Figure 1, the basic aim in decision feed-
for the linear equalization problem, with the belief that the back equalization is to desighi, (z), the causal feedfor-
resulting H> equalizers will be more robust with respect ward filter, andK>(z), the causal feedback filter, so as to
to model uncertainties and the lack of statistical knowl- €stimateb;_q, whered > 0 is a parameter indicating the
edge of the exogenous signals. In this paper, we approacl§l€lay in estimating the transmitted sequence. The esti-
the decision feedback equalization problem fromae mate, denoted bl;_4, is the sum of the outputs @} (2)
andK5(z). The design of; (z) andK»(z) depends upon

This work was supported in part by DARPA through the Department the criterion chosen to define the closenei}wj tob;_q.
of Air Force under contract F49620-95-1-0525-P00001 and by the Joint . . . .
Service Electronics Program at Stanford under contract DAAH04-94-G-  Most of the research in the decision feedback area is

0058-P00003. focused on the mean square error criterion (see for ex-
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Figure 1: Decision Feedback Equalization

ample [2]), mostly because it allows for the derivation of
explicit formulas for both the feed-forward and feedback
filters. In this paper, we will use thE° criterion as the
basis of our formulation of the filters.
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Figure 2: Setup for linear estimation

3. H>* ESTIMATION

The basic setup for a general linear estimation problem is

illustrated in Figure 2. Herd1(z) and L(z) areknown

causal linear time-invariant filters that map the input se-

quencelb; } to their respective outpufy; } and{s;}. The

driving input{b;} and the additive disturbance sequence

{v;} are assumed to henknown The estimation problem
is to design a causal linear time-invariant estimatdr)
that estimates the unobservable signal sequésnge us-
ing the observation$y;,j < i}. We shall denote such
estimates bys;; and the resulting estimation errors by
5;; = si — %;);- LetTk(z) denote the transfer matrix that
maps the normalized unknown disturbanegs'/?{b;}
andR~'/2{v;} to the estimation error§s;;}. Thus,

Ti(2) = [ (L(z) - K(2)H(2))Q"* —K(2)R'? ] (1)

whereQ = Q'/2Q*/? > 0 andR = R'/2R*/? are posi-
tive normalization weights.

The choice ofK (z), and thereby the estimatés;,
depends upon our choice of performance criterion.
H® estimationk (z) is chosen to minimize the maximum
energy gain ofl'k (z), also known as thé/> norm of
Tk (z), defined as
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Problem 1 (Optimal H*° Filtering Problem) :
Find a causal estimatoK (z) that satisfies

. 2
Ilg(lf) 1Tk (2) |5 - 3)

Moreover, find the min-max energy ga,if}gt.

There are very few cases where a closed-form solution
to the optimalH*° filtering problem can be found, and
in general one relaxes the minimization and settles for a
suboptimal solution.

Problem 2 (Suboptimal H>° Filtering Problem) :
Giveny > 0, find, if possible, a causal estimatai(z)
that guarantees

ITx ()II%, < +° @

This clearly requires checking whether> ~,p;.

It will now be useful to give some flavor of the solution
to Problem 2. (See [5] for more details). We introduce the
following so-calledPopov function

which can be regarded as a certain indefinite generaliza-
tion of “the spectral density function”. Then it can be
shown that a causal estimatéi(z), that achieve§T'x (z)||, <
~ exists if, and only if, the Popov function admits a canon-
ical J-spectral factorization of the form

—H(5)QL ()
—721 + L(z)QL*(27%)

R+ H(2)QH* (z~*)

E=1 et

©)

. Lll(z) le(z)
with
|: LQl(Z) LQQ(Z)
invertible, andL,,(z) strictly causal. If this is the case,
then all possibléf > estimators of leve} are given by

] andL; (z) causal and causally

K(2) = (L22(2)C(2) — L21(2)) (L11(2) — L12(2)C(2)) ", (6)

where('(z) is any causal and strictly contractive operator,
i.e, C(z) is causal and is such that

Ce™)]? <1 ()

, forallw € [0, 27]. An important special choice & = 0
which leads to the so-called “central” filter

Kcen(z) = —L21(Z)L1_11(Z). (8)

4. H* DECISION FEEDBACK EQUALIZATION

4.1. An Equivalent Model

Decision feedback equalization is a nonlinear scheme due
to the nonlinear decision device involved in the structure.
It is therefore difficult to obtain explicit expressions for
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4.2. H* Equalizers ford =0

Following the common practice in the literature to sim-
plify the derivations, we assume that the decisions input
to the feedback filtekK, (z) are correcti(e. e; = 0). We
also look at the special case whete= 0 and assume
binary antipodal signaling for which; € {—1,1} and

H \52) K K éz)

