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$%675$&7
:H�SURSRVH� D� JUDSK� RSWLPL]DWLRQ�PHWKRG� IRU� WKH� UHVWRUDWLRQ� RI
JUD\�VFDOH�LPDJHV��:H�FRQVLGHU�DQ�DUELWUDU\�QRLVH�PRGHO�IRU�HDFK
SL[HO� ORFDWLRQ��:H�DOVR� FRQVLGHU� D� VPRRWK� FRQVWUDLQW�ZKHUH� WKH
SRWHQWLDOV� EHWZHHQ� QHLJKERU� SL[HOV� DUH� FRQYH[� IXQFWLRQDOV��:H
VKRZ�KRZ�WR�PDS�WKLV�SUREOHP�WR�D�GLUHFWHG�IORZ�JUDSK��7KHQ��D
JOREDO�RSWLPDO�VROXWLRQ�LV�REWDLQHG�YLD�WKH�XVH�RI�WKH�PD[LPXP�
IORZ�DOJRULWKP��7KH�DOJRULWKP�UXQV�LQ�D�SRO\QRPLDO�WLPH�ZLWK�UH�
VSHFW�WR�WKH�VL]H�RI�WKH�LPDJH�

��� ,1752'8&7,21

,Q�LPDJH�UHVWRUDWLRQ��D�³WUXH´�LPDJH�LV�FRUUXSWHG�E\�QRLVH�DQG�WKH
JRDO�LV�WR�UHFRYHU�WKH�³WUXH´�LPDJH�IURP�WKH�QRLV\�RQH��7KH�PRG�
HOLQJ�QHHGV� WR� UHPRYH� WKH�QRLVH�ZLWKRXW� UHPRYLQJ� WKH� LQWHQVLW\
GLVFRQWLQXLWLHV�RI�DQ� LPDJH�� L�H���RQH�FDQ�QRW� VLPSO\� UHPRYH� WKH
KLJK�IUHTXHQF\�FRPSRQHQW�RI�WKH�LPDJH�VLJQDO��,Q�WKH�VHJPHQWD�
WLRQ�SUREOHP��RQH�VHHN�D�PDS�IURP�WKH�VHW�RI�SL[HOV�WR�D�VPDOO�VHW
RI�OHYHOV�VXFK�WKDW�HDFK�FRQQHFWHG�FRPSRQHQW�RI�WKH�VHW�RI�SL[HOV
ZLWK�WKH�VDPH�OHYHO�IRUPV�D�UHODWLYHO\�ODUJH�DQG�³PHDQLQJIXO´�UH�
JLRQ�

7KHUH�DUH�YDULRXV�DSSURDFKHV�DQG�PHWKRGV�WR�WKHVH�SUREOHPV��:H
IRFXV�RQ�D�YDULDWLRQDO�DSSURDFK��ZKHUH�IUHHGRP�LV�JLYHQ�WR�PRGHO
JHRPHWULFDO�SURSHUWLHV� WKURXJK� WKH�SRWHQWLDO� EHWZHHQ�SL[HOV��$Q
XVXDO�GLIILFXOW\�RI�YDULDWLRQDO�DSSURDFKHV�DUH�WKH�ODFN�RI�JXDUDQ�
WHHG�DQG�HIILFLHQW�PHWKRGV�WR�ILQG�WKH�VROXWLRQ�

)RU�D�FODVV�RI�FRQYH[�SRWHQWLDOV�EHWZHHQ�QHLJKERU�SL[HOV�DQG�DU�
ELWUDU\�QRLVH�PRGHO�DW�HDFK�SL[HO�ORFDWLRQ��ZH�VWXG\�D�JXDUDQWHHG
DQG� HIILFLHQW� DOJRULWKP�� 7KH� LGHD� LV� WR� PDS� WKH� SUREOHP� WR� D
PLQLPXP�FXW�SUREOHP�RQ�D�GLUHFWHG�JUDSK��ZKLFK�FDQ�EH�VROYHG
JOREDOO\�LQ�D�SRO\QRPLDO�WLPH�ZLWK�D�PD[LPXP�IORZ�DOJRULWKP�

