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Lq ydulrxv gdwd dssolfdwlrqv/ rqh lv frqiurqwhg zlwk
wkh wdvn ri= +l1, �qglqj d ehvw dssur{lpdwh vroxwlrq
wr d v|vwhp ri ryhughwhuplqhg olqhdu htxdwlrqv/ ru/
+ll1, �qglqj d ehvw udqn t dssur{lpdwlrq ri d pd0
wul{1 Lq vroylqj hlwkhu sureohp/ d vxp ri vtxduhg
huuruv fulwhulrq lv doprvw dozd|v lqyrnhg zkhq gh0
whuplqlqj wkh ehvw vroxwlrq1 Lq pdq| dssolfdwlrqv/
krzhyhu/ lw lv suhihudeoh wr �qg d vroxwlrq lq zklfk
wkh vxp ri htxdwlrq huuru pdjqlwxghv lv plqlpl}hg
+l1h1/ d plqlpxp c� qrup,1 Wklv lv wuxh iru fdvhv
lq zklfk wkh gdwd xqghu dqdo|vlv frqwdlqv rxwolhuv1
Xqiruwxqdwho|/ wkhuh grhv qrw h{lvw d forvhg irup vr0
oxwlrq iru wkh plqlpxp vxp ri htxdwlrq huuru pdj0
qlwxgh fulwhulrq1 Rqh pxvw wkhuhiruh uhvruw wr dojr0
ulwkplf surfhgxuhv iru lwhudwlyho| �qglqj vxfk d vr0
oxwlrq1 H�flhqw dojrulwkplf surfhgxuhv iru vroylqj
vroxwlrq hlwkhu ri wkh sureohpv srvhg deryh edvhg
duh suhvhqwhg dqg duh looxvwudwhg e| sudfwlfdo h{dp0
sohv1

� W�A+�#N�AW��

Pdq| sureohpv lq gljlwdo vljqdo surfhvvlqj fdq eh
irupxodwhg dv wkdw ri �qglqj d ehvw dssur{lpdwh vr0
oxwlrq wr d v|vwhp ri ryhu0ghwhuplqhg olqhdu htxd0
wlrqv1 Wklv lv wuxh lq vxfk dssolfdwlrqv dv olqhdu
suhglfwlrq/ gluhfwlrq �qglqj/ h{srqhqwldo prgholqj/
dqg/ lpdjh surfhvvlqj1 Wklv jhqhulf sureohp fdq eh
irupxodwhg dv
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zkhuh yhfwru | 5 U� dqg pdwul{ D 5 U�f� duh
jlyhq1 Lw lv wkhq ghvluhg wr vhohfw wkh sdudphwhu yhf0
wru { 5 U� vr dv wr pdnh wkh dvvrfldwhgprgho huuru
yhfwru � 5 U� dv forvh wr wkh }hur yhfwru dv srvvl0
eoh1 Dv d phdvxuh ri ehvw dssur{lpdwh vroxwlrq/ zh
vkdoo lqyrnh wkh cR qrup ri d yhfwru dqg pdwul{1
Vshfl�fdoo|/ wkh cR qrup ri wkh P � Q pdwul{ D
zlwk hohphqwv d6? lv gh�qhg wr eh
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Wklv pdwul{ vl}h phdvxuh vdwlv�hv wkh d{lrpv ri d
qrup vr orqj dv wkh qrup lqgh{ lv frqvwudlqhg e|
s � 41 Ixuwkhupruh/ lw lv dssolfdeoh wr urz yhfwruv
zkhuh P @ 4 dqg wr froxpq yhfwruv zkhuh Q @ 4 1

Wkhuh duh d ydulhw| ri phwkrgv iru rewdlqlqj wkh
ehvw dssur{lpdwh vroxwlrq ri wkh v|vwhp ri olqhdu
htxdwlrqv +4, lq wkh cR qrup vhqvh1 Wkhuh duh wzr
dssurdfkhv zklfk zloo eh frqvlghuhg lq wklv sdshu1
Wkh �uvw phwkrg lqyroyhv wkh wudglwlrqdo dssurdfk
ri vhohfwlqj wkh sdudphwhu yhfwru { vr dv wr plqlpl}h
wkh cR qrup ri wkh prgho huuru yhfwru �/ wkdw lv

