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ARSTRACT

A generalized reciresive wedgfired medion (RWM) filter stouctare
admitting nesative weights 15 ioeoduced.  RWK fleers offer 3
nwmber of advantames over thein aemesreeursive cone pinls, -
clutdier a signilican eaductivn in compotatisnal conoglesity, in-
cacise] rulustogss (oo ouise, ansd the abilicy o aaodel “resonam™
or vibratory behavior, RWDM filters also provide advantages over
linvar R flers, offering nedar peclect siop-hband ™ chardeoensiics.
Unlike lincar [[R filers, RWM filwers gre glways stable under the
honngdeil-inpue bounded-ourpur criterion. regardless of the values
aken by the feedback filter weights, A nowel “recursive decou-
pling™ adaptive optimization algorithem for the design of RWH Al-
Lers 15 also ineduced.

1. INTRODUCTION

This paper introduces a class of reoursive woeiehtod median G-
tors, achoitting, real-valued weighis, which are aalogous w e
¢liss of infinite impulse response (RY linear filters. Recursive fil-
Ler stucruees are particulacly rnportan becouse ey cao be used
1o mode] resondnees” which appear in many natural phenomana
sueh as in speceh. Inaddicion, TIR linear 6leers ofien lead o re-
e computational complexity reduction, ¥Much like HER linear
filters provide these advantages over linear FIR filiers, recurslve
Wil nilters also cxhibit superior characieristics compared oo non-
recursive W fliers. For instance. an infinicely iterated ose of a
wiahied median filter can often be synthesized by a single pass
ol a properly designed recursive weighted median filter. Further,
recursive WA filters can synthesize non-reciursive WhT Alters of
minch larger wincdme sizes. In terms of noise affennation, e
sive medlian smonthiers have Far sipperior charactenshios than therr
T = EITs1 v i'ﬂl,ll'l[{"'l'pﬁﬂ"\

It will also be shown in this paper that KWh1 flters can pro-
vide advantages over lineac TR filters. Motably, “bandpass™ and
“highpass™ BWM filters exhibil near perfeet "stop-hand™ charac-
terislios nob atiginsble with linear TR Glers, Moreover, unlike
their TR filter counterparts, RWM Alters are alwavs stable under
the bounded-input bounded-output criterion, regardless of the val-
wes taken by the feedback filter weights, [nthe presence of nmse,
the advantapes of RWA filters over LR (illers ace oven more dvee-
whelming, with BWM filters offering robustness oo noise Levels
thal are unaceeptable with traditional TR Gliers.

In practice, the (real-valued) Gliter coefficients of the proposed
BW A [ilter structures musth be determined in some fashion. This
paper presents, for the fimst Hme, an opuinization method for the
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design of recursive WM flters. A novel “recursive decoupling”
adaptive optimization algorithm for the design and optimization of
WM fleer weights 33 developed under the mean absolule cemor
(MAL) centerion. [n this Iramework, the provious outputs used o
compute the RWM flter output are replaced by previous desired
outputs. Thus, the recursive W filter 15 approximated by a two-
input, single output filter that depends on the put samples and on
delaved samples of the desired response. This structue avonds the
feedback inherem in he ceoursive operation, theefore, heading w
i ol siioplen deajvativn ul the gradieon e the steepest descen)
algomithien wsead oo wpdate e Tl voellicienls. A e detiiled
desciiption of RWH Nles aod Qeir epimigaion alzositdom can
be found i f17.

2. RECURSIYE WM FILTERS ADMITTING
REAL-VALUED WEIGHTS

In erder to define the class of RWM fAlters, it is best to first recast
the similarities berween linsar FIR filters and weighted median
filiers. Given an observation sct &~ A the sample mean
A = MEAMN{X,, - Xa) can be generalized o lincar FIR fil-
ters as