���� %DFNJURXQG

$�YDULDWLRQDO�IUDPHZRUN�IRU�LPDJH�UHVWRUDWLRQ�DQG�VHJPHQWDWLRQ
WKDW�ILUVW�FOHDUO\�DGGUHVV�WKH�SUREOHP�RI�UHPRYLQJ�WKH�QRLVH�SUH�
VHUYLQJ�WKH�GLVFRQWLQXLWLHV�LV�JLYHQ�E\�%ODNH�DQG�=LVVHUPDQ�>�@�
DQG�*HPDQ�DQG�*HPDQ�>�@�

$� OLPLWDWLRQ�ZLWK�ERWK�ZRUN� LV� WKH� ODFN� RI� JXDUDQWHHG� DQG� HIIL�
FLHQW� RSWLPL]DWLRQ�PHWKRG�� ,Q� >�@� WKH\� XVHG� WKH� JXDUDQWHHG� EXW
YHU\�VORZ�VLPXODWHG�DQQHDOLQJ�PHWKRG�ZKLOH�LQ�>�@�WKH\�XVHG�WKH
YHU\� VORZ� �DQG� QRW� JXDUDQWHHG��*1&�PHWKRG��9DULRXV�ZRUN� WR

VSHHG�XS� WKHVH�FRPSXWDWLRQV��H�J��� >�@�DQG�UHODWHG�(0�PHWKRGV�
ODFNHG�JXDUDQWHHG�PHWKRGV�

)RU�ELQDU\� LPDJHV��*UHLJ��3RUWHRXV��DQG�6HKHXOW� >�@>��@�� VWXG\�
LQJ� WKH� *HPDQ� DQG� *HPDQ
V� PRGHO�� SURYLGHG� DQ� HIILFLHQW� DQG
RSWLPDO� VROXWLRQ� EDVHG� RQ� WKH� PD[LPXP� IORZ� DOJRULWKP�� 7KH\
FRPSDUHG�H[SHULPHQWDOO\� WKH� WZR�PHWKRGV� �VLPXODWHG� DQQHDOLQJ
YHUVXV� WKH�PD[LPXP�IORZ�DOJRULWKP�� WR� FRQFOXGH� WKDW� WKH�JXDU�
DQWHHG�PHWKRG�ZHUH� FDSDEOH� RI� DFKLHYLQJ� EHWWHU� LPDJH� UHVWRUD�
WLRQ�� ,Q� SDUWLFXODU� WKH\� QRWLFHG� WKDW� WKH� VLPXODWHG� DQQHDOLQJ
PHWKRG�WHQGHG�WR�RYHU�VPRRWK�WKH�QRLV\�LPDJH�

,Q�RUGHU�WR�H[WHQG�WKLV�ZRUN�WR�JUD\�VFDOH�LPDJHV��PRUH�WKDQ�WZR
OHYHOV���)HUUDUL��)ULJHVVL��DQG�GH�6i�>�@�KDYH�VKRZQ�WKDW�IRU�DUEL�
WUDU\�SRWHQWLDO�WKLV�SUREOHP�LV�LQ�JHQHUDO�13�KDUG�

0RUH� UHFHQWO\�� 5R\� DQG� &R[� >��@� KDYH� FRQVLGHUHG� WKH� XVH� RI
QHWZRUN�IORZ� DOJRULWKPV� �LQ� DQ� XQGLUHFWHG� JUDSK�� IRU� FRPSXWHU
VWHUHR�YLVLRQ�PDWFKLQJ��%R\NRY��9HNVOH�� DQG�=DELK� >�@� XVHG� DQ
DSSUR[LPDWH�PXOWLZD\�FXW�DOJRULWKP��LQ�DQ�XQGLUHFWHG�JUDSK�� WR
VROYH� LW� DSSUR[LPDWHO\� IRU� D� VSHFLILF� W\SH� RI� SRWHQWLDO� IXQFWLRQ
WKDW� PRGHOV� GLVFRQWLQXLWLHV�� 7KH� DXWKRUV� >��@>��@� KDYH� LQWUR�
GXFHG� WKH� XVH� RI� D� GLUHFWHG� JUDSK�PD[LPXP�IORZ� IRU� ELQRFXODU
V\PPHWULF�VWHUHR�DQG�VWXGLHG�LPDJH�VHJPHQWDWLRQ�XVLQJ�QHWZRUN
IORZ�DOJRULWKPV�

