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ABSTRACT groups of transformations operating @) a subset of R The

. . groupg of transformations operating dn is the group of all bi-
In image processing, textures are generally represented as ho:

. ! ) {ective maps ofD.
mogeneous random fields, homogeneous meaning stationary o A complex valued random fielt, defined orD, is said to be
second-order stationary. This paper presents a generalization Ogecond-orde@—stationary if and onl),/ if - '
the second-order stationarity to the second-order invariance under
a group of transforms. Some examples of interesting groups are E[X(g(uw))] = E[X (u)] 1)
given. The Cholesky factorization is applied for the synthesis of
random fields showing this generalized invariance property.

E[X(9(u))-X(9(v))] = E[X (u). X (v)] )
(Vg € G,¥(u,v) € D?)

In the classical case, wheahis the group of all translations
operating onD = R?, equation (1) implies that the mean value
functionm(u) = E[X (u)] is constant orD. In the general case,
equation (1) only implies thatn(u) = m(v) as soon as there
exists somg in G such thatv = g(u). In the sequel we shall
restrict ourselves to the case of centered processes.

1. INTRODUCTION

Random field modelling of textures is based on some invariance
property in the image, and the translation invariance of statisti-
cal features like covariance is commonly used, which leads to the
classical form of stationarity and of standard textures. The gener-
alization of this concept leads to statistical invariance (also called
homogeneity) of a random field under a group of transformations
in order to model nonstandard textures. The general formulation 3. G-ORBITS AND G-INVARIANTS
includes the group of translations in the plane as a particular case.
An early work on this subject by Yaglom can be found in [1] 3.1. Basic notions

where the spectral decomposition for second-order homogeneou roup theory concepts come up with a convenient interpretation of
random fields has been studied, the homogeneity being define;3 P y P P P

with respect to group structure. The concept of invariance of a he relation satls_ﬂed py the covanar_lce funciify, U_) =ElX (u)_'
random field under a general group composition law has also been’ (v)] of any G—invariant random field, the covariance of which
considered by Hannan [2] from a theoretical probabilistic point &0 be shown to satisfy :
of view. However, these general studies were not intended for
prctical applications. Concerning 1D signals, the special case of C(u,v) = Clg(u), 9(v)) = Clg(u,v)) ®)
multiplicative-invariant processes has raised some interest [3, 4, 5].
Concerning 2D signals, special attention to the applications of the
group theory to image processing has been paid by Lenz [6]. In
the texture modelling field, we have recently proposed [7] a model
for second-order scale-invariant random fields.

In this paper, we propose a general formulation for random
fields that are second-order invariant with respect to a group of
transformations in the plane.

Two couples(u1,v1) and(uz, v2) are said to b§—equivalent
((u1,v1) ~ (ug2,v2))ifthere exists somg € G such thafusz, v2) =
g(u1,v1). This is a true equivalence relation, the equivalence
classes of which are calle@-orbits. Thus, relation (3) implies
that the covariance function is constant on e@ebrbit.

The former abstract notion of orbit set can be turned into a
practical one by introducing the concept of invariants as follows.
A functioni(u, v), defined orD? and taking its values in some set
I, is said to bej—invariant if :

2. G-INVARIANT RANDOM FIELDS
(u,v1) ~ (u2,v2) = i(u1,v1) = i(uz,v2) 4)
A standard assumption in homogeneous image modelling is tex-
ture stationarity, which can be interpreted as stating the invariance ~ Furthermorej is said to be maximal—invariant if :
of some probabilistic features, namely the mean value and the co-
variance functions, with respect to some family of transformations (u1,v1) ~ (u2,v2) & i(ur,v1) = i(uz, v2) %)
in the plane, namely the translations in the standard case. In this ) ) ) ]
paper, we restrict ourselves to the study of second-order property ~ Itis a standard result of invariant function theory [8] that any

invariance (mean value and covariance function) with respect to 9-invariant is a function of any maximgi-invariant. The notion
of invariants leads to practical and efficient tools, which will be

This work was supported by CNET/France Telecom presented and discussed through several examples in the sequel.