Fulwhulrq 4= plq
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n|�D{nR +6,

Ohw dq rswlpdo vhohfwlrq eh ghvljqdwhg e| {J zklfk
pd| ru pd| qrw eh xqltxh ghshqglqj rq wkh udqn ri
pdwul{ D dqg wkh fkrlfh ri wkh qrup lqgh{ s1 Wkh
qdwxuh ri dq rswlpdo vroxwlrq lv yhu| pxfk ghshq0
ghqw rq wkh ydoxh dvvljqhg wr s dqg wkh gdwd dqdo|vw
pxvw eh dzduh ri wklv idfwru1

Lq wkh vhfrqg phwkrg iru dssur{lpdwlqj d vroxwlrq
wr d v|vwhp ri ryhu0ghwhuplqhg olqhdu htxdwlrqv/ d

4



ohvv gluhfw dssurdfk lq wdnhq lq zklfk d uhgxfhg
udqn t ? P dssur{lpdwlrq ri dq dxjphqwhg pdwul{
lv ghwhuplqhg/ wkdw lv

Fulwhulrq 5= plq
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Rqfh dq rswlpxp uhgxfhg udqn dxjphqwhg pdwul{
lv ghwhuplqhg/ lw lv wkhq sduwlwlrqhg dv DJ @ ^

|J
111DJ`1 Vlqfh wkh froxpqv ri wkh uhgxfhg udqn dxj0

phqwhg pdwul{ dssur{lpdwlrq duh olqhduo| ghshq0
ghqw/ lw iroorzv wkdw wkh uhgxfhg udqn v|vwhp ri olq0
hdu htxdwlrqv |J @ DJ{ lv jxdudqwhhg wr kdyh d
vroxwlrq1 Vshfl�fdoo|/ dq| yhfwru zkrvh �uvw frp0
srqhqw lv rqh zloo eh d vroxwlrq/ wkdw lv%
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Li wkh qxoo vsdfh ri pdwul{ DJlv rqh dqg d edvlv
yhfwru iru wkh qxoo vsdfh kdv d qrq}hur �uvw frp0
srqhqw/ wkhq wkhlu zloo eh d xqltxh vroxwlrq ri wklv
irup1 Rq wkh rwkhu kdqg/ li wklv qxoo vsdfh kdv
glphqvlrq juhdwhu wkdq rqh wkhq wkhuh zloo dozd|v
h{lvw dq lq�qlwh qxpehu ri vroxwlrqv1 Wkh gdwd dqd0
o|vw vkrxog shuirup d suholplqdu| h{shulphqwdwlrq
wr ghwhuplqh zkhwkhu wkh �uvw ru vhfrqg phwkrg lv
pruh h�hfwlyh iru wkh sureohp ehlqj frqvlghuhg1
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Wkh qrup lqgh{ lv w|slfdoo| wdnhq wr eh wkh ohdvw
vtxduhg huuru vhohfwlrq s @ 5 vlqfh vxfk d fkrlfh
ohdgv wr d frqyhqlhqw vroxwlrq iru hlwkhu ri wkhvh wzr
plqlpl}dwlrq sureohpv1 Wklv ghvludeoh dwwulexwh lv
exwwuhvvhg e| wkh idfw wkdw wkh c2 fkrlfh riwhq ohdgv
wr dffhswdeoh prgholqj uhvxowv1 Lw lv iru wkhvh wzr
uhdvrqv wkdw wkh gdwd dqdo|vw lqvwlqfwlyho| dsshdov
wr wkh c2 fulwhulrq iru �qglqj d ehvw dssur{lpdwh
vroxwlrq1 Lw lv zhoo nqrzq wkdw d vhohfwlrq ri wkh
sdudphwhu yhfwru wr plqlpl}h fulwhulrq +6, iru s @ 5
lv jlyhq e|