= MEAN(W, X, - Wr-Xx) rn

with ¥ 2 KoOIDwll be seen shor Ty that 1 s asefal o rewrile (1)
4%

A= MEAN{|W)| - eigrel W7 31X o W | sign (W 1w,

(2
where the sign of the weight affects the comesponding input sum-
ple anel the weighting is constrained 10 be non-negative. 1t was
shown in [2] that the sample median 3 — MEDIAN (X, -, Xa),
which plays an analogous role to the sample mean in location esti-
mation, can e extended toa general weighted median filter struc-
ture acdrotting posidive and nemalive weights as

3 = MEDIAN (|W3 | o sigh(W0 X0, -, [Wal o sign{Wa )X,

{3
with W, € Rfori = 1,2, -, N, and where o is the replicamion
W LIMES
operaor defined as o X = A, AL, -0, XL Agmain, the weighl
slgns are uncoupled from the weight magnitades and are merged
with the observation samples. The weight magnitudes play the
cquivalent rele of posilive weighs in the framework of weighted
median smoothers [3]. Althoush the weighls in 130 may seeimn re-
strictes] 1o integer values, @ more general interprelation ol the <
operator exists, as will he presentecd shomly,
The filters in (2 and (3} can be thought of as oon-recursive
liller duals. This duakity is nexl extended to their recarsive foems.



The general strocture of Hocor DR fihers is defined by the differ-
R

i o

Vi) =3 A Y-8+ B X(nt+k), @

r=i R0

where the output is formed not anly from the inpul, but alse from
prevaously computed ourputs. The Tilter weights congist of rwo
selr the feedback eoefficients [ A} and the feed-forward coethi-
cients { He b Inall, (2 - A 4 1) coefficients are needed 1o define
the recursive difference equation of (4).

Tl wengaalication ol (4 o BWS [her stuciure is siraighl-
lnwid, Fullvwing o siinilar approach ot increduced in[2],
ther suanmmationn wperation is replaced with the meedion operaion,
and the sdvipdicaeiee weishting is replaced by weighting through
vipned repdicaeion.

Yin) = MEDIAN {|A¢] o sgnids) Vin— €)1/,

|Fa e sgni ) X o+ k))0,) (%

Moates that it the weighis Ay and Fy, are conatraned roobe posiive,
130 reclnees in e reciesive W smnmther proviaosly shoelied in
4] Thre recursive WK Bler aurput for non—integer weights can
b cleterminesd as follows: )

I Caleulate the threshold Ty = 2 (300 A4+ 5500 18).
2. Juintly sort the “signed”™ past sutput samples sgal A0V (n o £}
anl the “vigned” input ohservations sgn By ) X{n 1| k).

A Rum the magnitudes of the weights corresponding to the sorted
“eigned” samples. beginning with the maximuom and continuing
el in order

4,002 Ty 15 an cven numben, the putput is the average between the
signed somple whose weight magnids couses the sum to become
= Iy unsl the next smaller signed sample, othorwise the output
is Lthe signed sample whose weight magnitude causes the surm Lo
Feceme = 1.

3. STARILITY OF RWAM FILTERS

Lnlike linear IR filters, recursive WM filters are garanteed to be
stable under the bounded-input bounded-output crtecion.
Progacety {0 Recursive weishoed median Thers, os delined in
CA g s stishile wnder e bounded-inpul boanded-oulpul crilecion,
et dless ul Lhe values laken by the feedback coclliciens {4}
for § = 1.2, --- .
Froots CGiven o houndesd inpue signal X (a) such thar |[X(n)| <
M., and initial conditions Y (=€), £ = 1.+ N, denote M, =
masl|F0= N Y =1 and M., = maxi M., ML) T
is the output oF & median filer with inputs [¥ (-5 - ¥ (=13,
A0 ALY (AL Sinee the outpul of 1he RWM opera-
wr, as defined in Seclion 2, §% alwiays within the dynamic range
of the joint input anel previous ootpet data, Y000 is restricted to
Ihe dymamic mange of these inputs. Bot [V(=F)| < A, Eor
F= 1,2, N and | X(rd| < Ma, Fforall o Henee, we have

[¥U0)| < Afy,. Using this argument recursively for Y1, ¥{2] - -,

with V080 depending on [¥lr— M), -« V=11, ¥(2)--. X2+
A = 1,2 Tl lowwes B ineetion 1hal [V lad] <0 Ay, tor
Al henee, e ol pol s baonced

4. RECURSIVE WM FILTERS AND THRESHOLD
DECOMPOSITION

Threshold decompesition is a powerful theoretical ool used o the
analysis and design of EWM fltcrs, For the purpose of this pape,
w adapt a threshold decomposition formulation sionila to al Je-
scribed in [2].