3.2. Examples

Usual invariants take their values in= R%,q € N ; asD? it-
self is a subset of R the only cases of interest age= 1,2 and
3. Some illustrations will be presented in the following examples
with D = R?. Inthese examples, and in the sequel as weihdv

are pixel sites. = (z,y),v = (2, t) or vectorsy = ( ; ) ,U =

f , or complex numbers = z + iy, v = z + it, the inter-
pretation being clear from the context.
Example 1

G is the group of all translations in the plang¢) = v +
h,h € D). The following relations are equivalent to relation
(u1,v1) ~ (u2,v2) :

Jhsuchthatuz = w1 + handve = v + h (6)

U2 — UL = V2 — V1

@)
®)

Thusii(u,v) = (u — v) is a maximalG,—invariant,q = 2,
and :

U2 — V2 = U1 — V1

C(u,v) =T(u—v) 9)

which corresponds to the classical second order stationarity, with
the usual properties (among them, Hermitian symmetry and pistive-

definiteness).
Example 2

G- is the group of Euclidean motions, the group of all rota-
tions about any center in the plaf@u) = Ru+ h,h € D,R €
S0(2)). The following relations are equivalent to relatign , vy ) ~
(’u,g7 1)2) .

4. GENERALIZED TRANSLATION APPROACH

4.1. Introduction

Assume thaD itself is a group under some composition law, writ-
ten multiplicatively, as in classical stationarity, where the plane is
a group under vector translation. L&tbe the group of all (gener-
alized) translations under the composition I&w= {T',, v € D},
whereT, is defined by :
Tu(v) = u.w Yv € D (15)
Thus, the following proposition can be formulated (demon-
stration is straightforward) :
Proposition (1)Assume thatj is the group of all translations op-
erating on groupD. For a positive-definite kernel’, defined on
D?, to be the covariance function of soriestationary (centered)
random field orD, it is necessary and sufficient that there exists
some complex-valued functidn defined orD, such that :

C(u,v) =T (vil.u) (16)

4.2. Examples

Example 5
Gs, the group of all positive scale changes definedlbr=
{u=(2,9),z >0,y >0} bygas(u) = (az,by),a > 0,b> 0,

is an example of application of proposition 1. It suffices to put

foru = (z,y) andv = (z,t), v.v = (zz, yt) a7
to makeD a group and derive
Cluv) =C(@y.0) =1 (2Y) a8
from (16).
Example 6

Gs is the group of all similarities abo®. Adopting the com-
plex notation, the similarity abo@ with positive ratio\ and angle

Jh andR such thati, = Rui + handvy = Rv; +h  (10) o - ) .
« is viewed as multiplying: by z = Ae*® or being the (general-
ized) translatiorl, defined byT.(u) = zu onD = C— {O}.
J R such thatus — Rus = v2 — Rus (11) (16) is written as :
3 R such thatiz — vz = R(u1 — v1) 12) C(u,v) =T (%) or, in real notation, (19)
[[uz — v2|| = [Ju1r — vi]] (13) |ul
: N , , Clu,v) =T | 7, argu — argv (20)
the last relation holding since there always exists a rotation trans- vl

forming any vector into any other vector having the same Eu- where|z| is the modulus of.

clidean norm. Thusi(u, v) = [|u—v|| is a maximal,—invariant, Gs—stationarity can be shown to be connected with self-similarity.

g=1,and:

Clu,) =T (Jju o] (14)
which corresponds to the well known case of isotropy.
Example 3

Simple similar considerations leads fGs, the group of lin-
ear isometriegg(u) = Su, S € O(2)), to show thatC'(u,v) =
r@wm<%v>ﬁm)

Example 4

It can be shown in a similar way that f6t, the group of all
dilations with strictly positive ratidg(u) = Au + b in complex
notation,\ > 0,b € C), C(u,v) = I'(arg(u — v))

4.3. Animportant special case

An important special case is related to the situation widerthe
group of all generalized translations @ is isomorphic to some
subgroup of the group of standard translations in the plane. In
such a case, a practical way arises to prodiegtationary covari-
ance functions from the knowledge of classical stationary func-
tions. Suppose thdtD, -) is isomorphic to(Dy, +), by isomor-
phism ¢, the inverse of which ig). Let G be the group of all
generalized translations d®, -). Random fieldX defined onD

and random field” defined orD, verify :