Vroxwlrq 4= { @D_| +9,

zkhuh D_ 5 U�f� ghvljqdwhv wkh Prruh0Shqurvh
svhxgr lqyhuvh ri pdwul{ D1 Zkhq pdwul{ D kdv ixoo
froxpq udqn Q / wkh Prruh0Shqurvh svhxgr pdwul{
lv vshfl�hg e| D_ @ ^DAD`3�DA dqg lq wklv fdvh
wkhuh zloo eh d xqltxh vroxwlrq1

Lq vroylqj wkh vhfrqg plqlpl}dwlrq sureohp +7,/
wkh vlqjxodu ydoxh ghfrpsrvlwlrq +VYG, ri wkh dxj0
phqwhg pdwul{ lv �uvw ghwhuplqhg/ wkdw lv
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zkhuh u ghqrwhv wkh udqn ri wkh dxjphqwhg pd0
wul{1 Lq wklv VYG ghfrpsrvlwlrq/ wkh srvlwlyh vlq0
jxodu ydoxhv �& duh rughuhg lq wkh vwdqgdug prqr0
wrqlfdoo| qrq0lqfuhdvlqj idvklrq +l1h1/ �& � �&n�,/
wkh ohiw vlqjxodu yhfwruv ix&j duh ruwkrqrupdo yhf0
wruv +l1h1/ xA& x6 @ �+n �p,, lq U� dqg wkh uljkw
vlqjxodu yhfwruv iy&j duh ruwkrqrupdo yhfwruv +l1h1/
yA& y6 @ �+n �p,, lq U�n�1 Wkh vroxwlrq wr plql0
pl}dwlrq sureohp +7, lv vlpso| rewdlqhg e| wuxqfdw0
lqj wklv VYG ghfrpsrvlwlrq wr wkh t rxwhu surgxfwv
dvvrfldwhg zlwk wkh odujhvw vlqjxodu ydoxhv/ wkdw lv
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Zh pd| wkhq dsshdo wr uhodwlrqvkls +8, wr rewdlq
dq dssur{lpdwh vroxwlrq1
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Dowkrxjk wkh c2 edvhg prgholqj sureohp kdv wkh
xvhixo dwwulexwh ri kdylqj d forvhg irup vroxwlrq/ lw
fdq ohdg wr xqghvludeoh prgholqj uhvxowv zkhq wkh
gdwd ehlqj dqdo|}hg srvvhvvhv d ihz gdwd rxwolhuv1
D gdwd rxwolhu lv d gdwd srlqw wkdw grhv qrw uhsuh0
vhqw wkh jhqhudo wuhqg ri wkh gdwd1 Gdwd rxwolhuv fdq
dulvh iurp edg gdwd srlqw uhfruglqjv ru iurp hqyl0
urqphqwdo qrlvh1 Zkdwhyhu wkh fdvh/ wkhvh rxwolhuv
fdq kdyh d gudpdwlf qhjdwlyh lpsdfw rq wkh uhvxo0
wdqw rswlpxp sdudphwhu yhfwru gxh wr wkh vtxduhg
huuru zhljkwlqj xvhg lq c2 edvhg prgholqj 1 Zkhq
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lw lv vxvshfwhg wkdw wkh gdwd ehlqj dqdo|}hg frq0
wdlqv gdwd rxwolhuv/ lw lv xvhixo wr xvh fulwhuld wkdw
duh qrw dv vxvshfwdeoh wr d ihz gdwd rxwolhuv1 Wkh
c� qrup lv vxfk d fulwhulrq vlqfh lw rqo| zhljkwv wkh
pdjqlwxgh ri wkh huuru lqvwhdg ri lwv vtxduh1