‘ | therefore) = I. The results can be easily generalized to
P 3 more complex signal constellations. In [6], we show that

Yopt = (L+ Omin(hgR ™ ho)) (15)

whereh, = H(oc0) is the impulse response matrix at zero

Figure 3: Equivalent Channel Model

the filters employed with respect to any criterion. By re-
moving the nonlinear decision device, we can remodel the
decision feedback equalization problem as shown in Fig-
ure 3, so that it takes the form of a general linear estima-
tion problem withL(2) = 27T (since we are trying to
estimate the input symbols with a delayd)f In this fig-
ure, o; represents the possibly incorrect decisions end
represents the corresponding decision errors. Thus, in this
model

H(z)

HV(Z) = |: Z,(d+1)]— (9)

is the equivalent matrix channel. Again according to the
same model

o5 | o= [ 5| a0

are the equivalent observation and noise vectors, respec-
tively. We define the energy weighting matrix for the noise
Ny as

Yy(z) =

0 } (11)

By = [ 0 el
where R represents the weighting we assign to the additive
disturbancgv;} ande represents the weighting assigned
to the decision errorge;}. Then the decision feedback
equalization problem is equivalent to the filtering problem
of finding a causal

Ky(z) = [ Ki(z) Ks(z) ] (12)
that minimizes theZ > norm of the transfer matrix
Ty (2) = [ (z*dI - Kv(Z)HV(Z)) QY2 _KV(Z)R}V/j ] :
(13)

Therefore the Popov function for this problem is

S(z) = Ry + Hy (2)QHy (277) _HV(Z)QZd
- -2 "QHy(277) Q—~I

(14)

delay.Remarks:

e |t is interesting to compare the performance of the

H* decision feedback equalizer with ti#&> lin-

ear equalizer by comparing the corresponding opti-
mal H norms. As shown in [3], for a scalar chan-
nel, the linear equalizer has

r

2
) = - 16
’YOpt,lznear r 4+ minw |H(e]w)|2 ( )
for aminimum phasé/ (z) and
7gpt,linear =1 (17)

for a non-minimum phasé/l (z). For the decision
feedback equalizer, irrespective of the minimum phase
property of the channel, (15) yields

r

T 1
r+ |hol|? (18)

2 —
7opt,dfe -

For non-minimum phase channels, it is clear that
Vaptdre < Veptiinear SiNCEJAo|* > 0 and there-
fore v2,; 47 < 1. For minimum phase channels,
over the regiorjz| > 1, the minimum value of the
H(z) is achieved on the unit circle. This is due
to the observation thalf —*(z) has its all poles in-
side the unit circle and therefore, by the maximum
modulus theoremH —!(z) achieves its maximum
on the unit circle fotz| > 1.ThusH (z) achieves its
minimum on the unit circle for this region . Since
ho = H(c0), we have

|hol? > min,, |H(eM*))?, (19)

so that,

2 2
f}/opt,dfe S f}/opt,linear (20)

i.e. the theH > decision feedback equalizer has bet-
ter H*° performance than thH > linear equalizer.



e Another important observation is obtained when we

In [7], it is shown that the error spectrum is frequency

look at the central solution (8) to the decision feed- independent and equal to

back equalization problem (see [6] for details):

Keentral(2) = _L21(Z)L;11(z)

_ g (hohl + R)™! T
—(h1 + hoz™ !t + )RS (hohl + R) 7!

(1)

which turns out to be the MMSE decision feed-
back equalizer (MMSE-DFE) for the given setup
(and further assuming thdb;} is an independent
Bernoulli process with parametérand that{v;} is
white noise with covariancg).

e The factorization of the Popov function (14) can be
achieved easily, but with increasing complexity of
the expressions, for any > 0. This is because

Er(z) 621 (00)|* + [822(c0)|*. (30)

In the scalar case, a flat error spectrum implies the simul-
taneous minimization of both the maximum value of the
error spectrum and its area under the curve. Since the
MMSE-DFE minimizes the area under the curve, this im-
plies that it is alsdH °°-optimal. We show in [7] that this
property of the MMSE-DFE can also be extended to more
general matrix channels. This is a striking result, which
sheds further light on the properties of the MMSE-DFE.
Moreover, it is a rare case, if not the only non-trivial one,
where the solutions to th# > and MMSE filtering prob-

the Popov function, under the correct decisions as- lems coincide.

sumption,.e. e = 0, is always unimodular [6].