Comsider the real-valued vecor & = [Z1 -+ Zo]7. Threshold
decomnpasition maps 1his real-valued vector o an infinite sc1 of
binary vecrors B¥ € {—1,1 g £ (—o0.00). where

2* = [sgnl 2 —q) - sgniZe - )| = |51 51T 06)
Lun {8, syn denoles the sign function defined s

| +1 ifEZ —gz=0
agnlZ, ':1'}_1 -1 fZ —g-=

The original vector £ can be exactly reconstructed from its binary
represcniation theough the inverse process [2] as

O
2,:5[ Z:’Idu']f FUr‘i;:].,"'-.L. '['-.'r:l

Thus, a real-valued vector has a woigue neshold sisnal wegnesen-
tation, and vice versa: & £ {2}, where E2 denotes the one-
to-one mapping peovided by the thresheld decomposilion opera-
tien, Since g can lake any real valug, the infinite set of binary
veclors {27 ] seems redundant in representing the real valued ve
lor Z. Indecd, some of the binary vectors {29} are infinitely re-
peated. For £y, < g = Zyy, for instance. all the hinary vectors
{29} are identical, where 2, denctes the ¢th order statistic of
[Z1, - ,Er,]j". As showo o 3], theeshold sipoal jeprescotativen
can be simplified based on the fact that there are st most £+ 1 dif-
fercnr Dinacy veclons {e® } o cac] observalion vecin &, Using
Ibris Fiacl, {67 cexbuves

n..-1" for —oc < g € Z1y

£ = zt. T p
7]

e=11:

for iy <L g £ 4,
l<i< L1
Fl=lo =1 for Zip; < g < 400
8
where ZF. denotes a value on the real line approaching 2y, from
the right, Using threshold signal decomposition, the recursive W

apcration in {5} can b ioplemented as

+oa
Yir) = MEDIAN(| A < L fs;;m[.\:yn.(.-—'I.-}T{n. = F] =] |;.\=] :
2 — oo
1 e ¢ - n LEL ‘
|Balo 3 [ sgnlsgn( DX (n+ &) —allile) 19

AT rhis poanr, we resnorm T 1he wieak Superpnsiion prope 'y
of fhe nonbinear mechan operator, whieh siates that applying a
warhred mckhan operator s real-valued sianal 1 egquivalent 1o
decomposimg 1he real-valugd signal vsing threshold decompos-
hon, apphnge median operator to each binary signal separately and
then addimg the binary outputs to obtain the real-valued outpat.
This superposition property allows us 0 interchaoge the integral



and median operaters in (9, leading to

Yini= % / MEDIAN [:Agl o sme[saml AN Y (0 — €] — a|:’=. .

|Fu] o sgnisgnl T ) Xin+ k) —qIi5,) . aw

T simplify the ahove expression, let {81} and [&% } denote the
threshold decomposition of the signed pagt -::rutpui samples and
the signead inpul samples respectively, 1o, Svin) & 81 (1),
- - 1 . .

Suin) = s in), wheee 8y (n) = [son(d 0V (R = 1)
wynl Ax Y0 .u—.-'\"J]T and Svint = [sgn(BH0X (0] soniBau)
N+ M) wWith this notaion and following 3 similac approach
e it presered in [ 21, iccan b shown ghar 10 reduces o

)

Yiny =+ / sgn (AL sL(n) + BlsTini)dy (11
—
where Ay s the vector whose elements are the magniludes of the
fevdbock coefficients: Ao = [|A1], [Azl - [Ax]]*, ond By is
the vactor w Em*c elements ong the r:n;l;_:nitmlcr;i of the foed-forward
cocllicients: By = [[Bol, [B.], -, |Ba[/*. MNotein (11 that
the filter’s cutput depends on the 31gncf.l past cutpuls, Lhe sigoel in-
put ohaervations, and the fecdback and leed-Tarward coefficients.