Wr looxvwudwh wkh h�hfw ri gdwd rxwolhuv/ ohw xv
frqvlghu wkh fdvh ri olqhdu gdwd zklfk lv frqwdpl0
qdwhg e| dgglwlyh Jdxvvldq qrlvh dv zhoo dv frqwdlq0
lqj wzr gdwd rxwolhuv1 Lw lv qrz ghvluhg wr xqfryhu
wkh olqhdu wuhqg lq wkh qrlvh frqwdplqdwhg gdwd vhw
|+�,> |+5�,> � � � > |+Q�, zkhuh � ghqrwhv wkh lq0
whuydo ehwzhhq gdwd srlqwv1 Xvlqj wkh olqhdu gdwd
prgho |� +q, @ q�.e zkhuh � dqg e ghvljqdwh wkh
vorsh dqg |0d{lv lqwhufhsw ri wkh olqh/ d yhfwru uhsuh0
vhqwdwlrq ri wkh prgholqj huuru �+q, @ |+q,�|� +q,
iru q @ 4> 5> � � � >Q uhvxowv lq wkh iroorzlqj ryhu0
ghwhuplqhg v|vwhp ri olqhdu htxdwlrqv5
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Li wkh rswlpdo vorsh dqg |0d{lv lqwhufhsw sdudphwhuv
duh vhohfwhg vr dv wr plqlpl}h fulwhulrq +6, iru d
plqlpxp vxp ri huuru pdjqlwxghv +l1h1/ s @ 4, ru d
plqlpxp vxp ri vtxduh huuruv +l1h1/ s @ 5, fkrlfh/
wkh uhvxowdqw rswlpdo c� dqg c2 olqh �wv duh vkrzq
lq Iljxuh 41 Lw lv dssduhqw wkdw wkh ehvw c2 olqh
�w lv edgo| vnhzhg e| wkh wzr gdwd rxwolhuv zkloh
wkh ehvw c� olqh �w lv uhodwlyho| xqd�hfwhg e| gdwd
rxwolhuv dqg forvho| dssur{lpdwhv wkh pdmrulw| ri
gdwd srlqwv1 Wklv ehkdylru lv fkdudfwhulvwlf ri wkh
c� qrup fulwhulrq dqg lw frqvwlwxwhv d xvhixo wrro
zkhq d ihz gdwd rxwolhuv duh suhvhqw lq wkh gdwd
xqghu dqdo|vlv1

Zlwk wkh deryh wkrxjkwv lq plqg/ zh vkdoo qrz
surylgh vrph zhoo0nqrzq wkhruhpv fkdudfwhul}lqj c�
vroxwlrqv wr sureohp +6, zlwk s @ 41 Wkh iroorz0
lqj zhoo0nqrzq ixqgdphqwdo wkhruhp ghvfulehv wkh
plqlpxp c� qrup vroxwlrq wr d v|vwhp ri P olqhdu
htxdwlrqv lq Q xqnqrzqv1

Wkhruhp 4 Ohw wkhuh eh jlyhq wkh froxpq yhfwru
| 5 U�f�dqg pdwul{ D 5 U�f� zklfk kdv ixoo fro0
xpq udqn Q 1 Ixuwkhupruh/ ohw dq| vxevhw ri Q urzv
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Iljxuh 4= Ehvw c� dqg c2 olqh �wv wr dgglwlyh qrlvh
frqwdplqdwhg olqhdu gdwd1

ri pdwul{ D eh olqhduo| lqghshqghqw1 Lw wkhq iroorzv
wkdw wkhuh h{lvwv d plqlpxp c� qrup dssur{lpdwh
vroxwlrq {J
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vxfk wkdw wkh dvvrfldwhg huuru yhfwru hJ@ |�D{J
kdv dw ohdvw Q ri lwv hohphqwv htxdo wr }hur1