5. H*° OPTIMALITY OF MMSE DECISION
FEEDBACK EQUALIZATION

6. ERROR IN THE FEEDBACK

In the previous sections, to simplify the analysis and the
derivation of the filters, we made the standard assumption

An important result from the previous section is that under that the decisions used by the feedback filter were always

the correct previous decisions assumption, and fer0,
the MMSE decision feedback equalizer A&-optimal.
It turns out that this is true for any > 0. To show this

fact, we can look at the error spectrum corresponding to

the MMSE-DFE which is given by

Br(z)=  {zHy ()M (27}
(T HY ()M (7))}
where{-}_ denotes the strictly non-causal part of its ar-

gument and{ A(z) }* 2 A*(z~*) for any functionA(z).

(22)

correct. When the channel is known a priori, this assump-
tion can be made to hold by using precoding techniques
(such as the Tomlinson-
Harashima precoder [8]) that implement the feedback part
in the transmitter section. However, when the channel is
not known a priori (as is often the case) the existence of
decision errors is inevitable.

When we have decision errors tHe;} form some
non-zero sequence. Singe;} is a complicated function
of the feed-forward and feedback filters, as well as the

M (z) is the causal and causaly invertible factor obtained other parameters in the system, it is almost impossible to

from the canonical factorization dfy,, (z) which can be
written as

Svy(2) = Rny +Hv(2)Hy(27) (23)
[ R+ HEHE () H(z)
- |: Z—d—lH*(Z—*) T j| (24)
B R1/2 H(Z)Zd+1 R1/2 0
- |: 0 I :| |: H*(z—*)z—d—l I j| (25)
N(2) Ne ()
(26)

The canonical factod/ (z) can be writen in terms of
N(z) as

M(z) = N()0() 27)

_ R1/2 H(Z)Zd+1 911(2’) 012(2)

- 0 I |: 921(2’) 022(2’) (28)
(29)

where®(z)0®*(z~*) = I is chosen such that/(z) is
causal and causally invertible. The causality of #¢z)
constraings; (z) andfs»(z) to be causal.

give an explicit statistical description of the errors and to
therefore design a filter with respect to some statistical cri-
terion such as MMSE.

However, as far as thE > criterion is concernede; }
is an unknown non-zero sequence of small power given
by, say,e. Therefore theHH>° criterion can provide a so-
lution which safeguards against the worst-case decision
errors. Thus, we propose to designffr-optimal equal-
izer that minimizes the maximum energy gain from the
disturbance®)~'/2{b;}, R~/?>{v;}, and{e~'/%¢;} to the
estimation errorgs;; }.

Whene # 0, the corresponding Popov function (14)
is no longer unimodular and therefore we cannot obtain
explicit expressions for thél > equalizers for this case.
However, we can still obtain numerical solutions (to de-
sired accuracy) by solving Riccati equations (or recursions).
An important conclusion is that, when# 0, the H*>-
optimal solution iglifferentfrom the corresponding MMSE-
DFE, which assumes a white decision error sequence [6].

In the design of the filters, we need to choosettlamd
e parameters. Theshould be clearly be greater thag),,.
Although there is no explicit expression fgg,;, one can
use the upper bound provided in [7].



The choice of the parameter is critical since it repre-
sents the power of the decision errors, which is not known
beforehand. Figure 4 illustrates the variation of the BER
of the centrald > equalizer as a function effor the chan-
nelH(z) = 0.56—0.062"1+1.072724+1.6273-0.13274,
with delayd = 2 andSN R = 18dB. As we increase the
value ofe from 0, the BER decreases (since the equalizer
is beginning to take the decision errors into account) un-
til we reach a minimum point. After this point the BER
begins to increase becauseverestimates the actual de-
cision error power.
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In Figure 5, we have compared the performances of
the H>°-DFE for thee = 0 case and the choice efthat
minimizes the BER, for the same channel and delay as
above. The dashed line refers to the BER vs. SNR perfor-
mance of the MMSE-DFE that assumes correct decisions

and therefore uses= 0, whereas the solid line represents [

the performance of thé/°°-DFE which has chosen to
minimize the BER. As can be observed from the figure,
depending on the SNR, the use of thgarameter can pro-
vide 1dB to 2dB gain.

7. CONCLUSION

We studied the problem of decision feedback equalization
from an H*> estimation point of view. We can convert
nonlinear decision feedback scheme to a linear one by re-
placing nonlinear decision path with delayed input cor-

rupted by decision error sequence. It is hard to give a use-”

ful model for the decision error sequence, therefore, it is
generally assumed to be zero. We provided withié

formulation of the decision feedback equalizers under that
assumption and showed that MMSE aHd® solutions

coincide. For the more realistic case where decision er-
rors are not assumed to be zero, it is hard to formulate
DFE filters with respect to a statistical criterion, such as
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Figure 5: BER vs. SNR

MMSE, but theH > framework still provides a solution
with better performance than the MMSE-DFE filter that
does not take these errors into account. As a reslilt,
approach can be considered to be worst-case compensa-
tion for the errors introduced by linear approximation of
the nonlinear structure.
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