3. ADAFTIVE RWM FILTERING ALGORITHM

In peneral. the coctficients of the recarsive WD filter have o he
designed in some aptimal fashion, Inthis sactinn, we develop the
tirsl kaptive optimization algoetithm for the design of recursive
W filters under the MAFR criterion. Threshold decompasihon
developed i the 1ast sechiom s used 1o lmel aoaptive solution for
Thes npstimal wrighls

Consider an ohserved process { X ()} that is statistically re-
laled 1o 3 desired process { W ng ). Funber, azzume that both pro-
cusses ame jointly stationary, Undar the MAE criterion the goal 15
Io ddaterming the weights {Ai}l,_l and { By Hal,, sa as to mini
mixe the cost funciion

Fidy - Ax By By ) — JIAB) — Bl DMl = Vind])

{1
where Bt denotes statistical expectation and Y] is the out-
put aof the recursive WM filter piven by (51 To form an derative
aptimizatien algorithm, the steepest descent algerithm is used, in
which the gradient of the cost funetion (%03 has to be computed
1o upelate the filter weights, Due Lo the feedback operation inher-
em in the recursive WM filier, however, the computation of ¥.J
becomues intrueiable.

e cvercome this problem, the optimization frameweork re-
terredd W s Fguefon Eeror Formmedation is osed [S]. Equation
Error Formulatien s ascd in the design of lingar TR filters and
in hosed on the fact that ideally the fillers cupur is close o lhc
desired response. | lence, the previous outpats {¥ (r — £} '?.,-
(31 are replaced with 1he previous desired outputs -{D{n— B,
Ler oshtivin a pwe-input, single-outpat filtee that depends on the in-
put simples { X (o 4+ k1 HiL, and on the delayed samples ol ihe
dosired response { Do — M,

MEDIAY (|Ai| o sgniAq) Din — )i,
[8:] o san( HL) X (n+ k)|IL,) (13)

Viny =

The spproximation leads 1o an output ¥ () that daes noc depend
on delayed cutput samples and, therefore, the filter oo longer in-
troduces feedback, reducing the RWH filter to a two-input, singlc
autput non-cccursive system. This “recursive decouapling™ opti-
toazation approach provides the key to a pradicnt-basel option zi-
tiom algorithm for recursive W filters.

According 1o e apposimate Glering struclure, the oust Tung-
tion 10 be minimized is J{A, B = F{|[IHn) — V()| where
¥ (] is the non-recursive filter output of {133, Since () and
X {n} are not functions of the teedback cocllicients, the derivative
of J{A, B} with respeet Lo the filter weights is non-recursive and
its eempLtation is siraightforward.

The adaptive l..l|'r1.l|'['||.f£ll|L,IJI aleen |1|u|| |:-_\ cleriven] as [olloas, De-
fine the vector Sin) = |.‘3”[’uj, aT ¥ r:r)] s Ll contadning che
siphed samples in the sliding window of the teo-input, single-
oulput norerceursive e ul CL30 al tme s, where Snind =
laral A1) Bl — 14 sgnlAx)Din — M) and Svin) =
forral BodX () - agniBar ) X (e + A%, With this notuion
and using threshnld decomposiion, 7{ A B hecomes

+ e
HA.B) = 2‘.&: [|f ﬁ{n].dr;ﬂ (141

Ly -

where 67(n) = sgnlti[n) =g} — san (A:‘:‘s}[n} + B )],
with {e%(n)} as the corresponding threshold decomposition of
the wector Sp(n). Note that for a fixed r, the integral operator
acts on a strictly negotive funetion or o sloctly positive function.
Therefore, the absolute volue ond imegral eperators in (15 can
be inerchanged. Moreover, it can be shown thae ¢¥{n) takes on
values inthe set {—2, 0, 2]; therefore. the absolute value operator
can be replaced by a properly sealed scoond power opecator