Frqfhswxdoo|/ dq rswlpxp c� qrup vroxwlrq fdq eh
rewdlqhg e| gluhfwo| vroylqj hdfk vxevhw ri Q olq0
hdu htxdwlrqv iurp wkh ruljlqdo v|vwhp ri P olq0
hdu htxdwlrqv1 Hdfk vxfk vroxwlrq { lv fdoohg dq
h{wuhph srlqw dqg lv fkdudfwhul}hg e| wkh idfw dw
ohdvw Q frpsrqhqwv ri wkh dvvrfldwhg huuru yhfwru
h @ |�D{ duh }hur1 Ohw wkh vhw ri h{wuhph srlqwv
eh ghvljqdwhg e| {�>{2> = = = >{r zkhuh wkh qxpehu
ri h{wuhph srlqwv lv erxqghg deryh e| wkh frpel0
qdwlrq ri P wklqjv wdnhq Q dw d wlph vr wkdw v �
P $@^Q $+P�Q,$`1 Wkhruhp 4 lqglfdwhv wkdw dq rs0
wlpxp vroxwlrq fruuhvsrqgv wr dq| h{wuhph srlqw
zklfk uhqghuv wkh phdvxuh n|�D{&n� d plqlpxp
iru 4 � n � v1 Xqiruwxqdwho|/ wkh qhhg wr vroyh dv
pdq| dv P $@^Q $+P �Q,$` vhwv ri olqhdu htxdwlrqv
pdnhv wklv gluhfw dssurdfk lpsudfwlfdo iru prghu0
dwh wr odujh ydoxhv ri P uhodwlyh wr Q 1

Gxh wr wkh lpsudfwlfdolw| ri xvlqj wkh gluhfw
dssurdfk/ ydulrxv dojrulwkpv kdyh ehhq ghyhorshg
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zklfk pruh h�flhqwo| xvh wkh idfw wkdw dq h{wuhph
srlqw frqvwlwxwhv d vroxwlrq1 Wkh fodvv ri h{fkdqjh
dojrulwkpv duh sduwlfxoduo| lpsruwdqw lq wklv uhjdug1
Lq dq h{fkdqjh dojrulwkp/ rqh htxdwlrq dvvrfldwhg
zlwk wkh suhydlolqj h{wuhph srlqw lv h{fkdqjhg iru
dqrwkhu htxdwlrq qrw dvvrfldwhg zlwk wkh suhydlo0
lqj h{wuhph srlqw wr jhqhudwh d qhz h{wuhph srlqw1
Wklv vlqjoh htxdwlrq h{fkdqjh lv vwudwhjlfdoo| pdgh
vr wkdw wkh qhz h{wuhph srlqw kdv d vpdoohu c�
qrup1 Wklv h{fkdqjh surfhvv lv frqwlqxhg xqwlo dq
rswlpxp h{wuhph srlqw lv hyhqwxdoo| rewdlqhg1 Do0
wkrxjk pruh h�flhqw wkdq wkh gluhfw phwkrg/ wkhvh
h{fkdqjh dojrulwkpv duh vwloo uhodwlyho| lqh�flhqw
vlqfh lwv wdnhv dw ohdvw rqh lwhudwlrq wr sxujh d qrq0
rswlpxp h{wuhph srlqw1

Lq wklv sdshu/ d qhz dojrulwkp lv suhvhqwhg
zkhuhe| wkh suhydlolqj h{wuhph srlqw lv shuwxuehg
wr dq lpsurylqj srlqw zklfk lv w|slfdoo| qrw dq h{0
wuhph srlqw1 E| d vhulhv ri lpsurylqj shuwxuedwlrqv/
d qhz h{wuhph srlqw lv wkhq rewdlqhg1 Wklv surfhvv
lv frqwlqxhg xqwlo dq rswlpxp h{wuhph srlqw lv re0
wdlqhg1 Wklv surfhgxuh lv jhqhudoo| pruh h�flhqw
wkdq dq h{fkdqjh dojrulwkp vlqfh lw ulgv lwvhoi pruh
udslgo| ri htxdwlrqv qrw dvvrfldwhg zlwk dq rswl0
pxp h{wuhph srlqw1 Wkhuh h{lvw d qxpehu ri wkhr0
uhpv qhhghg wr ghvfuleh wkh dojrulwkplf surfhgxuh
zklfk zloo eh suhvhqwhg dw wkh frqihuhqfh1