Y (s) = X (¥(s)) or, equivalently X (u) = Y(p(u)) (21)



Thus,X is G—stationary<=- Y is stationary in the classical sense.
Moreover, ifCx (u, v) = Tx(uv™') andCy (s,t) = T'(s — t),
T'x andI'y are related by :

Iy (h) =Tx@(h)),h € DoorI'x(w) =Ty (p(w)), w 6(52)
Examples

Many of the previous examples can be dealt with using this

approach, provided a suitable isomorphism is defined. Suppose, in

the sequel of this section, thAf a complex-valued function de-
fined onDy, is associated with the covariance function of a classi-
cal stationary process y(u,v) = I'(u — v).

The following typical examples (wheve = (h1, h2)) will be
useful further for simulation of random fields :

e Separable case

Ti(h) =o?plpl2l 0<pi<1i=1,2 (23)
e |sotropic case
La(h) =0l 0<p<1 (24)
e Cyclic case
Is(h) = o2 cos hy cos hs (25)

o Self-similarity case

h

Tu(h) = — | "+ e MM 4 (€

—_h . H
5 L+ e 1—2cosh2)

(26)

A random fieldX will be G—stationary as soon as :

Cix (u,v) = D (u) — p(v)) = D(p(uv ™)

Example 7(Perspective planar transform)

Consider the perspective projection of an object surfhoato
animage plané, at focal distancg from the camera plane, where
(0, X,Y) is the camera coordinate system and (O,X,y) the image
coordinate system. The image plane is definedZby= f. In
Computer Vision, a perspective projectipis defined by the focal
length f, the distancé, the slantz and the tiltr. The slant is the

(27)

angle between the optic axis and the surface normal. The tilt is the

angle between the parallel projection of the surface normal onto
the image plane and theaxis. ¢ is the perpendicular distance to
the plane from the origi®xy 2z and f is the focal length of the
camera.

The projectionp, relates the coordinates= (z, t) of a point
in the object plane to the coordinates= (z,y) of a point in
the image plane by, = p(v) = (p1(v), p2(v)). Conversely, the
backprojection i9 ! (u) = (p7*(u),p; *(u)).

f

———(cosocosTz — sinTt—
sinoz + d cos o

z=pi(v) =

dsinosinT)

(28)
f

———(cososinTz + cos Tt—
sincz + dcoso

y=p2(v) =

dsinosinT)

(29)

The transformp is a projective transform if its determinant
satisfies:

cosocosT —sinT —dsinocosT
cososinT cosT  —dsinosinT | #0 (30)
sino 0 dcoso

The group of transforms consideréd (g7 (u), u € D) is de-
fined by:
g7(u) =pogiop(u) (31)
whereg: (v) = v + h is a translation omD.

The idea behind this construction is to represent in the plane
the G-invariance of a random field which is a projection ofa
stationary field in the object plar® The groupg- is isomorphic
to the group of translation.

Let us define, fou € R?, o(u) = (p7 ' (u),p; *(u)), where
p7t(w) andp; * (u) are the backprojection rational functions. Thus
X is Gr-stationary if and only if:

C(u,v) =T (pi ' (w) = p1 ' (v),p3 ' (u) —p3 ' (v))  (32)

5. SIMULATION RESULTS

Texture synthesis can be performed in all the previous cases using

the Cholesky factorization method [9]. L& € R™” be the
random vector corresponding to an arbitrary 1D scan of the points
of the M x M domain, of mean vectan and covariance matrix
R. Without any loss of generality, we can assume the mean to be
constant and equal to zero. Given that it is a covariance matrix,
R is symmetric and positive. IR is definite positive, it can be
factorized as :

R=LL" (33)

wherelL is a lower triangular matrix, which is known as the Cholesky
factorization. Left” = L ™' X. Using (33), it is straightforward to
obtain : .
E[YY'|=E[L'XX'L ™" =1

i.e. the random vectoY” is a white noise.