4o
JIA B = %f E (e ("] dy, (1%

ey

Wehtrrer et have: ke The hnear property of the expectation operitorn
Takng dervatives of the above expression with respect to the filter
coefficients 4, and B, vields, respectively

; j EA D:l =5 lfl [ {n} A 1 Hr ! l‘|:|
, e To ‘a a
HEF. ! 27 ::5' N a

{163

i J 1+ a4 :
— A BI— - E [E“'rn.\ _ agni Al =", 4 ETR"'.':'] .
(-.}Ber ‘B 2,[..-” -.J'C;,Bl_! TR, 8 o By
Since the sgn function has a discomtinuily at the origing il iotro-
duces the dirae function in its derivative which 15 not convenien
for turther analysis. In order 1o overcome this difficulty, the sgn
funetion is approximatesd by the differentiable |1}:|'.rC|.h\'!'!IL' tangent
function sgnlx) %= tanh(s] whese derivative is 2o fenhie) =

sech? (2. Using this approsimarion in (160 and alter some sim-
plifications, it follows that

1 .
:—Ef E [o¥(n)sech® A7 6%, 4Bae ) syn{di)st, | dys

)

Ay

(L7

ﬁ—jz—E +;: [r—'“{n}wr‘h?(.&Tﬂ." +H! q b sanHy st ld
ag, 2 f " AR gribiley, 4.

)



Figure I {a) Original “porteait™ imags, () image with salt and
pepper noise, (o} non-recursive cenler WM Glter, (d) optimal non
recursive WM filter, (2} recursive center WM filter, {f} optimal
RWM smoother,

wlarns ""ITDr ard .'i?,:k are the fthoand kb components of the vectors
s, and =% espectively, Assumiog bl the desired outpar D)
is one of the signed samples, say 5.y, and that the actual outpur
Yinyis Sy, etin) = 0 for g € {{—eo, min{S., S0 U

Cimas Sy, S b o ) thus f-?EE; reduces o

BRI }
f v |I?)Wr‘h [A 8% + B! w1 }hgnfﬂ.;)u LA,
o

LTS T Y.

R

= ¥
.

b3 =

(N
where the instantaneous estimate Tor the gradient is used. Evaluat-
ing the above integeal and wsing (8) leads o ﬁ =]

max{m,j1—1

_—“ anl Ag) ‘71'“ 1.—'::nr ) mlsechi[ AL g -.-'E-IT ':‘"J 8
g t L w R

{19

for & =1--- N, Similar simplifications can b made o lead -

at
) aHy,
- [N N
g 1o A, =
maxiw =1 o "
\r;'.-:-, [ B, JZ (Spi41—5n \‘m i (n)sech® (AL S,J[ '+B,s,’
i=minlm,§)

[2m
fork =10,1, -, M.

Uxmg thc gradient, the optimal coefficients can l*.-e fnund [hmueh

rthe steepesl descent recursive upu:lan., Ain+1) =

ad Five + 1) = Bin) + 2u[— T-r,_,

This acdaptive optimization ctly:}mhm is also suitable for the
design of recursive Whi smoothers which do nod admit negative
weight valnes. Tipon closer examination, it s onf thar the con-
straint of having non-negative weaghls can be accomphshed by g
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Figure 2; {) Input test signal, {b) desired signal, (<) lincar TIR
filter output, (d) non-recursive W filter output, () linear ITR filter
output, {6 recursive Whd flter output,

projection operdator thae maps che updated weighes 10 zero when-
evier they ane negatives,

6. APPLICATIONS OF RECURSIVE YM FILTERS

6.1, Image Denoising

Figures Tra)y and 1B show the original “porirait”™ image and 1he
noisy imaze wsed in the simulations.  First, the noisy image is
filtered by a 3 * 3 recursive center Wi filter” and by a 3 = 3
non-recursive center Wt filter with the same ser nf weights. Fig-
nres (e and 1ie) show the respective Tlfee onipeis with a center
weight T, = b Fgnres 1{d) ancd 1) show the outpot ol the np-