e �W�W�N� �4 ��+� w�`,+
+��k ���+�jW��AW��
�6 � ��A+Wj

Wkh xvh ri wkh VYG iru �qglqj wkh ehvw udqn t ds0
sur{lpdwlrq ri d pdwul{ frqvwlwxwhv d zlgho| xvhg
wrro iru vxfk dssolfdwlrqv dv= +l1, �qglqj d ehvw
dssur{lpdwlrq vroxwlrq wr d v|vwhp ri olqhdu htxd0
wlrqv/ +ll1, ghfuhdvlqj wkh ghohwhulrxv h�hfwv ri dg0
glwlyh qrlvh rq gdwd/ dqg/ +lll1, iru lpdjh frpsuhv0
vlrq1 Lw fdq kdsshq/ krzhyhu/ wkdw wkh xvh ri d
vxp ri vtxduhg huuru fulwhulrq +zklfk lv hpsor|hg
lq wkh VYG, iru phdvxulqj wkh txdolw| ri dssur{l0
pdwlrq fdq ohdg wr |lhog xqghvludeoh uhvxowv1 D vxp
ri pdjqlwxgh huuru zrxog eh pruh dssursuldwh lq
pdq| lqvwdqfhv1 Zlwk wklv lq plqg/ dq h�hfwlyh do0

jrulwkp iru �qglqj wkh ehvw udqn t dssur{lpdwlrq
ri wkh P �Q pdwul{ D lq wkh vhqvh ri plqlpl}lqj
wkh vxp ri pdjqlwxgh fulwhulrq

i+ix&j> iy&j, @
�����D�

^[
&'�

x&y
A
&

�����
�

+<,

lv ghvfulehg1 Lw lv qrwhg wkdw wkh vxp ri rxwhu surg0
xfwv

S^
&'� x&y

A
& lq zklfk wkh yhfwruv x& 5 U� dqg

y& 5 U� jhqhudwhv d P �Q pdwul{ zlwk udqn ohvv
wkdq ru htxdo wr u1

Ixqfwlrqdo +<, lv uhdglo| vkrzq wr eh d frqyh{
ixqfwlrq ri wkh yhfwru vhw ix�>x2> = = = >x^j iru d �{hg
yhfwru vhw iy�>y2> = = = >y^j dqg ylfh0yhuvd1 Lw lv qrw/
krzhyhu/ d frqyh{ ixqfwlrqdo ri wkhvh wzr yhfwru
vhwv wdnhq wrjhwkhu1 Rxu remhfwlyh lv wr vhohfw wkhvh
wzr yhfwru vhwv dqg vr dv wr plqlpl}h ixqfwlrqdo
i+ix&j> iy&j,1 Wkh uhvxowdqw rswlpdo fkrlfh wkhq
jlyhv ulvh wr wkh ehvw udqn t pdwul{ dssur{lpdwlrq
dv ghvljqdwhg e|
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zkhuh zlwkrxw orvv ri jhqhudolw| wkh rswlpxp yhf0
wruv duh qrupdol}hg vr wkdw nxJ&n� @ nyJ&n� @ 4=
Dq lwhudwlyh phwkrg iru �qglqj wkh ehvw udqn t ds0
sur{lpdwlrq ri d pdwul{ lv wr eh suhvhqwhg dw wkh
frqihuhqfh1 Wklv zloo lqfoxgh d vhtxhqwldo udqn rqh
dssur{lpdwlrq wr lqlwldwh wkh dojrulwkp dqg wkh ed0
vlf vwhsv ri wkh dojrulwkp1

D ��k��`w,#B�,�A

Wklv zrun zklfk zdv lq sduw vxssruwhg e| Dprfr
Frpsdq| lv khduwlo| dfnqrzohgjhg1
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^4` Fdg}rz/ Mdphv D1/ _Dssolfdwlrq ri wkh c� Qrup
lq Vljqdo Surfhvvlqj/% wr eh vxeplwwhg
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