The synthesis method follows the previous steps : findnd
simulate a Gaussian random noise vedfoe R™”. The random
field desired is then given by :

(34)

X=LY (35)

On the one hand, the main advantage of this method is the fact
that the second order moments of the simulated random vactor
are exactly the theoretical ones. On the other hand, its main disad-
vantage is the heavy computational load and storage requirements
necessary to perform the Cholesky factorization df/d x M?
matrix. Practically, the simulations were limited@d x 64 pixels
texture fields.

The theoretical correlation function is needed for the simula-
tions, and we have used the functions (I'2, I's) given in the
previous section by (23), (24) and (25). Figure 1 and Figure 2
show a few examples of texture fields simulated using the method
described above. For all the groups of transforms considered, the
invariants that describe the correlation contain two parameters :
i(u,v) = (9(v) = p(u)) = (h1, ha).

For all the simulations the variance of the model was- 1.

All the fields shown in Figure 1 and Figure 2 were stretched to
fit the dynamic range of possible gray levels [0, 255]. Fordhe
and thegs cases, the coordinate zero was replaced by0.1 for



the numerical implementaion, although, theoreticallgan be as
close to zero as possible.

For the simulations of the perspective projectigh= ¢ =
M, the tilt was set ta-7/2, which means that there is no rotation
between the image coordinate system and the projected surface
coordinate system, and the slan®té rd.

The simulated fields shown exhibit characteristic visual prop-
erties related to the type of second-order invariance. In particular,
if a transformation of the considered group is applied, the aspect
of the simulated field is invariant. Except for the case whgis
the group of translations in the plane, the random fields depend on
the placement of the centre of the coordinate system, as well as on
the .?.zseltlgo_inm?;:gif ;gﬁjcstefxﬁilgirt]ea:: stgter(;sgiicfhfgrrat:tir?;?:s and Figure 1: First row : standard textures baseg on translation i_nvari-
strong directionalities. These characteristics make such models 'c¢" frorEIeft to .rlght aré(pl = P2 = 0'?.) ’c?) a(p = %’7) ’
suitable for the synthesis of anisotropic flow like textures, studied ©) Tu(H = 0’72 ' S?C?tnt r('m;wt. dgenera |z_e texiurgsg gse on
by Rao [10, 11]. In his work, Rao models anisotropic textures as lgf'mv_ar(')a?c?’ Ir‘omHe_ 007 fight df's(p1 = p2 = 0.9) ; €)

a superposition of two fields : a directional or flow field, which 2(p=07) ;N T4(H =0.7).

contains the visible geometric properties of the fields, and a textu-
ral second order stationary field. The model proposed above can
be useful for a simultaneous representation of these two aspects,
even though the formal link between the directional field observed
and the geometric properties of the second-order invariance has
not been clearly established yet.

6. CONCLUSION

In this paper, a general formulation of the random fields second-
order invariant for a group of transforms is proposed and discussed
in the light of some group theory concepts. In particular, it is
shown that the correlation function of a second-or@énvariant
random field on a spad® can be formally defined on the orbits of ~ Figure 2: From top to bottom and from left to right : first row :
D x D for the groupg. The correlation function can be therefore generalized textures based Gg-invariance, al'1(p1 = p2 =
characterized through the orbit invariant functions. The classical 0.9), center located at top left corner ; By(p = 0.7), center
examples of stationarity and isotropy fit exactly in this formula- located at(z. = 32,y. = 32) ; ¢) I'i(p1 = p2 = 0.7), center
tion. The hypothesis that generalize the classical stationarity arelocated afxz. = 32,y. = 32) ; second row : generalized textures
outlined, and the particular case of a group of transforms in the based orgs-invariance, dl'1 (p1 = p2 = 0.9), center located at
plane isomorphic to the group of translations is detailed. In this top left corner ; el'>(p = 0.7), center located gtc. = 32,y. =
particular case, the valid correlation functions foGdnvariant 32) ;) I'i(p1 = p2 = 0.7), center located &tr. = 32, y. = 32)
field are directly deduced from the valid correlation function for

the second-order stationary case.
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