5.}',.1_ﬁllm:1| WM ter and the autpul of the oplimal non-recursive W
Be filter respectively. As can be seen by comparing the images, the

recursive WhA filter outpertorms non-recursive WA filter.
2. Design of 8 Band Pass RWM Filter

The applicadon ot hand is the design of o 62-1ap bandpass BWh
fileer with passhund 0,075 < w =0 0,125 (normalized (reguency

'__ s 1owith Myguist = 100 We use white Gaussian noise with sero mean
:"‘x,, ancl varianee equal 1o one as the input training signal, The desired

sigmal is provided by the outpur of a large FIR filter (1 22-1ap linear
FIE filter) designed by Marlabs firl function. The 31 feaedback
filer coefficients were initialized w small random numbers Gin the
order of 1071, whereas the feed-forward filler coellicients were
initialized o the values desizned by Matlabs flr with 31 taps and
the same passhand of interest. The step size usad in the adaptive
optimidzation was 10 3

"Ceater W cperation efes Devs o e mocdian bascd Tlsing oper-
alien where all the saomples in the window are weighted by L oexcepl the
center sample that s weighted by W, = 1
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Figure 30 {a) OChirp lest signal in stable neise, (b lincar FIR fil-
ter oudpud, (¢} non-recursive WA Blter outpot, {d) linear TIR filter
cunpul, (e} recursive Whd filter cutput.

Figure 2ia) depicts a lincar swept-frequency signal spanning
insLamaneous frequencies from O g 0.4, used as a test signal, Fig-
ure 2k} shows this chirp signal filkered by the 122-tap linear IR
filter, Tigure 2(¢) shows the output of a2 G2-tap linear TIR filter used
here for comparisen purposes,  The adaptive optimization abgo-
rithem deseribed in [2] was used to optirize a 62-tap AON-recLesive
W' D (b adomictime nezative weiphts, The Gileed signal obgaieel
wilh the optionized welglis is showen o Fig, 2000, Matlala's yule-
walk functivn was wsed (o design a 02-lap linea IR [k, Fiyme
2ie) depicts the linear 1IR filter’s output. Figure 2(f) shows the
Ileered siwnal of the opeimoal BWM Olur

Comparing the different filered signals in Fig. 2, i1 can he
seen thut recursive filtering operatinons perform much better than
their nom-recursive connterparts. In parficular, the RWM flter has
a significantly hetter performance than o non-recorsive W flter
having the same nmber af eoe Moo

In order 1o test the eobusiness of the desigoed fillers, the vest
signal wos contminated with additive impulsive noize, Figure 1
wlepicts the ghip test signal with added a-stable noise and the out-
puts of the different filters, Both linsar FIR and linear IR filters
are severely affected by the nowse component, whereas the non-
recursive and recursive W filler putputs remain practically un
ultered. T beter evaluate the frequeney response of the varous
filters, the power spectral densities of the filter outpurs are shown
in Fig, 4,

T. CONCTIISIONS

I this paper, Basmporant contribofions were presented  First,
wrecurseve ¥ Dller admtling negatea werahls was introducaed.
Fhas resw Tillerime Tramesweork s uselul i appheahons that regqunee
o rnhnst handl-pass or gh-pass charactenone, ingether vath a near
rorlict “sinp-hand™. In the presence of impulsive noise, the per-
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Figuwe &: Fregquency response o (d) 8 noiseless siousoidal sienal
dand (B) o sy sinosoidal sigoal; (—) BRWM, (— - — - — 1 ne-

recursive Wh e, (- - =7 lincar FIR filler, and ©- = =) lineur 1R
l1Ler.

formance of e BW M flter is signilicanty becler han chat of the
linesur TR fleer, The second comrbocion ol this paper is e intro-
duetion, Fer the limst Hme, of an alaptive optimization alsorithm Tor
the design of recursive W filters, This “recursive-decoupling”
algorithm uses the threshold decomposition representation o find
an adaprive expression for the update of the filter coeflicients, This
optitmzation alearithen 1% cqually suited Lo the optimization of -
cursive Wl smonthers having non-negative weights.
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