+HUH�ZH�IRFXV�RQ� WKH� LPDJH� UHVWRUDWLRQ�SUREOHP��FOHDUO\� VWDWLQJ
WKH�VHW�RI�SRWHQWLDOV�ZKHUH�WKH�PD[LPXP�IORZ�DOJRULWKP�LQ�D�GL�
UHFWHG�JUDSK�FDQ�EH�DSSOLHG��:H�VKRZ�WKH�H[SHULPHQWDO�YDOXH�RI
WKLV�DSSURDFK�

��� ,0$*(�5(6725$7,21

/HW�WKH�LQSXW�J�WR�EH�DQ�LPDJH�FRUUXSWHG�E\�QRLVH��:H�FDQ�W\SL�
FDOO\�UDVWHU�VFDQ�DQ�LPDJH�DQG�VR�J�LV�UHSUHVHQWHG�E\�D�YHFWRU�LQ
DQ�1��GLPHQVLRQDO�YHFWRU�VSDFH��IRU�D�VTXDUH�LPDJH�RI�VL]H�1�1��
7KHQ��J

N
��N� ��¡��1���UHSUHVHQWV�WKH�JUD\�VFDOH�YDOXH�DW�SL[HO�N�

7KH�YDULDWLRQDO� IRUPXODWLRQ�RI� LPDJH�UHVWRUDWLRQ� WULHV� WR� ILQG�DQ
RXWSXW�LPDJH�I�WKDW�PLQLPL]HV�WKH�HQHUJ\�
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ZKHUH�*�LV�DQ�DUELWUDU\�QRLVH�PRGHO�IXQFWLRQ�DQG�)�LV�D�SRWHQWLDO�
7KH�UROH�RI�)�LV�WR�HQFRXUDJH�WKH�RXWSXW�I �WR�EH�VPRRWK��UHPRYLQJ
QRLVH�� +RZHYHU�� LPDJH� GLVFRQWLQXLWLHV� QHHG� WR� EH� SUHVHUYHG�



7KHUHIRUH��YHU\� ODUJH�JUDGLHQW�RI� I� VKRXOG�QRW�EH�SHQDOL]HG��)RU
RXU�PHWKRG� WR� EH� DSSOLFDEOH��)� PXVW� EH� D� FRQYH[� IXQFWLRQ�� DV
GLVFXVVHG�LQ�VHFWLRQ����$PRQJ�FRQYH[�IXQFWLRQV��WKH�OLQHDU�IXQF�
WLRQ� RQ� WKH�PDJQLWXGH� RI� WKH� FKDQJH� �L�H���) �[ � m _[ _ �� LV�PRVW
SUHIHUDEOH�DV�LW�OHDVW�SHQDOL]HV�ODUJH�GLVFRQWLQXLWLHV�

��� *5$3+�)2508/$7,21

,Q� WKLV� VHFWLRQ�� ZH� H[SODLQ� WKH� VHJPHQWDWLRQ� DVVLJQPHQW� DUFKL�
WHFWXUH� WKDW� XWLOL]HV� WKH� PD[LPXP�IORZ� DOJRULWKP� WR� REWDLQ� WKH
JOREDOO\�RSWLPDO�DVVLJQPHQW��ZLWK�UHVSHFW� WR� WKH�HQHUJ\� �����:H
DVVXPH�WKH�JUD\�VFDOH�YDOXH�UDQJHV�IURP���WR�����

���� 7KH�'LUHFWHG�*UDSK

:H� GHYLVH� D� GLUHFWHG� JUDSK� DQG� OHW� D� FXW� UHSUHVHQW� WKH� RXWSXW
IXQFWLRQ��Na I

N
�VR�WKDW�WKH�PLQLPXP�FXW�FRUUHVSRQGV�WR�WKH�RS�

WLPDO�RXWSXW��/HW�M�EH�WKH�VHW�RI�DOO�SRVVLEOH�ORFDO�YDOXH��RU�K\�
SRWKHVLV��L�H��

M ={�P�N��_�P³^����������`��N³^�������1�``�
:H�GHILQH�D�GLUHFWHG�JUDSK� ��� (9* = �DV�IROORZV�

9 ={XPN�_��P��N�³�M`­^V� W`

( = �('­(&­(3�

,Q�DGGLWLRQ�WR�WKH�VRXUFH�V�DQG�WKH�VLQN�W��WKH�JUDSK�KDV�D�YHUWH[
XPN�IRU�HDFK�K\SRWKHVLV��P��N�³M��7KH�VHW�(�RI�HGJHV�LV�GLYLGHG
LQWR� VXEVHWV�('��(&�� DQG�(3�� HDFK�RQH� KDYLQJ� D� FDSDFLW\�ZLWK� D
SUHFLVH�PHDQLQJ�LQ�WHUPV�RI�WKH�PRGHO������ZKLFK�ZH�ZLOO�H[SODLQ
LQ�WKH�IROORZLQJ�VXEVHFWLRQV�

:H� GHQRWH� D� GLUHFWHG� HGJH� IURP� YHUWH[� X� WR� YHUWH[� Y� DV� �X�Y��
(DFK�HGJH��X�Y��KDV�D�QRQQHJDWLYH�FDSDFLW\�F�X�Y���$�FXW�RI�*�LV�D
SDUWLWLRQ�RI�9�LQWR�6�DQG�7�= 9�?�6�VXFK�WKDW�V�³�6�DQG�W�³�7��VHH
)LJXUH�����:H�PHDQ�E\�D�FXW�RI�DQ�HGJH��X�Y��WKDW�X�³�6�DQG�Y�³�7�

7KLV�LV�WKH�RQO\�FDVH�WKDW�WKH�FRVW�F�X�Y��RI�WKH�HGJH�FRQWULEXWHV�WR
WKH�WRWDO�FRVW�SX�³�6��Y�³�7�F�X�Y���:H�QRWH�WKDW�LI�WKH�FXW�LV�WKURXJK
WKH�HGJH��X�Y��ZLWK�X� ³�7� DQG�Y� ³�6�� WKH�FRVW� LV�F�Y�X���ZKLFK� LQ
JHQHUDO�LV�GLIIHUHQW�IURP�F�X�Y���,W�LV�ZHOO�NQRZQ�WKDW�E\�VROYLQJ�D
PD[LPXP�IORZ�SUREOHP�RQH�FDQ�REWDLQ�D�PLQLPXP�FXW��D�FXW�WKDW
PLQLPL]HV� WKH� WRWDO�FRVW�RYHU�DOO�FXWV�� �6HH� >�@���%HFDXVH�RI� WKH
ZD\�ZH�GHILQH�WKH�FDSDFLW\�RI�HDFK�HGJH��WKH�UHVXOWLQJ�PLQLPXP
FXW�H[DFWO\�UHSUHVHQWV�WKH�RXWSXW�LPDJH�WKDW�PLQLPL]HV�WKH�HQHUJ\
�����7R�VHH�WKLV��OHW�XV�QRZ�DQDO\]H�WKH�GLIIHUHQW�VHW�RI�HGJHV�('�
(&��DQG�(3�

���� 'DWD�(GJHV

)URP� HDFK� YHUWH[� XPN�� WKHUH� LV� RQH� RXWJRLQJ� GDWD� HGJH�
�XPN�XP�N����� LI� N� �� ����� RU� �XPN� W�� RWKHUZLVH�� ,W� KDV� D� FDSDFLW\
*�P - J

N
���7KXV��WKH�FDSDFLWLHV�DVVRFLDWHG�WR�WKHVH�HGJHV�FRQWULE�

XWH�WR�DFFRXQW�IRU�WKH�ILUVW�WHUP�RI������:H�GHQRWH�WKH�VHW�RI�GDWD
HGJHV�E\�('��,I�D�GDWD�HGJH�RULJLQDWLQJ�IURP�XPN�LV�FXW��ZH�LQWHU�
SUHW�WKDW�WKH�RXWSXW�IXQFWLRQ�I �KDV�JUD\�VFDOH�YDOXH�P�DW�SL[HO�N�
)LJXUH���VKRZV�WKH�QRGHV�DQG�GDWD�HGJHV��7KH�FXW�VKRZQ�UHSUH�
VHQWV�WKH�RXWSXW�LPDJH�YDOXH�I�=���I�=���I�=���I�=���I1�

-�=���DQG
I
1

�=���$OVR��HGJHV��V��X�N��DUH�DGGHG�IRU�DOO�N�ZLWK�DQ�LQILQLWH�FD�
SDFLW\��1RWH�WKHVH�HGJHV�DUH�DFWXDOO\�XQQHFHVVDU\�DQG�V�DQG�ILUVW
OD\HU�YHUWLFHV�^X�N� _�N� ���¡�1 �`�FDQ�EH�PHUJHG� WR�RQH�YHUWH[�
EXW�IRU�FODULW\�DUH�VKRZQ�WKXV�

���� 3HQDOW\�(GJHV

3HQDOW\�HGJHV�DUH�GHILQHG�DV

)LJXUH� ��� $� GLUHFWHG� JUDSK�� $� FXW� RI� WKH� JUDSK� FDQ� EH
WKRXJKW�RI�DV�D�VXUIDFH�WKDW�VHSDUDWHV�WKH�WZR�SDUWV��7KH�RS�
WLPDO�FXW�LV�WKH�RQH�WKDW�PLQLPL]HV�WKH�VXP�RI�WKH�FDSDFLWLHV
DVVRFLDWHG� WR� WKH� FXW� HGJHV�� (DFK� QRGH� KDV� VL[� RXWJRLQJ
HGJHV��H[FHSW�IRU�ERXQGDU\��
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)LJXUH����'DWD�HGJHV�DUH�GHSLFWHG�DV�EODFN�DUURZV��7KH�FXW
KHUH� UHSUHVHQWV� WKH� RXWSXW� LPDJH� YDOXH� I�=��� I�=��� I�=��
I�=��� I1�

-�=��� DQG� I1�=���3HQDOW\� HGJHV� DUH� UHSUHVHQWHG� E\
JUD\�DUURZV��%\�FURVVLQJ�FRQVHFXWLYH�SHQDOW\�FDSDFLWLHV�� WKH
FRVW� LV� DGGHG� OLQHDUO\�� DFFRXQWLQJ� IRU� WKH� IXQFWLRQ�)�[� _[_�
&RQVWUDLQW�HGJHV�DUH�GHSLFWHG�DV�GRWWHG�DUURZV��7KH\�HQVXUH
WKDW�WKH�FXW�UHSUHVHQWV�D�IXQFWLRQ��7KHVH�HGJHV�FDQQRW�EH�FXW�
SUHYHQWLQJ�WKH�FXW�IURP�³JRLQJ�EDFN�´



(3�={�XPN��XPM��_��P��N�³M��M³1N`
7KHVH� HGJHV� DUH� IRU� SD\LQJ� IRU� GLVFRQWLQXLWLHV� �UHJLRQ� ERXQGD�
ULHV��� (GJHV� LQ�(3� DUH� FXW�ZKHQHYHU� D� FKDQJH� LQ� WKH� JUD\�VFDOH
YDOXH�RFFXUV��)RU�LQVWDQFH��LI�WKH�RXWSXW�LPDJH�KDV�D�JUD\�YDOXH�D
DW�SL[HO�N�DQG�D ���DW�SL[HO�N ����WZR�HGJHV�ZLOO�EH�FXW��QDPHO\
�X�D����N���� Y�D���N��DQG� �X�D����N���� Y�D���N���:H�VHW� WKH� FDSDFLW\� WR
EH�VRPH�FRQVWDQW�YDOXH��%\�FURVVLQJ�FRQVHFXWLYH�SHQDOW\�FDSDFL�
WLHV� WKH�FRVW� LV�DGGHG�OLQHDUO\��\LHOGLQJ�D�FRVW�IXQFWLRQ�)�[�= _[_�
:KLOH�ZH� KDYH� XVHG� D� VLPSOH� FRQQHFWLYLW\� DQG� FDSDFLW\� VHWWLQJ
KHUH��ZH�FRXOG�VHHN�PRUH�JHQHUDO�FRQQHFWLYLW\�RI�WKH�IRUP

(3�={�XPN��XOM��_��P��N����O��M�³M��M³1N`�
ZLWK�DUELWUDU\�FDSDFLW\�

%\�VHWWLQJ�WKH�FDSDFLW\�IRU� WKHVH�HGJHV��ZH�FRQWURO� WKH�SRWHQWLDO
IXQFWLRQ�)�[� �EHWZHHQ�OHYHOV��:H�SURYH�LQ� WKH�QH[W�VHFWLRQ�WKDW
IRU� DQ\� JHQHUDO� IRUP� RI� FRQQHFWLYLW\� JUDSK�� ZKHUH� PD[LPXP�
IORZ�FDQ�EH�DSSOLHG��WKH�HGJH�SHQDOW\�PXVW�\LHOG�FRQYH[�SRWHQWLDO
IXQFWLRQ� )�[� �� 7KLV� IROORZV� IURP� WKH� UHTXLUHPHQW� WKDW� WKH� FD�
SDFLWLHV�PXVW�EH�QRQQHJDWLYH��&RQYHUVHO\�� LW� FDQ� EH� VKRZQ� WKDW
DQ\�FRQYH[�IXQFWLRQ�)�[� �FDQ�EH�XVHG�

���� &RQVWUDLQW�(GJHV

&RQVWUDLQW� HGJHV� HQVXUH� WKDW� WKH� FXW� H[SUHVVHV� D� IXQFWLRQ�� L�H��
WKDW�HDFK�SL[HO�LV�DVVLJQHG�RQO\�RQH�JUD\�VFDOH�YDOXH�

(&�={�XPN��X�P-��N��_��P��N�³M��P�!��`
7KH�FDSDFLW\�RI�HDFK�FRQVWUDLQW�HGJH�LV�VHW�WR�LQILQLW\��7KHUHIRUH�
DQ\�FXW�ZLWK�D�ILQLWH�WRWDO�IORZ�FDQQRW�FXW�WKHVH�HGJHV��1RWH�WKDW�
EHFDXVH� WKH� HGJHV� KDYH� GLUHFWLRQV�� D� FRQVWUDLQW� HGJH� SUHYHQWV
RQO\�RQH�RI�WZR�ZD\V�WR�FXW� WKHP��,Q�)LJXUH����FRQVWUDLQW�HGJHV
DUH�GHSLFWHG�DV�GDVKHG�DUURZV��DQG�QRQH�LV�FXW�

��� $'0,66,%/(�327(17,$/

6LQFH�D�PD[LPXP�IORZ�DOJRULWKP�UXQV�LQ�D�SRO\QRPLDO�WLPH��WKH
IRUPXODWLRQ�JLYHV�D�PHWKRG�WR�ILQG�D�JOREDO�PLQLPXP�RI�HQHUJ\
�����<HW�WKH�HQHUJ\�����LV�LQ�JHQHUDO�13�KDUG��$V�RQH�ZRXOG�H[�
SHFW�IURP�WKLV�IDFW��WKH�IRUPXODWLRQ�KDV�D�OLPLWDWLRQ�RQ�WKH�SRWHQ�
WLDO�)�[��

7KH�SRWHQWLDO�IXQFWLRQ�)�[��PXVW�EH�FRQYH[�

3URRI��(DFK�QRGH�XPN�FDQ�LQ�JHQHUDO�KDYH�DV�D�QHLJKERU�DQ\�QRGH
LQ�FROXPQ�RYHU�D�QHLJKERULQJ�SL[HO��L�H��

F �XPN��XOM������Ã��M³1N

7KH� SRWHQWLDO� IXQFWLRQ� )�[��� DW� SL[HO� N�� LV� WKH� UHVXOW� RI� D� FXW
WKURXJK� YDULRXV� HGJHV� EULGJLQJ� QRGHV� XPN� DQG� XOM�� ZKHUH� M³1N�
/HW�XV�IRFXV�RQ�WKH�EULGJH�EHWZHHQ�SL[HO�N�DQG�M��,Q�WKH�GLUHFWHG
JUDSK�� WKLV�FXW� JRHV� WKURXJK�D� FROXPQ�RI�K\SRWKHVHV� VHSDUDWLQJ
WKHVH�WZR�SL[HOV�N�DQG�M��*LYHQ�WKH�JUD\�VFDOH�YDOXH�FKDQJH�IURP
P�DW�SL[HO�N�WR�O�DW�SL[HO�M��ZH�KDYH�WKH�FRVW�DV�IROORZV�
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ZKHUH�0�LV�WKH�PD[LPXP�JUD\�VFDOH�YDOXH��7KH�SRWHQWLDO�GHSHQGV
RQO\� RQ� WKH� GLIIHUHQFH� RI� P� DQG� O�� +HQFH� ZH� KDYH
)�[� ���

a
P[P) -= ��VHWWLQJ�[  P - O�

7R�VKRZ�WKH�VHFRQG�GHULYDWLYH�RI�)�[��LV�QRQ�QHJDWLYH��ZH�WDNH
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ZKHUH�ZH�XVHG�WKH�LQYDULDQFH�RI�)�XQGHU�D�WUDQVODWLRQ�RI�P�DQG�O
ZLWK�[  P - O�IL[HG��$IWHU�XVLQJ�����DQG�VLPSOLI\LQJ�WKH�VXPPD�
WLRQ��ZH�JHW
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